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a b s t r a c t 

Periodicity in evolution of premixed methane–air V-shaped flames in the space domain is investigated 

experimentally. The experiments were performed using the Mie scattering and Particle Image Velocime- 

try techniques. Three Reynolds numbers of 510, 790, and 1057 along with two fuel–air equivalence ratios 

of 0.6 and 0.7 were tested in the experiments. The analyses were performed using the Proper Orthogo- 

nal Decomposition (POD) technique for the flame front position as well as the velocity data pertaining 

to non-reacting flow condition. The POD analysis shows that the spectral characteristics of the mode 

shapes associated with the velocity and the flame front position data feature similarities; however, the 

corresponding temporal coefficients are significantly different. Specifically, the POD mode shapes pertain- 

ing to both velocity and flame front position data feature dominant instabilities. It was shown that the 

normalized wave number pertaining to these instabilities are similar and equal to the Strouhal num- 

ber corresponding to non-reacting flow over a circular cylinder. Comparison of the normalized temporal 

coefficients show that, for the flame front position data, the normalized first and second coefficients 

are mainly centered close to the origin; however, those associated with the velocity data are positioned 

around a unity radius circle. This was argued to be linked to the ratio of the corresponding first and 

second eigenvalues. Specifically, it was shown that, as this ratio approached to unity, the signal energy 

becomes distributed between the first and the second POD modes. As a result, the normalized temporal 

coefficients follow a circular pattern. 

© 2016 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

Several engineering equipment, for example, stationary gas tur-

ines, lean premixed and pre-vaporized jet engines, and spark igni-

ion engines operate under the mode of turbulent premixed com-

ustion [1–3] . Thus, studying this mode of combustion is of sig-

ificant importance; and, as a result, numerous laboratory settings

ave been developed to investigate turbulent premixed flames, see,

or example, the review papers [3–5] . These studies show that

everal flame configurations, e.g., V-shaped, Bunsen-type, swirl-

tabilized, spherical, and stagnation, have been utilized to study

urbulent premixed flames [3–5] . The flame configuration used in

he present study is V-shaped. Previous investigations associated

ith the V-shaped flames, e.g., [6–8] , show that the turbulence in-

ensity ( u RMS / U ) strongly influences the characteristics of the flame

ront, where u RMS and U are the root-mean-square (RMS) of ve-

ocity fluctuations and the mean velocity in the reactants region,

espectively. For relatively small values of the turbulence intensity,
∗ Corresponding author. 
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.e., u RMS / U � 0.06, observations reported in Shanbhogue [9] , Pe-

ersen and Emmons [10] , and Kheirkhah and Gülder [8] indicate

hat the flame front corrugations are periodic and symmetric in the

pace domain. To the best knowledge of the authors, details asso-

iated with these characteristics are yet to be investigated. Since

he flame-holder utilized in the present investigation has a circu-

ar cross section, a brief review of non-reacting flow development

ver circular cylinders is presented. Then, findings of past studies

ssociated with the effect of heat release on the flow development

re reviewed. 

Several investigations have been performed in the past decades

o study the development of isothermal flow over circular cylin-

ers, see, for example, the review papers by Berger and Wille [11] ,

earman [12] , Choi et al. [13] , and Williamson [14] . These inves-

igations [11–14] show that the flow development is strongly af-

ected by the Reynolds number estimated based on the diameter of

he cylinder ( Re d ). For Re d � 5, the flow is attached to the surface

f the cylinder, and the corresponding flow regime is called the

reeping flow [15] . For 5 � Re d � 50, the flow is composed of two

teady recirculation zones behind the cylinder, and the pertaining

ow regime is referred to as the laminar steady regime [14,15] . Re-

ults provided in Zdravkovich [15] show that, for 50 � Re d � 200,
. 

http://dx.doi.org/10.1016/j.combustflame.2016.03.013
http://www.ScienceDirect.com
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Nomenclature 

a i 
j 

The j th temporal coefficient for reconstruction of 

the PIV data associated with the i th image 

b i 
j 

The j th temporal coefficient for reconstruction of 

the i th flame front signal 

d Flame-holder diameter 

d p Seed particle diameter 

D Nozzle inner diameter 

D Mass diffusivity 

f v Vortex shedding frequency 

G 

i The i th eigenvector of the flame front data 

H 

i The i th eigenvector of the velocity data 

I The imaginary unit, 
√ −1 

K The total number of data in the velocity field, i.e., 

128 × 128 

Ka The Karlovitz number 

l ∗ The normalized vertical distance between two local 

maximums/minimums of the first and the second 

mode shapes of the velocity data 

Le Lewis number 

M The number of data points associated with the 

flame front position signal 

n The direction normal to the flame front 

N The number of PIV images, i.e., 10 0 0 

p 

i The matrix of streamwise and transverse velocity 

fluctuations associated with the i th PIV image 

P Gas pressure 

P The matrix of velocity fluctuations made from p 

i 

Pr Prandtl number 

Q The autocovariance martix of P 

r ( y ) the complex function constructed from the flame 

front position signal and the corresponding Hilbert 

transform 

R The matrix constructed from x ′ i , R = 

[ x 1 , x 2 x 3 , . . . , x N ] 

