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Abstract

We introduce a three-dimensional three-component (3D3C) particle-
based velocimetry method that expands the methodology of optical
flow to three dimensions. The proposed scheme, sparse particle flow
velocimetry (SPFV), uses a sparse representation of intensity fields
with kernel functions to facilitate efficient computation in 3D. In addi-
tion, to provide robust performance for the large particle displacements
seen in images, the sparse representation is combined with a multi-
resolution optimization scheme based on an energy functional derived
from the displaced frame difference (DFD) equation; however, this for-
mulation is not reliant on linearized coarse-to-fine warping schemes
to enable estimations of large displacements at the cost of poten-
tially freezing large scale velocity features. Performance of SPFV is
evaluated in terms of accuracy and spatial resolution, using synthetic
particle images from a direct numerical simulation of isotropic tur-
bulence. SPFV yields lower errors than tomographic PIV (T-PIV)
and is capable of resolving finer scale features, even for large particle
displacements and in the presence of artificial tomographic reconstruc-
tion artifacts. The method is also validated on experimental images
of reacting flows and shows good agreement with T-PIV results.
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1 Introduction

Accurate and high-resolution measurements of 3D velocity fields are desirable
to better understand and characterize numerous fluid dynamics processes. The
past decade has seen the maturation of several relevant techniques – most
notably tomographic particle image velocimetry (T-PIV) [1] and shake-the-box
(STB) [2] – that can provide high-quality 3D fluid velocity fields. Of course,
as with any measurement technique, these methods have some inherent con-
straints. For T-PIV, tomographic reconstruction of 3D particle fields from a
limited number of views is inherently ill-posed, resulting in artefacts called
“ghost particles” that reduce the correlation between true particle images in
successive interrogation boxes (IB) [3]. Furthermore, the need for IBs that con-
tain many particles is inherently limiting to the spatial resolution and accuracy
of the technique; many particles are required to obtain one vector, and velocity
gradients at a smaller scale than the IB cannot be resolved. In contrast, STB,
an advancement on the commonly employed particle tracking velocimetry
(PTV) method, can nearly eliminate ghost particles and provide a particle-by-
particle velocity field by tracking individual particles over numerous successive
frames. However, this requires relatively expensive measurement hardware and
that particles remain in the measurement domain for sufficiently long, which
may not be possible for high-speed or highly three-dimensional flows. This
requirement for a relatively lengthy tracking window applies to other advance-
ments on PTV, such as the application of deep-learning methods [4] to particle
tracking.

The application of optical flow motion estimation (OFME) techniques to
analyze fluid flows has garnered increasing attention in recent years as an
alternative or supplement to correlation based methods, viz. PIV [5–13]. Such
techniques are capable of densely estimating the velocity field from two suc-
cessive particle images, potentially yielding fields with finer details than PIV
using only two snapshots [5]. In particular, the resolution of optical flow tech-
niques is not bounded by the minimum size of an IB required to obtain strong
correlation.

However, OFME-based fluid velocimetry has previously been constrained
to two-dimensional measurements; there are numerous issues that must be
addressed if an OFME-inspired formulation is extended to three dimensions.
Firstly, optical flow methods generally have a substantially greater computa-
tional cost than their statistical counterparts (equations are solved at every
pixel of the image) [14], which would increase by more than an order of mag-
nitude with the addition of a third spatial dimension. A formulation intended
for three dimensions must therefore be prepared to handle a number of vox-
els on the order of 108 or higher, which results in a large memory footprint
for many OFME implementations [15]. Secondly, the aforementioned ghost
particles present a new source of noise compared to 2D optical flow.

Furthermore, optical flow formulations commonly assume small displace-
ments in the images analyzed. As particle images displacements for fluid
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velocimetry typically are rather large (several pixels), multi-scaling algo-
rithms – e.g. employing successively smaller scales of image filtering with
down-sampling – are employed in their analysis. However, a common issue
in multi-resolution frameworks is the degree of image filtering/downsampling
required, with noise being more pronounced at the coarsest scales [16]. In
certain strategies, the final estimate is also dependent on the choice of prior
resolution scales used in the processing because successive velocity estimates
are linearized about estimates at coarser scales [6].

In this paper, we propose a computationally efficient two-frame 3D
velocimetry method inspired by OFME that is robust in the presence of noise
and large displacements. The proposed method, which is specialized for parti-
cle images, features a sparse representation of image intensity, so as to avoid
using limited computational resources on regions with no particles. In tan-
dem with the sparse representation of intensity field, the proposed method,
sparse particle flow velocimetry (SPFV), incorporates an optimization proce-
dure using an adjoint method that facilitates robust estimation performance
in the presence of noise and large displacements.

The remainder of the paper is organized as follows. In section 2, we review
concepts in optical flow motion estimation relevant to the proposed method. In
section 3, we present the formulation of SPFV. In sections 4 and 5, we assess the
accuracy, resolution, and robustness of SPFV, using particle tomogram pairs
taken from direct numerical simulation (DNS) [17, 18] and previous T-PIV
experiments [19].

2 Optical flow motion estimation

Optical flow is a framework for estimating the motion of objects in a
two-dimensional visual scene by estimating the displacements of brightness
patterns in the images. It is assumed that the image brightness (discretized
as pixel intensities) is a conserved quantity across images of the scene, replete
with its own transport equation [20],

I(x, t) = I(x+ d(x), t+∆t), (1)

where I(x, t) is image intensity at time t as a function of spatial location
x = (x, y)T , and d(x) = (dx(x), dy(x))

T is the displacement field in the image
plane. The objective of OFME is to estimate the optical flow field u = d/∆t,
corresponding to the velocity of objects in the scene, which can be done using a
variety of formulations. In this work, we characterize differing OFME formula-
tions by (a) the choice of objective function and (b) the approach to regularize
the solution.

2.1 Solution by energy functional

The most common way of approaching the problem is with a variational
approach [20–24]. It is often assumed that the displacement d is small, yielding
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the linearized formulation for divergence-free flows

∇I(x, t) · u+ ∂tI(x, t) = 0, (2)

which is also known as the gradient conservation equation. The prototypical
variational scheme [25] seeks to find the velocity u that is the minimizer of
some cost functional J . This cost functional includes a data term that quan-
tifies the consistency of the optical flow field estimate u with the photometric
information [10]. Assuming the gradient conservation assumption holds, the
associated data term has the form:

JD(u) =

∫
Ω

[∂tI(x, t) + u · ∇I(x, t)]
2
dx, (3)

where the intensity gradient with respect to time ∂tI is approximated by for-
ward difference between image pairs, the intensity gradient with respect to
position ∇I is approximated by finite difference over the pixel data of the
undisplaced image, and the integral over Ω is approximated using the mid-
point rule over the pixel data. For a discussion of a more general variational
form of (2) that does not assume a divergence-free flow, we refer to Corpetti
et al [26], who instead assume that ∂tI +∇ · (Iu) = 0.

Alternatively, many methodologies for optical flow intended to deal with
larger displacements forgo linearization (as in (2)), due to violations of the
small displacements and gradient constancy assumptions. Instead, the data
term is constructed based on the matching of two consecutive images [27]
(I0(x) := I(x, t) and I1(x) := I(x, t + 1)), based on the grey value constancy
assumption,

I0(x)− I1(x+ d(x)) = 0. (4)

The associated associated energy functional then is

JD(u) =
1

2

∫
Ω

[I0(x)− I1(x+ d(x))]
2
dx. (5)

In general, however, a single intensity constraint may not be sufficient to
recover u, which consists of multiple unknowns (the different velocity compo-
nents of u for flow fields with a dimension greater than one), as the gradient
constraint equation only constrains components of u that are normal to level
sets within the image [21]. This is commonly known as the aperture problem.
There are a number of schemes that have been developed to address this, and
the ones typically employed in fluid velocimetry are regularization by a global
smoothing assumption. A classical example of such a regularization term is

JR(u) =

∫
Ω

λ ∥∇u∥2 dx, (6)
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proposed by Horn and Schunck [25], which penalizes gradients in order to
enforce smoothness in the dense pixel-wise velocity estimate. The cost func-
tional J is then the sum of the terms JD and JR, such that u is the minimizer
of J(u) = JD(u) + JR(u). Such regularizers are of great utility in applying
optical flow to images intended for PIV, due to the presence of large regions
with nearly uniform low intensity. However, problems can arise from the set-
ting of user-defined regularization parameters, which is done ad-hoc and may
over-smooth turbulent fields [28].

An alternative to appending explicit regularization terms such as (6) to
the cost functional is implicit regularization. Implicit regularization schemes
reduce the number of unknowns to solve by adopting a parametric represen-
tation of the optical flow field u(x) = Φ(x, c), typically some form of basis
representation u(x) =

∑
i ϕi(x)ci. The estimation problem is then posed in

terms of the parameters c = (c1, ..., cn)
T . Commonly employed are piecewise

polynomials and wavelet representations of velocity [6].

2.2 Multi-scale estimation

Many implementations of OFME incorporate a coarse-to-fine or multi-scale
estimation structure [7, 29, 30]. This helps address temporal aliasing and the
small displacement assumption, which does not often hold. Image warping
techniques allow for large scale flow features to be first resolved before resolv-
ing smaller scale features in a hierarchical image “pyramid” [29]; the original
image is blurred using a Gaussian filter and then down-sampled such that
only lower spatial frequencies are resolved and pixel-wise displacements are
artificially reduced. The motion problem is then solved for this coarse image,
the next finest image is then warped about this solution, and the process
is repeated (applying successive linearizations about the previous estimate)
until an estimate for the motion at the finest scale (the original image) is
obtained [30, 31].

However, this strategy has two notable weaknesses, arising from the approx-
imation of the original functional by a series of coarse data terms and by the
linearization of the model about a previous estimate. First, estimates at a given
scale often freeze features resolved at coarser scales [6, 32], sometimes causing
the estimate to depend on the choice of scales. Secondly, noise is more pro-
nounced at the lowest scales [16], which is especially problematic when large
displacements demand a high degree of downsampling.

Nonetheless, optical flow methods have shown good performance in com-
parison to PIV when a multi-scale estimation structure is used to deal with
the large displacements in PIV images. Wavelet formulations in particular
have seen success in estimations of fluid flows in recent years when combined
with the above warping strategy using either implicit [6] or explicit regulariza-
tion [7, 8]. Such formulations provide higher resolution than PIV when applied
to particle images, while remaining accurate for large displacements up to 5
pixels [6, 7], or 10 pixels in hybrid schemes [7]. Recent advances in leveraging



Springer Nature 2021 LATEX template

6 A sparse optical flow inspired method for 3D velocimetry

Start with initial velocity estimate u

Decompose tomograms I(x, t)
to sparse representation
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Evaluate objective function

Check convergence

Update velocity estimate u

Stop with velocity estimate u

not converged

converged, max iterations

Fig. 1: Overview of procedure for velocity estimation

neural network-enhanced optical flow methods also continue to make use of
multi-scale procedures [11–13].