Re d The Reynolds number estimated based on the diam- 

eter of the flame-holder 

S Autocovariance matrix of R 

S L0 The un-stretched laminar flame speed 

St The Strouhal number 

T Gas temperature 

T b, u Burnt and unburnt gas temperature, respectively 

u , v Mean streamwise and transverse velocity, respec- 

tively 

u ′ , v ′ Streamwise and transverse velocity fluctuations 

u RMS RMS of the streamwise velocity fluctuations pertain- 

ing to non-reacting flow condition 

U Mean bulk flow velocity −→ 

V The velocity vector 

x, y, z Axes of the coordinate system shown in Fig. 1 (b) 

x , x RMS Mean and root-mean-square of the flame front po- 

sition 

x ′ 
l , r 

The flame front position fluctuations associated 

with the left and right wings, respectively 

x ′ i The i th matrix of the velocity fluctuations 

α Phase of the flame front position signal 

γ i The i th eigenvalue associated with the velocity fluc- 

tuations 

γ t The threshold eigenvalue associated with the veloc- 

ity fluctuations 
t  
ε The error associated with estimation of the velocity 

data 

εi The inner cut-off length scale 

δL Laminar flame thickness 

η The matrix of the mode shapes utilized for recon- 

struction of the velocity data 

θi The i th normalized POD mode shape associated 

with the velocity data 

κc The critical wavenumber 

λi The i th eigenvalue of the flame front position data 

� Integral length scale 

ν Gas kinetic viscosity 

ρ Gas density 

ρu Unburnt gas density 

τ Time utilized for the statistical analyses 0 ≤ τ ≤ t 

φ Fuel–air equivalence ratio 

ψ 

i The i th normalized mode shape of the flame front 

position −→ ω , ω z Vorticity vector and the z -component of the vector, 

respectively 

hich is known as the laminar vortex shedding regime [14] , a

lobal instability develops in the wake of the cylinder. This insta-

ility leads to periodic formation and shedding of vortical flow-

tructures in the wake of the circular cylinder, known as von Kár-

án vortex street. The vortex shedding frequency ( f v ) can be ob-

ained from the following equation [15,16] : 

t = 

f v d 

U 

, (1)

here St is referred to as the Strouhal number. For the laminar vor-

ex shedding regime, the Strouhal number increases from approxi-

ately 0.12 to 0.19 by increasing the Reynolds number from about

0 to 200 [15,16] . For 200 � Re d � 400, transition to turbulence

ccurs in the wake of the cylinder, and the corresponding regime

s referred to as the wake transition regime [15] . In this regime,

he Strouhal number ( St ) varies between approximately 0.19 and

.21. For 400 � Re d � 10 5 , transition to turbulence occurs in the

hear layers developed on both sides of the cylinder [15,17] ; and

he corresponding regime is referred to as the shear layer transi-

ion regime [14] . In this regime, the Strouhal number is approxi-

ately 0.21. For Reynolds numbers beyond 10 5 , the transition to

urbulence takes place in the boundary layers developed on both

ides of the cylinder, and the corresponding regime is referred to

s the boundary layer transition regime [18,19] . The Strouhal num-

er associated with the boundary layer transition regime varies be-

ween about 0.2 and 0.5 [15,18,19] . Further details associated with

sothermal flow development over circular cylinders can be found

n Zdravkovich [15] . 

Previous studies show that the combustion heat release influ-

nces the flow development over circular cylinders [20–26] . This

nfluence can be elaborated using the vorticity transport equation

20] , given by: 

D 

−→ ω 

D t 
= ( 

−→ ω · −→ ∇ ) 
−→ 

V + ν∇ 

2 −→ ω + 

−→ ∇ ρ × −→ ∇P 

ρ2 
− −→ ω ( 

−→ ∇ · −→ 

V ) . (2)

n Eq. (2) , 
−→ ω , 

−→ 

V , ν , ρ , and P refer to vorticity vector, velocity

ector, kinematic viscosity, fluid density, and pressure, respectively.

he term on the left-hand-side (LHS) of Eq. (2) is the total deriva-

ive of the vorticity vector. The first term on the right-hand-side

RHS) is referred to as the vortex stretching and is related to the

ormal strain in the direction of the vorticity vector. This strain re-

ults in narrowing of the vortex tubes, and, as a result, increasing

he vorticity values. The second term on the RHS of Eq. (2) is the
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Fig. 1. (a) Burner setup and (b) flame-holder and flame-holder support details. 
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iscous diffusion term. This term acts as a sink and decreases the

orticity values via the diffusion mechanism [21] . Since the fluid

inematic viscosity increases significantly in the products region,

he viscous diffusion term is more pronounced in the products.

hus, the vorticity values decrease significantly across the flame

ront, from the reactants towards the products. The third term on

he RHS of Eq. (2) is produced due to misalignment between the

ressure and density gradients. This is a source term and is re-

erred to as the baroclinic vortex generation term [20] . For uncon-

ned flames, which is the case for the present study, the pressure

hange across the flame region is insignificant; and, as a result,

he baroclinic vortex generation is negligible. The last term in the

HS of Eq. (2) is the fluid dilatation term. Due to the significant

ncrease of the velocity through the flame, this term is relatively

arge. 

Arguments provided in past investigations [20,21,27] indicate

hat, for unconfined flames, the combustion heat release can in-

uence the vorticity equation via the viscous diffusion and the di-

atation mechanisms, that are associated with the second and the

ast terms on the RHS of Eq. (2) . Specifically, these mechanisms

an affect the formation of the von Kármán vortex street. Results

f past investigations associated with formation of the von Kármán

ortex street under reacting condition are controversial. Specifi-

ally, results presented in Erickson et al. [22] and Hertzberg et al.

24] show that the von Kármán vortex street exists in the wake of

he flame-holder; however, results of Yamaguchi et al. [25] and Bill

nd Tarabanis [26] indicate that it is suppressed under the reacting

ondition. Arguments provided in Shanbhogue et al. [21] show that

ither existence or suppression of the vortex street under reacting

ondition is strongly dependent on the burnt to unburnt gas tem-

erature ratio ( T b / T u ). Specifically, Shanbhogue et al. [21] and Er-

ckson et al. [22] show that strengths of the sink terms in Eq. (2) ,

hat are viscous diffusion and dilatation terms, are correlated with

 b / T u . Their results [21,22] show that, for T b / T u � 2, decreasing the

urnt to unburnt gas temperature ratio decreases the strengths of

he sink terms in Eq. (2) , and, as a result, the von Kármán vor-
ex street persists in the wake of the flame-holder. However, for

arge values of the burnt to unburnt gas temperature ratio ( T b / T u 
 2), the viscous diffusion and dilatation mechanisms suppress the

ormation of the von Kármán vortex street. Although past inves-

igations [20–28] provide significant insight into vortex dynamics

ssociated with turbulent premixed flames, detailed description of

he connection between characteristics of the flow over the flame-

older and those of the flame fronts are yet to be investigated. 