3 3D formulation

In this section, we present the overall structure and operations of SPFV in solv-
ing for the displacement field associated with a tomogram pair; the structure
is shown graphically in Fig. 1. Note that Fig. 1 describes the velocity estima-
tion at a given scale; implementation in the context of hierarchical multi-scale
estimation is described in section 3.4. The tomograms are first decomposed to
a sparse representation of the 3D particle intensity distribution. The distribu-
tion is then propagated from its original state by an initial guess for u. This
initial guess may either be uniformly zero (or a slight perturbation about zero)
or generated by the multi-scale estimation process described in section 3.4. An
objective function associated with the particle intensity distribution is eval-
uated. If a convergence criteria is not met, the velocity estimate u is then
updated based on the objective function gradient computed using an adjoint
method. These steps are repeated until either the convergence criteria is met
or until a maximum number of iterations has been reached.

3.1 Intensity field representation

A typical 3D intensity field reconstruction in a T-PIV experiment will be
highly sparse. Evaluating intensity displacements at all Nv voxels in the recon-
struction, where Nv can be upwards of 108, has extreme requirements in
computational cost and memory, while not yielding any new information. We
outline here a sparse representation of the intensities using kernel functions,
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so that tomograms can be processed efficiently and the distribution can be
efficiently propagated forwards and backwards in time.

We reconstruct the intensity measurement at a time t using a linear com-
bination of Np kernel functions centered at voxel centers Xv. That is, kernel
centers Xp,t := {xp,t

1 , ...,xp,t
Np

} are voxel centers Xv := {xv
1, ...,x

v
Nv

} with an

intensity measurement above some user-specified threshold, where xp,t
1 , ...,xp,t

Np

are the coordinates of the Np kernel centers and xv
1, ...,x

v
Nv

are the coordinates
of the Nv voxel centers. Then,

Iobs,t ≈
Np∑
n=1

g(Xv; xp,t
n , σ)stn, (7)

where g(Xv; xp,t
n , σ) is a single non-scaled kernel function centered at xp,t

n

evaluated over Xv at time t, given some width parameter σ if necessary for
the chosen function. The coefficients st = {st1, ..., stNp

} assign a scale factor
corresponding to image intensity to each kernel function, and are found to
minimize the difference between the reconstruction and original image Iobs,t

in a least squares sense.
Two choices of kernel are considered in our work, selected for approximation

ability and ease of implementation. The first is Gaussians, which provide a
generally good approximation of particle intensity profiles [33] and have the
expression

g(xv; xp,t
n , σ) = exp

(
− 1

2σ2
(xv − xp,t

n ) · (xv − xp,t
n )

)
, (8)

where σ is the Gaussian width. The second is a dx × dy × dz uniform win-
dow (or box) kernel that is analogous to direct propagation of voxel intensities
of existing optical flow methods, but adapted to our sparse formulation. The
initial reconstruction is then simply the original image but with voxels below
the intensity threshold blacked out, as no kernels are used to represent them.
When the kernels are propagated by a voxel fraction, its intensity contribution
to surrounding voxels of the new intensity field are determined by the frac-
tional overlap of the kernel with the surrounding voxels, preserving the total
intensity. More formally, the kernel is evaluated at each voxel position using
the expression

g(xv; xp,t
n , σ) =

Nd∏
i=1

(
min

{
(σ − |xp,t

n,i − xv
i |)/σ, 0

})
, (9)

where xp,t
n,i and xv

i are the ith components of xp,t
n and xv respectively, and

width parameter σ = dx. The number of particles can be as low as 10−4 times
less than the number of voxels, although typically multiple kernels will be used
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Fig. 2: Example reconstruction of 1-D intensity field using Gaussian kernels
centered at voxel centers

to represent a single particle. An illustration of such a reconstruction using
Gaussian kernels in 1D is shown in Fig. 2.

3.2 Velocity field representation

We consider a C1-continuoue piecewise tricubic representation of the velocity
field. Given a nodal basis {ϕj}Nj=1, the velocity representation is given by

u(x; c{N}) =

N∑
j=1

ϕj(x)cj , (10)

where c{N} = {c1, . . . , cN} are the nodal basis coefficients. We implicitly regu-
larize the solution by choosing anN that is smaller than the number of particles
(and much smaller than the number of voxels Nv). In practice, we have found
N in the range of N = Nparticle/5 to N = Nparticle works well; N = Nparticle

provides maximum resolution for clean tomograms, and N = Nparticle/5 is a
conservative choice that rarely develops instability even for noisy tomograms.
An implicit scheme is chosen in order to avoid the ad-hoc tuning of explicit
regularization parameters necessary for a global smoothing scheme. The veloc-
ity field is evaluated using tricubic interpolation within cuboid elements that
tessellate the domain, delineated by surrounding nodes. This representation
is the minimum order that allows for global C1 continuity [34], which is nec-
essary for the direct calculations of gradient-dependent fields relevant in fluid
mechanics, such as vorticity. We efficiently evaluate the cubic function within
each element using the methodology outlined in [34].

3.3 Objective function minimization

In anticipation of large displacements within analyzed tomograms and in order
to avoid the evaluation of noise-sensitive finite difference terms, we assume the
integrated form of the optical flow constraint equation: I(x + d(x, t1), t1) =
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I(x, t0). We combine the intensity field representation in section 3.1 and
the velocity representation in section 3.2 for the expression of the predicted
intensity field for a given velocity field:

Ipred(x, t1; u) =

Np∑
n=1

g(x; xp
n(t1; u); σ)s

t
n, (11)

where xp
n(t1; u) = xp

n(t0) + u(xp
n(t0); c{N})∆t, n = 1, ..., Np. Then, given

a pair of voxel-wise intensity measurements Iobs,0, Iobs,1 ∈ RNv , we seek
the velocity field u that minimizes the difference between a predicted inten-
sity (based on the initial intensity) and the measured subsequent intensity
distribution:

u = argmin
w

1

2

∫
Ω

(Iobs,1 − Ipred(·, t1; w))2 dx. (12)

Specifically, given the velocity representation (10), the velocity is found as the
minimizer of the following cost functional, discretized over all voxels:

J(·, c{N}) =
1

2

Nv∑
v=1

(Iobs,1(Xv)− Ipred(Xv, t1; u(·, c{N})))
2. (13)

We also consider an additional strategy: simultaneously propagating a
reconstruction of Iobs,1 backwards in time by the same estimated velocity
field and evenly weighing (13) by the mismatch between the back-propagated
reconstruction and Iobs,0. The incorporation of both original images into the
objective allows for increased robustness, although at double the original
computational cost. The expression for this modified cost function is

Jdouble(·, c{N}) = Jfwd(·, c{N}) + Jback(·, c{N}), (14)

where the expression for Jfwd(·, c{N}) is identical to the expression in (13), and

Jback(·, c{N}) =
1

2

Nv∑
v=1

(Iobs,0(Xv)− Iback(Xv, t0; u(·, c{N})))
2, (15)

where Iback(Xv, t0; u) =
∑Np

n=1 g(Xv; xp
n(t0; u); σ)stn for xp

n(t0; u) =
xp
n(t1)− u(xp

n(t1); c{N})∆t.
We minimize (13) (or (14) for double propagation) using the unconstrained

L-BFGS algorithm [35]. The gradient of (13) with respect to the velocity
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coefficients {ci}Ni=1 is

∂Jfwd

∂c{N}
= − (Iobs,1 − Ipred(Xv, t1; c{N}))︸ ︷︷ ︸

a1

∂Ipred(Xv, t1; c{N})

∂dp︸ ︷︷ ︸
a2

∂dp

∂up︸︷︷︸
a3

∂up

∂c{N}︸ ︷︷ ︸
a4

,

where a1 is the difference between observed and predicted intensities, a2 is
the voxel-wise derivative of intensity with respect to a component of a kernel’s
displacement, a3 is a multiplication by ∆t, and a4 is the derivative of kernel
velocity with respect to the nodal basis coefficients. We make brief remarks on
the implementation of this method. First, the terms a1 and a2 can be evaluated
in conjunction as an RndNp gradient row vector by evaluating the respective
gradients for each component of kernel displacement as a convolution of the two
terms within a compact neighbourhood of each respective kernel. Second, the
matrix computed in a4 is highly sparse, as the velocity of each kernel is com-
puted using 64 ≪ N local node values in a tricubic interpolation scheme [34].
For double propagation, the gradient for (15) is computed in the same manner.

3.4 Multi-scale estimation

While the proposed formulation lacks, in principle, many of the shortcom-
ings in resolving flow features in the presence of large displacements common
to linearized optical flow formulations, large displacements are nonetheless a
challenge to any motion estimation framework. Additionally, when noise is
introduced into the particle images, greater consideration must be given to the
possibility that the nonlinear optimizer converges to a solution with spurious
velocity features. In order to address these concerns, we employ a two-step
heirarchical estimation procedure to provide a good initial estimate for the
algorithm, increasing its robustness. The first step involves blurring and down-
sampling the intensity fields in order to resolve large scale motions, and in the
second step we refine the fidelity of the velocity representation.

In the first step, the intensity fields Iobs,0 and Iobs,1 are blurred by applying
a Gaussian filter with width l, in order to ensure a sufficient overlap between
corresponding particle images. We then generate downsampled fields Iobs,0l and

Iobs,1l by sampling the blurred images at every lth voxel in each dimension,
which we reconstruct using kernels with inflated width lσ, where σ is the
width parameter to be used to reconstruct the original images. Next, we solve
the minimization problem (12) for the downsampled intensity fields Iobs,0l and

Iobs,1l with an N -degree of freedom (dof) velocity representation (10). The
resulting coefficient vector c{N} for the flow field of the downsampled intensity
field is then used as an initial estimate, as the minimization problem is repeated
using the original, non-filtered images to refine the solution for c{N}.

In the second step, the velocity solution space is refined for progressively
larger values of N . Given N ′ > N , we solve the minimization problem (12) to
obtain a velocity field estimate with higher resolution, associated with basis
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coefficients c{N ′}. In order to ensure that this estimate does not develop spuri-
ous features, an initial estimate for the nodal basis coefficients is computed by
setting them to represent the lower-fidelity velocity field associated with c{N}.

Although this procedure is quite similar to the image pyramid type multi-
resolution schemes commonly employed in OFME, discussed in section 2.2,
there are a couple important distinctions. The first is that, as the formulation
is inherently suited to large displacements, the degree of downsampling nec-
essary is lower than typically used in optical flow type schemes. Furthermore,
image warping schemes are not necessary for the initialization operation. In
particular, unlike linearized estimates that add finer scales to coarser estimates,
the purpose of this procedure is purely to generate a good initial estimate, and
the final estimate is otherwise independent of the choice of scales.

4 Validation with Synthetic Data

4.1 Description of reference data

The SPFV framework is designed with reconstructed three-dimensional par-
ticle image intensity distributions in mind, such as those reconstructed by
the tomographic reconstruction process of T-PIV. In this section, we eval-
uate its performance using synthetic tomogram pairs intended to replicate
the settings of a typical T-PIV experiment. The datasets used consist of
256× 256× 256 voxel tomograms, where the domain is randomly seeded with
synthetic particles.