The Proper Orthogonal Decomposition (POD) technique has

een extensively utilized in studies pertaining to non-reacting flow

ver bluff bodies in order to gain insight into the underlying phys-

cal processes, see for example, [29–36] . However, to the best

nowledge of the authors, application of this technique for anal-

sis of the flame front corrugations is yet to be investigated. This

tudy aims at presenting a detailed description for the POD analy-

is of the flame front corrugations. Then, using the POD technique,

onnections between the POD results pertaining to the flame front

orrugations and the non-reacting flow over the flame-holder are

ought. 

. Experimental methodology 

Details of the experimental setup utilized for producing V-

haped flames, the measurements techniques, and the experimen-

al conditions tested are provided in this section. 

.1. Experimental setup 

The V-shaped flames were produced using the burner setup

resented in Fig. 1 (a). The burner is composed of an expansion sec-

ion, a settling chamber, a contraction section, a nozzle, a flame-

older support, and a flame-holder. The expansion section has

n expansion area ratio of about four. Close to the entrance of

he expansion section, a baffle disk is placed in order to disperse

he entering air–fuel mixture and the seeding flow, see Fig. 1 (a).

 settling chamber, equipped with five square-mesh screens, is
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installed after the expansion section for flow conditioning pur-

poses. The settling chamber is followed by a contraction section

with a contraction area ratio of approximately seven. After the con-

traction section, a nozzle with inner diameter ( D ) of 48.4 mm is

placed. A circular flame-holder, made of stainless steel, is placed

close to the exit of the nozzle, see Figs. 1 (a) and 1 (b). The flame-

holder diameter ( d ) is 2 mm. Using the flame-holder support, the

distance between the flame-holder centerline and the exit plane of

the burner was fixed at 4 mm during all experiments. 

The coordinate system utilized in the present investigation is

Cartesian, as shown in Fig. 1 (b). The origin of the coordinate sys-

tem is located equidistant from both ends of the flame-holder, and

5 mm above the burner exit plane. The y -axis of the coordinate

system is normal to the exit plane of the burner. The x -axis is nor-

mal to both y -axis and the flame-holder centerline. The z -axis is

normal to both x and y axes and lies along the span of the flame-

holder. 

2.2. Measurement techniques 

Mie scattering and Particle Image Velocimertry (PIV) techniques

were utilized in the present study. The former was used to inves-

tigate characteristics of non-reacting flow, and the latter was uti-

lized to study those of the flame front contour. Details pertaining

to these techniques are presented below. 

2.2.1. Mie scattering 

The Mie scattering technique was utilized to obtain the flame

front contour. As defined by Eckbreth [37] , the Mie scattering is

elastic scattering of light, with wave length λ, from particles with

average size d p , when d p � λ. The Mie scattering technique is

widely used in the past experimental investigations pertaining to

V-shaped flames, see, for example, [38–45] . An underlying assump-

tion in application of the Mie scattering technique is that combus-

tion occurs inside a relatively thin layer [43–45] . This assumption

is referred to as the flamelet assumption [46] . Implication of the

flamelet assumption is that if the reactants are seeded with parti-

cles which evaporate at the flame front, the light intensities scat-

tered from the particles inside the reactants region will be signif-

icantly larger than those inside the products region. This marked

difference in the light intensities is utilized for detection of the

flame front [42–45] . A Laskin-nozzle type nebulizer, previously uti-

lized in the studies of Smallwood et al. [47] , Gülder [48] , and

Kheirkhah and Gülder [45] was used for seeding purposes in the

Mie scattering experiments. The olive oil droplets, which have been

previously assessed to be proper for Mie scattering experiments in

the past investigations [45,49] , were utilized in the present study. 

The hardware associated with the Mie scattering technique con-

sists of a CCD camera and a Nd:YAG pulsed laser. The camera has

a resolution of 2048 pixels by 2048 pixels. The camera head is

equipped with a macro Sigma lens, which has a focal length of

105 mm. During the experiments, the lens aperture size was fixed

at f /8. In order to avoid influence of flame chemiluminescence in

acquired images, the lens was equipped with a 532 nm band-pass

filter. For all the experiments, imaging field of view was 60 mm ×
60 mm. 

The flow field was illuminated by a laser sheet formed from

a 6.5 mm diameter beam, which has a wavelength of 532 nm, a

beam energy of about 120 mJ per pulse, and a pulse duration of

about 4 ns. At the plane of z/d = 0 , where all the experiments

were performed, the laser sheet thickness was measured to be ap-

proximately 150 ± 50 μm. The laser operated at a frequency of

5 Hz and the Mie scattering images were simultaneously acquired

by the CCD camera. For statistical analysis purposes, 10 0 0 images

were acquired for each experimental condition tested. 
The recorded images were binarized using a threshold-based

echnique. The binarization process is usually accompanied by dig-

tization noise [50] . In order to reduce the noise, a median-finding-

ased algorithm was utilized to filter the binarized images. The

lter size was selected to be equal to the inner cutoff scale ( εi )

50] . The value of the inner cutoff scale was estimated from: εi =
 δL Ka −1 / 2 proposed by Roberts et al. [51] , where δL and Ka are

he laminar flame thickness and the Karlovitz number, respectively.

epending on the experimental condition tested, value of εi was

aried between 1.3 mm and 2.5 mm. After filtering the binarized

mages, the contour algorithm in MATLAB was used to obtain the

ame front. 