Reference velocity fields are retrieved from the DNS turbulent flow
database hosted by John Hopkins University (JHU) [17, 18]. Studies are
conducted over 30 snapshots of the homogenous isotropic turbulence (HIT)
solution, with a Taylor-scale Reynolds number of Reλ = 418. A Runge-Kutta
method is used to propagate synthetic particles between each pair of intensity
fields. The flow is interpolated so that two viscous length scales are resolved
for every 32 voxels in each dimension. Due to the homogeneity and isotropy
of the data, this provides sufficient statistically independent spatial informa-
tion in the data. Further details regarding the selection and interpolation of
snapshots are provided in appendix B.

The synthetic particles used for the study in section 4.2 have a scattering
intensity profile approximated by a Gaussian with a 4 vx particle diameter, and
particles are seeded with a density of 3.7× 10−4 particles per voxel; the same
particle characteristics are used for all DNS studies below unless otherwise

noted. The particles are propagated for a normalized time step of
∆t∥u∥max

dx =
6.9 vx, where ∥u∥max is the maximum velocity within the domain, calculated
as an average over the maximum velocities of all snapshots, and dx is the
spacing between voxels.

Two different T-PIV velocity estimates are used for comparing accuracy
and resolution of the proposed technique. The first “T-PIV” estimate is an
idealized case generated by averaging the reference velocity over each IB. The
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Fig. 3: (a) Energy spectra and (b) error spectra of velocity estimates com-
puted by SPFV and T-PIV

second is actual calculated T-PIV fields determined using an open source pack-
age (OpenPIV [36]). IBs for the T-PIV are chosen to have a width of 30 voxels
with a 50% overlap in interrogation boxes. The default seeding conditions then
correspond to a particle density of 10 particles per IB, a common setting in
T-PIV experiments [33].

We have also conduct similar studies using the transitional boundary layer
flow in the JHU’s turbulent flow database to assess the method for a flow
featuring strong mean shear. The results are included in appendix A.

4.2 Resolution of SPFV

In order to assess the resolution of the proposed method, we analyze the aver-
age turbulent kinetic energy spectra of the reference and estimated velocity
fields, which we average across all snapshots. These spectra are approximated
using discrete cosine transformation (DCT). Also of interest is the spectrum
of the normalized estimation error, defined as

Êtke :=
|f̂(uest − uref)|2 + |f̂(vest − vref)|2 + |f̂(west − wref)|2

|f̂(uref)|2 + |f̂(vref)|2 + |f̂(wref)|2
, (16)

where Fourier transforms f̂(·) are approximated by DCT. T-PIV estimates are
interpolated using cubic splines onto the 256 × 256 × 256 voxel grid for the
discretized tomogram domain prior to evaluation of these quantities.

Figure 3 shows the TKE spectra and error spectra (16) computed using the
box-kernel intensity representation and double propagation, plotted against
normalized wave number. The wave number ∥κ∥2 is non-dimensionalized by
multiplying it by the Taylor microscale λν . Solutions with more degrees of
freedom N preserve the energy of the system at scales approaching the Taylor
microscale ∥κ∥2 λν = 1, while idealized T-PIV diverges from the TKE spec-
trum of the original velocity at lower wavenumbers than even the coarsest
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Fig. 4: Velocity magnitude of an initial DNS snapshot over a truncated slice
at the center of the domain. Plots depict (a) an idealized T-PIV estimate, (b)
an SPFV estimate (N = 17576), and (c) the reference velocity.

estimates (smallest N) computed by SPFV. However, it is possible for spuri-
ous features in the velocity solution to artificially increase the captured kinetic
energy for certain wavenumbers. This is apparent in some of the coarser SPFV
solutions at high wavenumbers, and is especially so for the OpenPIV solution.
Therefore, it is necessary to look at the spectral error with respect to wave
number (16) in order to draw further conclusions on the resolution of SPFV.

Low values of the error spectrum in Fig. 3(b) indicate more accurate solu-
tions at a given wavenumber. Although coarse SPFV solutions can have higher
error than idealized T-PIV for larger wavenumbers, the SPFV error curves for
N ≥ 5832 lie entirely under the error curve of idealized T-PIV, with mono-
tonic improvements in accuracy as solution dof N is increased. Furthermore,
SPFV solutions with N > 1728 have lower error than the T-PIV computed
using actual cross-correlated particle images from OpenPIV.

Figure 4 shows the velocity magnitude for a truncated slice of one of the
DNS snapshots used to evaluate the results in Fig. 3, along with an idealized
T-PIV estimate, and the SPFV estimate for N = 17576. Finer features present
in the DNS solution are depicted more clearly in the estimate by SPFV.

4.3 Robustness of SPFV

We now study the robustness of SPFV with respect to the following four
parameters: the presence of ghost particles (section 4.3.1); particle image size
(section 4.3.2); particle image density (section 4.3.3); and particle displacement
magnitude (section 4.3.4).

4.3.1 Impact of ghost particles

In order to test the robustness of SPFV to reconstruction artefacts, we corrupt
the synthetic tomograms by introducing a number of ghost particles equal
to 20% of the number of real particles; the ghost particles are distributed
randomly within the domain. Figure 5 shows the kinetic energy spectra and
associated error spectra for these noisy images. Both the energy and error
spectra show similar trends to the noiseless data. However, the error in the
SPFV data with the highest N -values are larger for the noisy data, particularly
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Fig. 5: (a) Energy spectra and (b) error spectra of velocity estimates com-
puted by SPFV and T-PIV. Analyzed tomograms are corrupted by synthetic
ghost particles

at the highest wavenumbers. Furthermore, there is greater error in the N =
17596 spectrum (the highest N) compared to the next two highest N -values,
in contrast to the trend observed in Fig. 3, though this is a relatively minor
difference. Indeed, the most accurate N tested with the noisy data is N =
13824. Despite this, SPFV is more accurate than T-PIV for all N ≳ 1728 and
more accurate than idealized T-PIV for N ≳ 8000.

4.3.2 Impact of particle image size

We now assess the impact of the size of the imaged particles on the accuracy of
the velocity estimates. In these tests, the tomogram pairs are generated with
different particle sizes, with other parameters otherwise held constant.

Figure 6 shows the dependence of error on the particle diameter, where
error is assessed in a normalized L2 norm

EL2 :=
∥uest − uref∥L2(Ω)

∥uref∥L2(Ω)

. (17)

Compared to T-PIV, which begins to see lower quality results for large parti-
cle images, performance for the proposed method stays roughly constant after
reaching a minimum error level. In particular, T-PIV sees optimal performance
in the range of 2–3 voxel diameter particles, where particles are large enough
so that their centers can be determined reliably, but not so large that dis-
placements become ambiguous [37]. The use of Gaussian kernels mimics this
trend, but maintains a greater degree of accuracy for larger particles. In con-
trast, the use of box kernels sees a nearly monotonic improvement in accuracy
with increasing particle size in the range studied, consistent with larger image
features being favorable to optical flow type formulations.
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Fig. 6: Normalized L2 error of estimation results for different particle diame-
ters

4.3.3 Impact of particle image density

We now assess the impact of the seeding density on the accuracy of the velocity
estimates. In this set of tests, the seeding densities of the tomograms are varied
by creating them with different numbers of synthetic particles.

Figure 7 shows the dependence of error on the particle seeding density. The
SPFV solutions observe monotonic improvements in accuracy with increas-
ing particle density even though the solution dof remains unchanged, due to
increased support for the basis projection and thus greater stability. While
accuracy improves for the T-PIV result as well, it is seemingly not able to
leverage the additional information as efficiently, with the limiting factor in
accuracy being more in its representational power than in stability [10]. Despite
the fact that SPFV sees improving performance with higher seeding densities,
in practical scenarios, obtaining accurate estimates for higher particle densi-
ties is challenged by the increase in ghost particles during the tomographic
reconstruction process.

4.3.4 Impact of particle displacement magnitude

One of the primary challenges optical flow type methods face is in resolv-
ing the velocity fields present in images featuring large displacements. This is
addressed by multi-resolution schemes, such as that used by SPFV, which is
evaluated in this section. A number of tomogram pairs are generated sequen-
tially over a range of particle displacements, and the performance of both
SPFV and T-PIV are evaluated according to the normalized L2 error (17).

Figure 8 shows the average normalized L2 errors of the snapshot motion
estimates over a range of maximum particle displacements, for clean synthetic
tomograms. SPFV solutions are refined up to N = 17576, though, in cases
where instabilities develop in the solution, the error recorded is that of the
most accurate intermediate solution.
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Fig. 7: Normalized L2 error of estimation results for different seeding densities
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Fig. 8: Normalized L2 error of estimation results over a range of displacements

SPFV solutions have a lower error than idealized T-PIV for displacements
greater than approximately three voxels for the selected dataset. Furthermore,
the trend in accuracy with respect to displacement of SPFV solutions com-
puted using Gaussian kernels is similar to the trend of OpenPIV, with near
monotonic improvements in accuracy over the range of displacements studied.
The accuracy of SPFV with box kernels is reduced for larger displacements
but is increased for small displacements, and estimates remain more accurate
than idealized T-PIV over the entire range studied.

We also verify that the observed trends in accuracy statistically apply to
smaller scale fluctuations, since the normalized L2 error metric considers all
scales in tandem. Figure 9 records the smallest normalized wave-number ∥κ∥λ
at which the spectral error for the estimate meets or exceeds an error threshold
of 0.25. The trends in resolution are largely reflective of the observed trends in
accuracy (as recorded by the normalized L2 error), with SPFV demonstrating
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Fig. 9: Resolution of estimation results over a range of displacements. Res-
olution is defined as the normalized wave number at which the normalized
spectral error is equal to 0.25
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Fig. 10: Normalized L2 error of estimation results over a range of displace-
ments. Analyzed tomograms are corrupted by synthetic ghost particles

consistent improvement over T-PIV over much of the range of observation. In
fact, through this metric, SPFV with a box-kernel representation of intensity
demonstrates tangible improvements in resolution for smaller displacements.

As the effects of noise are pronounced at coarser scales, an evaluation of
the robustness of the multiscale estimation procedure necessitates an evalua-
tion of SPFV’s performance with respect to particle displacement magnitude
when noise is present in the data. Figure 10 shows the normalized L2 error
across a range of displacements for the previous synthetic tomograms after
being corrupted by introducing a number of ghost particles equal to 20% of the
number of real particles; the ghost particles are distributed randomly within
the domain. The introduction of tomographic noise minimally impacts the
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Fig. 11: Resolution of estimation results over a range of displacements. Res-
olution is defined as the normalized wave number at which the normalized
spectral error is equal to 0.25. Analyzed tomograms are corrupted by synthetic
ghost particles

accuracy trend of the OpenPIV estimates, due to its nature as a statistical
method. SPFV loses greater amounts of accuracy for both small and large dis-
placements, particularly in the box kernel representation of intensity. However,
SPFV estimates remain more accurate than idealized T-PIV for displacements
of greater than four voxels and, in the case of a Gaussian kernel intensity
representation, improve nearly monotonically in accuracy over the range of
displacements studied.