.2.2. Particle Image Velocimetry 

The Particle Image Velocitmetry (PIV) technique was utilized

o measure the velocity field for non-reacting flow condition. The

IV experiments were performed for estimating the velocity char-

cteristics pertaining to the background flow field as well as the

ow field associated with the wake of the flame-holder. The for-

er was used to estimate the background turbulence intensity as

ell as the integral length scale ( �), and the latter was utilized

o study the dominant flow-structures. The PIV hardware is iden-

ical to that utilized for the Mie scattering experiments. All the

IV experiments were performed at the plane of z/d = 0 . For each

xperimental condition tested, 10 0 0 PIV images were acquired at

 frequency of 5 Hz. For velocity data analysis, the interrogation

indow size was selected to be 16 pixels by 16 pixels, with zero

verlap between the windows. This results in the velocity data ma-

rices with a size of 128 × 128. For each experimental condition,

he separation time between the laser pulses, was selected such

hat the average distance traced by the seeding particles in each

nterrogation window was approximately 25% of the size of each

nterrogation window. This was performed in order to avoid parti-

les loss between consecutive images. Olive oil droplets were used

or seeding in the PIV experiments. These droplets were previously

ssessed [45] to be proper for the flow seeding. 

.3. Experimental conditions 

The experimental conditions presented in this study are ex-

racted from a previous investigation by the authors, see [8] . The

onditions tested in the present study are associated with rel-

tively small value of the turbulence intensity ( u RMS / U ). Specifi-

ally, u RMS / U is approximately 0.02 and is estimated for the non-

eacting flow field, with u RMS being measured at x/d = 0 , y/d =
1 , and z/d = 0 . The tested experimental conditions are tabulated

n Table 1 . Methane grade 2, i.e., methane with 99% chemical pu-

ity, was used as the fuel in the experiments. Three mean bulk flow

elocities of U = 4.0, 6.2, and 8.3 m/s were examined. The mean

ulk flow velocity was estimated from U = 4 ˙ m / (πρu D 

2 ) , where ˙ m

nd ρu are the mass flow rate and density of the fuel–air mix-

ure, respectively. The Reynolds number pertaining to the mean

ulk flow velocities were estimated based on the diameter of the

ame-holder ( Re d = Ud/ν), with ν = 1 . 57 × 10 −5 m 

2 / s being the re-

ctants kinematic viscosity at standard temperature and pressure

ondition. For each mean bulk flow velocity, two fuel–air equiv-

lence ratios of φ = 0 . 6 and 0.7 were tested in the experiments.

n Table 1 , the un-stretched laminar flame speed ( S L0 ) was ex-

racted from Yu et al. [52] . The laminar flame thickness was es-

imated from: δL = D/S L0 , where D = ν/ (P rLe ) . The Lewis ( Le ) and

he Prandtl numbers ( Pr ) are estimated for the reactants mixture

t standard temperature and pressure condition; and are approx-

mately unity and 0.71, respectively. For each experimental condi-

ion, the integral length scale was estimated using the streamwise

elocity autocorrelation [53] calculated along the vertical axis, with
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Table 1 

Tested experimental conditions. 

Symbol U (m/s) Re d φ S L0 (m/s) δL (mm) u RMS / U � (mm) 

Flame A 4.0 510 0.6 0.13 0.17 0.02 2.6 

Flame B 4.0 510 0.7 0.20 0.11 0.02 2.6 

Flame C 6.2 790 0.6 0.13 0.17 0.02 2.5 

Flame D 6.2 790 0.7 0.20 0.11 0.02 2.5 

Flame E 8.3 1057 0.6 0.13 0.17 0.02 2.4 

Flame F 8.3 1057 0.7 0.20 0.11 0.02 2.4 

10
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Fig. 2. Experimental conditions overlaid on the premixed combustion regime diagram [1]. 
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etails of analysis provided in Kheirkhah and Gülder [8] . All experi-

ental conditions are overlaid on the premixed combustion regime

iagram presented in Fig. 2 . The results show that the experimen-

al conditions pertain to the wrinkled as well as corrugated flames.

. Results 

A representative Mie scattering image associated with Flame E

ondition is presented in Fig. 3 (a). Overlaid on the figure is the

ame front contour obtained from the Mie scattering technique

ith corresponding details provided in the previous section. In-

ets of Fig. 3 (a) pertaining to the left and right wings of the flame

ronts are presented in Figs. 3 (b) and 3 (c), respectively. Results in

he figures show that: (a) the flame front corrugations are sym-

etric with respect to the vertical axis, and (b) the corrugations

eature a nearly periodic pattern. In order to investigate these char-

cteristics, the results are grouped in three subsections. First, de-

ails associated with non-reacting flow over the circular cylinder is

nvestigated. Then, in the second and the third subsections, under-

ying details pertaining to symmetry and periodicity in flame front

orrugations are studied, respectively. 

.1. Non-reacting flow characteristics 

The POD technique has been utilized for analysis of the results

resented in this section as well as those in Section 3.3 . This tech-
ique has been applied mainly for analysis of non-reacting flow,

ee, for example, [29–36] . The POD technique can be used for anal-

sis of the processes that are statistically stationary, see for exam-

le the results presented in [54,55] . For both non-reacting flow ve-

ocity data as well as the fluctuations of the flame front position, it

as investigated that the variations of the corresponding parame-

ers are statistically stationary, with the corresponding results pre-

ented in Appendix A . 

For POD analysis of the non-reacting velocity data, the follow-

ng matrix was constructed: 

 = [ p 

1 p 

2 p 

3 . . . p 

N ] = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

u 

′ 1 
1 u 

′ 2 
1 u 

′ 3 
1 . . . u 

′ N 
1 

u 

′ 1 
2 u 

′ 2 
2 u 

′ 3 
2 . . . u 

′ N 
2 

u 

′ 1 
3 u 

′ 2 
3 u 

′ 3 
3 . . . u 

′ N 
3 

. . . 
. . . 