Figure 11 shows the resolution according to the proposed metric for the
corrupted tomograms. Compared to the overall accuracy of the method, the
introduction of tomographic noise has a larger effect on the resolution of SPFV
relative to T-PIV for small displacements, suggesting a smoothing effect on
field estimates in this range. The trends in resolution for SPFV otherwise
reflect those of accuracy for medium and large range displacements.

5 Application to real images

In order to assess the applicability of SPFV in the presence of real-world
imperfections in the input data, the method is applied to T-PIV tomogram
pairs captured in experiments conducted by Kazbekov et al using LaVision
DaVis 8.4. [19, 38]. The flow is a swirling turbulent air jet emitted from a
nozzle into the ambient environment with a Reynolds number of Rej = 27,000
and swirl number of S = 0.55. The experimental configuration, which has been
extensively studied in the literature, is typical of a gas turbine swirl combustor.
In all cases provided, ghost particle levels were estimated at 16–25%, and
particles were displaced an average of 8–11 voxels. For each case, results of
SPFV and T-PIV were compared for a 450 × 450 × 285 voxel slice centered
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Fig. 12: Closeup cross sections of the magnitudes of (a) the T-PIV velocity
estimate (LaVision DaVis 8.4) and (b) the SPFV velocity estimate of provided
experimental data

at the edge of the non-reacting jet, solved with N = 3888 and the box kernel
representation of intensity, and without image blurring or downsampling.

No ground truth is available for this data. In lieu of this, we ensure the con-
sistency of the velocity estimates through qualitative comparisons. Figure 12
shows the magnitude of a T-PIV velocity estimate within a cross section of
the analyzed region for a select case, as well as that of a velocity estimate by
SPFV. The SPFV solution corresponds well to the solution provided by T-
PIV, but with a greater degree of regularity and lack of pixelation associated
with the piece-wise constant T-PIV estimates within each interrogation box.
Finer scales are visible in the SPFV. Importantly, the consistency with T-PIV
implies that SPFV remains robust in the face of sources of noise present in
real world scenarios, unaccounted for in synthetic studies.

Although the ground truth velocity is not actually known, T-PIV is gen-
erally considered to be a reliable and robust method. Therefore, we augment
the visual comparison of Fig. 12 by demonstrating the statistical agreement
of the proposed method with T-PIV. The T-PIV vectors are super-sampled
to the original voxel grid using nearest-neighbor interpolation, and we evalu-
ate the L2-normalized error of our estimated vectors with respect to that of
the super-sampled T-PIV estimate on a voxel-by-voxel basis. A histogram of
the errors at each voxel is shown in figure 13 to display the statistics of the
agreement, demonstrating the velocity field estimated by SPFV generally is
consistent with TPIV in direction and magnitude.

6 Conclusions

We introduced a velocimetry method based on the principles of optical flow
as extended to three dimensions with specific adaptions for particle images.
The optical flow type formulation allows for the resolution of finer scale flow
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Fig. 13: Histogram of the normalized L2 “errors” of SPFV vectors taken with
respect to T-PIV (LaVision DaVis 8.4) at each voxel of the real tomograms

features than correlation-based velocimetry methods, with the sparse represen-
tation of particle images allowing for the efficient extension of the method to
3D. An objective function based on intensity displacements allows for a robust
BFGS optimization process, regularized by an implicit representation of the
velocity field by tricubic polynomial elements. The process does not inherently
require a multi-scale resolution process, and avoids freezing coarser features
during the optimization process. SPFV is found to be capable of resolving finer
scale flow features relative to T-PIV over a large range of particle displace-
ments in studies on synthetic particle images. Good agreement with T-PIV is
also observed for real reacting flow experimental data. We remark here, that
recent developments in the tomographic reconstruction process [39] may fur-
ther improve agreement with T-PIV for real flows. Usage of other kernels, or
combination of different kernels, may also yield better results. However, while
SPFV allows for the principles of optical flow to be extended to 3D, existing
implementations are more computationally demanding than T-PIV– details on
this are included in appendix C. One issue stems from the nonlinear optimiza-
tion problem formulation. Future improvements may also include leveraging
developments in parallel computing with GPUs in order to provide low-level
optimizations. An additional practical concern that must be addressed is the
determination of an appropriate stopping condition for the refinement pro-
cess. At present, N is selected conservatively if an appropriate scale cannot be
determined in post-processing. This may additionally lead to the development
of methods for adaptive refinement in the velocity space as well.
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A Transitional boundary layer flow

In this section, we assess the performance of SPFV using a transitional bound-
ary layer flow. The boundary layer flow represents a real world turbulent flow
similar to the T3A benchmark experiment by Roach and Brierley [40] and pro-
vides an assessment of SPFV for a flow featuring strong mean shear. As many
of the observations for the HIT case also apply to this transitional boundary
layer case, we present only key results.

A.1 Description of reference data

The transitional boundary layer dataset is produced from DNS of incompress-
ible flow over a flat plate with an elliptical leading edge. We consider synthetic
256 × 256 × 256 voxel tomograms constructed as in section 4.1. We select 20
snapshots at evenly spaced intervals from the dataset; the number of snap-
shots used is smaller than the HIT case, as we have observed smaller variation
in performance compared to the HIT dataset. Appendix B provides further
details regarding the selection of snapshots.