. . . 
. . . 

. . . 

u 

′ 1 
K u 

′ 2 
K u 

′ 3 
K . . . u 

′ N 
K 

v ′ 1 1 v ′ 2 1 v ′ 3 1 . . . v ′ N 1 

v ′ 1 2 v ′ 2 2 v ′ 3 2 . . . v ′ N 2 

v ′ 1 3 v ′ 2 3 v ′ 3 3 . . . v ′ N 3 
. . . 

. . . 
. . . 

. . . 
. . . 

v ′ 1 K v ′ 2 K v ′ 3 K . . . v ′ N K 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

, (3)

here p 

i = [ u ′ i 
1 

u ′ i 
2 

u ′ i 
3 

. . . u ′ i 
K 

v ′ i 
1 

v ′ i 
2 

v ′ i 
3 

. . . v ′ i 
K 

] T , with u ′ and v ′ be-

ng the fluctuations of the streamwise and transverse velocity data.
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Fig. 3. (a) Mie scattering image associated with Flame E condition. (b) and (c) are insets of (a) pertaining to the left and right wings of the flame fronts, respectively. 
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Specifically, u ′ = u − u and v ′ = v − v , with u and v being the mean

streamwise and transverse velocities, respectively. Each column of

P corresponds to velocity fluctuations associated with a given PIV

image. Thus, the number of columns in P pertains to the number

of PIV images acquired, i.e., N = 10 0 0 . In Eq. (3) , the subscript K is

the total number of streamwise or transverse velocity data associ-

ated with a given PIV image, meaning that K = 128 × 128 = 16384 .

Using the matrix of velocity fluctuations, the autocovariance ma-

trix ( Q = P T P ) was estimated. Then, eigenvalues and eigenvectors

of Q were obtained by solving the following equation: 

QH 

i = γ i H 

i , (4)

where γ i and H 

i are the i th eigenvalue and eigenvector, respec-

tively. The eigenvalues were estimated and arranged in a descend-

ing order, meaning that γ 1 and γ N correspond to the largest and

the smallest eigenvalues, respectively. For all experimental condi-

tions tested, the eigenvalues are presented in Fig. 4 (a). Note that,

since the analysis is performed for non-reacting flow condition, the

results are only presented for experimental conditions of A, C, and

E. Results pertaining to experimental conditions of B, D, and F are

identical to those pertaining to A, C, and E, respectively. As can be

seen from the results in Fig. 4 (a), for all experimental conditions

tested, the first and the second eigenvalues are relatively large;

however, increasing the mode number substantially decreases γ .

Since γ 1 and γ 2 are relatively large, the first and the second

modes are commonly considered as the most energetic modes in

several investigations associated with non-reacting flow over circu-

lar cylinders [54,55] . It is usually a necessary practice to estimate

the number of meaningful modes associated with the POD anal-

yses. This can be obtained using the uncertainty analysis. In this

study, arguments presented in Epps and Techet [56] was utilized

to obtain the meaningful number of POD modes. Using uncertainty

arguments, Epps and Techet [56] estimated a threshold eigenvalue

( γ t ) given by the following formulation: 

γt = KNε2 , (5)

where ε is the error associated with estimation of the velocity

data. Assuming negligible bias error, it can be shown that ε ap-
roximately equals the ratio of the RMS velocity fluctuations to the

quare root of the number of PIV images. Our analysis shows that

he RMS streamwise ( u ′ ) and transverse ( v ′ ) velocity fluctuations

re maximized in the near wake of the cylinder, with the values

f v ′ being larger. Thus, the maximum value of v ′ was utilized for

stimation of the threshold eigenvalue. The results show that γ t is

pproximately equal to 3.3 × 10 4 m 

2 /s 2 , 7.4 × 10 4 m 

2 /s 2 , and 9.7

10 4 m 

2 /s 2 for Re d = 510 , 790, and 1057, respectively. Results pre-

ented in Fig. 4 (a) show that eigenvalues associated with modes

–7, 1–6, and 1–8 are larger than the threshold eigenvalue asso-

iated with experimental conditions of A, C, and E, respectively.

he corresponding data points are highlighted by the data sym-

ols in Fig. 4 (a). The results in the figure suggest that relatively

mall number of POD modes, approximately first 6 modes, are not

ontaminated by the velocity data error. Thus, these modes can be

tilized for the POD analysis of the velocity data. 

The normalized cumulative mode energies ( 
∑ i = n 

i =1 γ
i / 

∑ i = N 
i =1 γ

i )

ssociated with the results in Fig. 4 (a) are presented in Fig. 4 (b).

he results in Fig. 4 (b) show that, for n ≥ 4, increasing the

eynolds number, decreases the cumulative mode energy. This is

ssociated with pronounced distribution of the turbulent kinetic

nergy at large mode numbers with increase of the Reynolds

umber. Specifically, it was previously presented that the back-

round turbulence intensity is approximately constant ( u RMS / U ≈
.02) for all experimental conditions tested, see Table 1 . Thus, in-

reasing the Reynolds number, which is synonymous with increas-

ng U , increases the RMS velocity fluctuations associated with the

ackground turbulence ( u RMS ). On one hand, since the turbulent

ow kinetic energy is directly related to u RMS , increasing Re d in-

reases the kinetic energy of the background turbulent flow. On

he other hand, the kinetic energy of the background turbulent

ow is distributed amongst large POD modes. Therefore, increasing

he Reynolds number distributes the kinetic energy in relatively

arger mode numbers. This results in decrease of the cumulative

ode energy with increase of the Reynolds number. 

Using the eigenvectors estimated from Eq. (4) , the normal-

zed POD mode shapes ( θi ) associated with the velocity data were
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Fig. 4. (a) Eigenvalues of the velocity data. (b) Cumulative mode energy associated with the results presented in (a). 
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btained using the following formulation: 

i = 

∑ n = N 
n =1 h 

i 
n p 

n 

| ∑ n = N 
n =1 h 

i 
n p 

n | , (6) 

here h i n is the n th component of the i th eigenvector. Also, the

ymbol (| ∗|) represents the second norm of a matrix. The POD

ode shapes estimated from Eq. (6) are matrices with the size

f 2 K × 1. In order to investigate characteristics of the dominant

ow-structures, these mode shapes were cast into two dimensional

atrices. Specifically, for the i th mode shape, the first and the

econd K components of θi , that are θi (1 : K ) and θi (K + 1 : 2 K) ,

ere cast into two 128 × 128 matrices pertaining to the i th POD

ode of the streamwise and transverse velocity data, respectively.

t was previously argued that, for the experimental conditions of

he present study, mainly modes 1–6 are significant, meaning that

hese modes are not influenced by the velocity data error. For the

nalysis presented here and for simplicity of the arguments, only

he first ( θ1 ) and the second ( θ2 ) POD mode shapes are presented

nd discussed. Specifically, the first and the second POD mode

hapes associated with the streamwise velocity data are presented

n Figs. 5 (a) and 5 (b), respectively. Similarly, the first and the sec-

nd POD mode shapes pertaining to the transverse velocity data

re shown in Figs. 5 (c) and 5 (d), respectively. In Fig. 5 , the nega-

ive contours are specified by the overlaid solid curves. The results

n Fig. 5 show that the POD mode shapes feature patches of neg-

tive and positive values which repeat in the space domain. This

s similar to the results presented in past investigations pertain-

ng to flow over circular cylinders, see, for example, Sengupta et al.

57] . Representative variations of the mode shape values associated

ith Figs. 5 (a)–5 (d) are presented in Figs. 6 (a)–6 (d), respectively.

he results in Figs. 6 (a) and 6 (b) are associated with x/d = 1 . 5 and

hose in Figs. 6 (c) and 6 (d) pertain to x/d = 0 . Using the results

resented in Fig. 6 , the vertical distance between two neighbor-

ng local maximums were estimated. This distance normalized by

he flame-holder diameter is referred to as l ∗ and is highlighted in

ig. 6 (a). Sensitivity analysis shows that l ∗ estimated based on the

ertical distance between two neighboring local maximums and

wo local minimums are identical. Also, the results show that l ∗ is

ndependent of the first and the second POD modes pertaining to

ither of the streamwise or transverse velocity data, and is approx-

mately 4.2 for all experimental conditions tested. This normalized
ength scale is considered as the length scale of dominant instabil-

ty in the wake of the circular cylinder. 

It is of interest to investigate the reason associated with the

alue of l ∗ being independent of the experimental conditions

ested. As it is demonstrated in the following as well as sev-

ral past investigations pertaining to flow over circular cylin-

ers [14,15] , the wake is dominated by the vortex shedding phe-

omenon for Reynolds numbers similar to those of the present

tudy. Assuming that l is the distance traveled by a given flow-

tructure in one cycle of vortex shedding, it can be shown that

 = U/ f v , with f v being the vortex shedding frequency and is given

y Eq. (1) . This argument suggests that the Strouhal number, see

q. (1) , and l ∗ are related by: 

t ≈ 1 

l ∗
. (7) 

ince the Strouhal number is approximately 0.21 for the Reynolds

umbers investigated in the present study, see, for example,

dravkovich [15] , l ∗ requires to be constant, which is in agreement

ith the results presented earlier. Utilizing the value of Strouhal

umber along with Eq. (7) , it can be shown that l ∗ is approxi-

ately 4.5, which is in reasonable agreement with the results pre-

ented in Figs. 5 and 6 . 

Eq. (7) was derived assuming that l is the vertical distance be-

ween two neighboring coherent flow-structures. In order to assess

alidity of this assumption, the velocity data was reconstructed us-

ng the POD modes. This was performed using: 

u 

i 
r 

v i r 

]
≈

[
u 

v 

]
+ ηηT p 

i , (8) 

here η is associated with the most dominant POD modes and is

iven by η = [ θ1 θ2 θ3 . . . θ6 ] . In Eq. (8) , the superscript i pertains

o the data associated with the i th PIV image. In the equation, u

nd v are the mean streamwise and transverse velocity data and

re given by u = [ u 1 u 2 u 3 . . . u K ] 
T and v = [ v 1 v 2 v 3 . . . v K ] T ,

espectively. Equation (8) can be written in terms of temporal POD

oefficients and the dominant POD mode shapes. Specifically, the

econstructed streamwise and transverse velocity data can be given
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by: 

[
u 

i 
r 

v i r 

]
≈

[
u 

v 

]
+ 

j=6 ∑ 

j=1 

a i j θ
j , (9)

where a i 
j 

is referred to as the j th temporal coefficient for re-

construction of the velocity data associated with the i th PIV im-

age. Figure 7 (a) shows a representative vorticity ( ω z = ∂ u/∂ x −
∂ v /∂ y ) contour associated with Flame E condition. The negative
orticity contours are highlighted by solid curves for clarity pur-

oses. The results demonstrate formation of the von Kármán vor-

ex street, which is a characteristic of flow over circular cylin-

ers for Reynolds numbers corresponding to those of the present

tudy. In order to estimate distance between two neighboring co-

erent flow-structures, variations of vorticity along several vertical

istances were considered, with representative ones pertaining to

/d = −0 . 7 and 0.7 presented in Fig. 7 (b). The results in Fig. 7 (a)

how that the normalized distance between two neighboring
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Fig. 7. (a) Representative vorticity contours estimated using the velocity data reconstructed from modes 1–6. (b) Variation of the vorticity presented in (a) along x/d = −0 . 7 

and 0.7. (c) Variation of the normalized second POD coefficient versus the normalized first POD coefficient. The results pertain to Flame E condition. 
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ortices is equal to approximately 4.2. This is identical to the nor-

alized distance previously presented in Fig. 6 (a). This similarity

alidates the assumption that the separation distance between two

eigboring coherent flow-structures in the streamwise direction is

pproximately equal to l . 