A.2 Resolution of SPFV

Figure 14 shows the magnitude of the adjusted velocity field, u−uinflow, asso-
ciated with the idealized T-PIV estimate, the SPFV estimate with a box kernel
intensity representation, and the original reference velocity. These estimates
are computed for a representative snapshot at the end of the domain chosen
for demonstrational purposes, where turbulence is more developed. For this

test, we propagate particles for a normalized time step
∆t∥u∥max

dx = 15. Finer
features present in the DNS solution are captured more clearly in the SPFV
estimate.

A.3 Robustness of SPFV

We now apply the error analysis in section 4.3.4, which provides the most com-
plete assessment out of the studies in section 4, to the trasitional boundary
layer case. Figure 15 shows the average normalized L2 errors of the velocity
estimates over a range of maximum particle displacements, for clean synthetic
tomograms without ghost particles. For each case, we select the value of N that
yields the most accurate solution during the refinement process; the selected
value of N varies from 1728 to X. SPFV solutions have a lower error than ideal-
ized T-PIV for medium and large displacements. Performance remains notably
robust for large displacements for which OpenPIV has difficulty resolving finer
scale features. We do not make the claim of superior robustness to T-PIV, as
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Fig. 14: Magnitude of the adjustded velocity field, u − uinflow, for an initial
DNS snapshot over a truncated slice at the center of the domain of the transi-
tional boundary layer flow. Plots depict (a) an idealized T-PIV estimate, (b)
an SPFV estimate (N = 17576), and (c) the reference velocity.
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Fig. 15: Normalized L2 error of estimation results over a range of displace-
ments for the transitional boundary layer case.

the exploration of coarse-to-fine T-PIV strategies is beyond the scope of this
paper, but nonetheless note this result.

We now apply the methods to noisy tomograms corrupted by a number
of synthetic ghost particles equal to 20% the number of real particles, as in
section 4.3.4. Figure 16 shows the normalized L2 error across a range of dis-
placements. We observe that SPFV with the box representation of intensity
fields is vulnerable to tomographic reconstruction artifacts, with worse per-
formance than idealized T-PIV for most small displacements. In contrast, the
effect of noise on SPFV estimates using a Gaussian representation are mini-
mal. SPFV estimates are accurate at high displacements despite the presence
of noise. These trends are consistent with the robustness study conducted with
the HIT reference velocity.
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Fig. 16: Normalized L2 error of estimation results over a range of displace-
ments for the transitional boundary layer case. Analyzed tomograms are
corrupted by synthetic ghost particles

B Synthetic image generation

For the purposes of benchmarking and reproducability, we detail the procedure
used to generate reference velocity fields used to assess methods in this this
work.

The HIT velocity fields in the JHU database are computed over the physical
domain [0, 2π]×[0, 2π]×[0, 2π] discretized into 1024×1024×1024 nodes [17, 18].
A total of 5028 snapshots are available for this solution from the database.
To generate reference velocity fields uHIT, we extract a 47 × 47 × 47 node
section from the center of the original JHU domain and super-sample it to a
256×256×256 voxels using cubic spline interpolation. We chose the first, 101st,
and 251st snapshots, as well as subsequent snapshots at an interval of 500
snapshots (i.e. the 501st, 601st, 751st, and so on), for a total of 30 snapshots.

The transitional boundary layer dataset in the JHU database is for flow
over a flat plate with an elliptical leading edge [17, 18]. The data in the
database is associated with the domain over the flat region of the upper plate:
physical domain [30.2185, 1000.065] × [0.0036, 26.4880] × [0, 240] discretized
over Nx × Ny × Nz = 3320 × 224 × 2048 nodes. To obtain reference velocity
fields uBL, we extract a 256 × 256 × 256 voxel section encompassing physical
domain [350, 356]× [0, 6]× [0, 6], which is centered at the region where the flow
transitions from a laminar to turbulent regime. We chose the 38th and 88th
snapshots, as well as subsequent snapshots at an interval of 50 snapshots, for
a total of 20 snapshots.

C Remark on computation cost

We now discuss the computational time observed for the particular implemen-
tation of SPFV used in this study. We caution that our implementation is not
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highly optimized; careful code optimization, as well as more efficient sparsifi-
cation and kernel selection, may significantly reduce the computational time.
Nevertheless, we note that the observed computational time of the current
implementation of SPFV is substantially higher than that of T-PIV. We recall
that SPFV requires the solution of the nonlinear optimization problem (12)
using BFGS. For a single 256 × 256 × 256 voxel tomogram pair at a typical
seeding density, a single BFGS iteration on a 40-core workstation takes the
order of 5 seconds, and achieving the desired optimization convergence requires
O(100) BFGS iterations. Hence the total computational time for SPFV is, at
very minimum, of order of 500 seconds or greater depending on settings of
scales. In contrast, OpenPIV estimation and filtering with 30× 30× 30 voxel
interrogation boxes and a 50% overlap requires a total of approximately 40
seconds on the same machine for the same tomogram pair.

The high computational cost of SPFV can be attributed to (i) the sheer
cost of evaluating the difference between two 3d intensity fields to evaluate the
objective function and (ii) the large number of BFGS iterations required to
solve the nonlinear optimization problem. As regard (i), we reduce the the cost
of evaluating the difference between two intensity fields using the sparse repre-
sentation; as discussed in section 3.1, the number of particles can be as low as
10−4 the number of voxels, and hence the sparsification results in a significant
reduction in computational time (and memory footprint). We also note that
the construction of the initial sparse representation itself using (7) is typically
less than 5% of the overall cost. As regard (ii), while computationally expen-
sive, this nonlinear formulation is arguably essential to provide the resolution
and accuracy in the presence of larger displacement. This work demonstrates
promising accuracy and robustness of SPFV, which motivate future work to
further reduce the computational cost.
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