The vorticity contours presented in Fig. 7 (a) demonstrate for-

ation of the von Kármán vortex street. This is a non-stationary

rocess and is associated with the alternate shedding of the vor-

ices. As a result, the first and the second POD modes are expected

o feature relatively large energy and length scales (see Figs. 4 –6 ).

n addition to this, the first and the second POD modes are tem-

orarily out-of-phase. In order to further asses this, correlation be-

ween the first ( a 1 ) and the second ( a 2 ) temporal coefficients were

nvestigated. For the experimental condition associated with the

esults presented in Fig. 7 (a), the normalized temporal coefficients

ere estimated and the results are presented in Fig. 7 (c). As can

e seen from the results in Fig. 7 (c), the normalized coefficients

early follow a unity radius circle centered at the origin. This is in

greement with past investigations associated with flow over bluff

odies [58–60] . Further details pertaining to this characteristic of

he first and the second normalized temporal coefficients are dis-

ussed later in the manuscript. 

.2. Symmetry of the flame front corrugations 

Results presented in Fig. 3 showed that the right and the left

ings of the flame fronts are nearly symmetric with respect to

he vertical axis. In order to investigate this characteristic of the

ame fronts, variation of the flame front position along the verti-

al axis, x ( y ), was utilized. The flame front position is the distance

etween a given point on the flame front contour and the vertical

xis ( y ). The analyses presented in this section pertain to mean and

MS of the flame front position as well as the phase difference be-

ween the flame front positions associated with the right and the

eft wings of the flame contours. Representative flame front posi-

ion signals, extracted from Mie scattering images, are shown in

ig. 8 (a). The results in the figure pertain to those previously pre-

ented in Fig. 3 (a). Mean flame front positions pertaining to both

ings of the flame front are presented by the red dashed curves
n Fig. 8 (a). Also, fluctuations of the left ( x ′ 
l 
) and right ( x ′ r ) wings of

he flame fronts are presented in Figs. 8 (b) and 8 (c), respectively.

or the results presented in the rest of the manuscript, signal sim-

lar to those shown in Fig. 8 were utilized for the analyses. 

Mean and RMS of the flame front position were estimated for

ll tested experimental conditions, and the corresponding results

re shown in Figs. 9 (a)–9 (c) and 9 (d)–9 (f), respectively. In the fig-

res, the first, the second, and the third columns pertain to mean

ulk flow velocities of 4.0, 6.2, and 8.3 m/s, respectively. The max-

mum uncertainty associated with the results is accommodated by

he size of the error bar in the corresponding figure. The results

n the figure show that increasing the fuel–air equivalence ratio

ncreases both x and x RMS , with this influence becoming less pro-

ounced with increasing the mean bulk flow velocity. This is a

haracteristic of lean premixed V-shaped flames and is investigated

n detail in past investigations, see, for example, Goix et al. [7] and

heirkhah and Gülder [45] . 

The results presented in Fig. 9 show that statistics of x ( y ) is

ymmetric with respect to the vertical axis; however, this does not

ecessitate symmetry of the flame fronts. In order to assess this,

hase difference ( �α) between the right and the left wings of the

ame front position were estimated using the Hilbert transform

echnique. The phase of the flame front position ( α) is equal to

he phase of the complex function r ( y ) given by: 

(y ) = x ′ (y ) − H[ x ′ (y )] I, (10)

here I = 

√ −1 , and x ′ ( y ) is the fluctuations of the flame front po-

ition along the vertical axis, i.e., x ′ (y ) = x (y ) − x (y ) . Representa-

ive variation of x ′ ( y ) associated with the right and the left wings

f the flame front position were previously presented in Figs. 8 (b)

nd 8 (c), respectively. In Eq. (9) , H [ x ′ ( y )] is the Hilbert transform of

he flame front position, and is given by: 

[ x ′ (y )] = 

−1 

πy 
∗ x ′ (y ) , (11)

here the symbol ∗ is the convolution product. For further details

ssociated with the Hilbert transform technique refer to Bracewell

61] . 

The phase of the right ( αr ) and the left ( αl ) wings of the

ame front were estimated using Eqs. ( 10 ) and ( 11 ). Variations
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Fig. 8. (a) instantaneous flame front position associated with the results presented in in Fig. 3 (a). The red dashed line pertains to the mean flame front position. (b) and (c) 

are fluctuations of the left and right flame front position along the vertical axis, respectively. 

−5 0 5
0

10

20

30

x
d

y
d

−5 0 5
x
d

−5 0 5
x
d

0.5 0 0.5
0

10

20

30

xRMS
d

y
d

0.5 0 0.5
xRMS
d

0.5 0 0.5
xRMS
d

4 6

30

4 5

30

4 5

30

0.40.5

30

0.2 0.3

30

0.25 0.35

30

F lame F

F lame E

Flame D

Flame C

F lame A
(a) U = 4.0 m/s

(d) U = 4.0 m/s (f) U = 8.3 m/s

F lame B

(e) U = 6.2 m/s

(b) U = 6.2 m/s (c) U = 8.3 m/s

Fig. 9. (a–c) and (d–f) pertain to mean and RMS of the flame front position, respectively. The first, the second, and the third columns pertain to mean bulk flow velocities 

of 4.0, 6.2, and 8.3 m/s, respectively. 



S. Kheirkhah et al. / Combustion and Flame 168 (2016) 147–165 157 

Fig. 10. (a) Instantaneous phase angles associated with the right ( αr ) and the left ( αl ) wings of the flame front presented in Fig. 3 (a). (b) the phase difference pertaining to 

the results presented in (a). (c) mean of the phase difference for all experimental conditions tested. 
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Fig. 11. (a) Schematic interaction of counter-rotating vortices with flame fronts, 

which are highlighted by black solid curves. (b) Schematic variation of vorticity 

along the horizontal axis. The variation is presented along the axis passing through 

the vortices centers, see the dotted line in (a). 
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f the phase angles associated with the right and the left wings

f the flame front are presented in Fig. 10 (a). The corresponding

hase difference ( �α = αr − αl ) is shown in Fig. 10 (b). The results

n Fig. 10 (a) pertain to the flame front fluctuations presented in

igs. 8 (b) and 8 (c). The results in Fig. 10 (a) show that variation of

he phase angle along the vertical distance from the flame-holder

eatures a sawtooth shape variation, which is more pronounced at

elatively large values of y / d . This characteristic suggests that the

ame front corrugations are nearly periodic in the space domain,

ith further details presented in the next subsection. The results

n Figs. 10 (a) and 10 (b) show that, for relatively small vertical dis-

ances from the flame-holder ( y / d � 8), αr and αl differ signifi-

antly; and, as a result, the phase difference is scattered. However,

or relatively large vertical distances from the flame-holder, αr and

l nearly collapse. Thus, the phase difference is relatively negligi-

le for y / d � 8, except at y / d ≈ 22. In fact, for this normalized

ertical distance, results in Fig. 10 (b) show that αr − αl is not neg-

igible. The relatively large values of the phase difference at y / d ≈
2 is due to relatively small flame front fluctuations, which leads

o error in estimation of the corresponding Hilbert transform. 

For all experimental conditions tested, values of the mean

hase difference between the right and the left wings of the flame

ront ( �α) were estimated, with the corresponding results pre-

ented in Fig. 10 (c). The results in Fig. 10 (c) show that �α is nearly

ero for several vertical distance from the flame-holder and for all

xperimental conditions tested. This suggests that, on an averaged

asis, flame surfaces are symmetrically positioned with respect to

he vertical axis. 

It is of interest to investigate the underlying reason associ-

ted with the symmetry in corrugations of the flame surfaces.

ast experimental investigations, e.g., Shanbhogue et al. [9,62] ,

how that, for the conditions pertaining to relatively small val-

es of background turbulence intensity which pertain to the ex-

erimental conditions tested in the present study, the large ed-

ies are surrounded by flame fronts. For this reason, the symmet-

ic flame fronts observed in the present study are associated with

ymmetrically-positioned vortices in the domain of investigation.
igure 11 presents schematic of two symmetrically-positioned vor-

ices surrounded by flame surfaces which are highlighted by solid

lack curves. Due to flow and flame front geometries, these vor-

ices require to be counter-rotating. This means that vorticity varia-

ion ( ω z ) features an odd function at a given vertical distance, with

chematic variation presented in Fig. 11 (b). In order to prove that

he vorticity is an odd function for a given vertical distance, the
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Fig. 12. (a) Variation of the eigenvalue pertaining to flame front position signal. (b) Normalized Cumulative mode energy associated with the results presented in (a). 
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vorticity transport formulation, Eq. (2) , was utilized. Specifically, it

was assumed that the flow field is two dimensional, and the vor-

tex stretching as well as baroclinic terms, that are the first and the

third terms on the RHS of Eq. (2) , are negligible. As a result, Eq.

(2) simplifies to: 

∂ω z 

∂t 
+ v 

∂ω z 

∂x 
+ u 

∂ω z 

∂y 
= ν

(
∂ 2 ω z 

∂x 2 
+ 

∂ 2 ω z 

∂y 2 

)
− ω z 

(
∂v 
∂x 

+ 

∂u 

∂y 

)
. 

(12)

It can be shown that the vorticity function that satisfies Eq. (12) is

an odd function. This means that, for fixed values of t, y , and u , −v ,
−x, and −ω z satisfy Eq. (12) . The ongoing argument suggests that,

the heat release causes the viscosity and the dilatation terms on

the RHS of both Eqs. (2) and (12) to become dominated. This leads

to the vortices to arrange in a symmetric pattern, which causes the

symmetry of the flame fronts with respect to the vertical axis. 

3.3. Periodicity of the flame front corrugations 

The POD technique was utilized to investigate dominant modes

of the flame front position signal. The POD technique used in here

is similar to that utilized for studying the non-reacting flow char-

acteristics. Specifically, variation of x along the vertical axis is cast

into a matrix, given by: x i = [ x i 
1 

x i 
2 

x i 
3 

. . . x i 
M 

] T , where the super-

script i corresponds to the i th Mie scattering image, and M is the

number of data points along the vertical axis, i.e., M = 1160 . Using

x i along with the mean flame front position ( x ), fluctuations of the

flame front position signal ( x ′ i = x i − x ) were estimated and cast

into the following matrix: 

R = [ x ′ 1 x ′ 2 x ′ 3 . . . x ′ N ] = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

x ′ 1 1 x ′ 2 1 x ′ 3 1 . . . x ′ N 1 

x ′ 1 2 x ′ 2 2 x ′ 3 2 . . . x ′ N 2 

x ′ 1 3 x ′ 2 3 x ′ 3 3 . . . x ′ N 3 
. . . 

. . . 
. . . 

. . . 
. . . 

x ′ 1 M 

x ′ 2 M 

x ′ 3 M 

. . . x ′ N M 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

, (13)

where N is the number of acquired Mie scattering images, i.e., N =
10 0 0 . Using R , the autocovariance matrix ( S = R 

T R) was estimated.

The eigenvalues ( λi ) and eigenvectors ( G 

i = [ g i 
1 

g i 
2 

g i 
3 

. . . g i 
N 

] T ) of

the autocovariance matrix were obtained by solving the following
igenvalue problem: 

 G 

i = λi G 

i 
. (14)

or all experimental conditions tested, the eigenvalues and the cor-

esponding eigenvectors were obtained from Eq. (14) . The eigen-

alues were arranged in a descending order and are presented in

ig. 12 (a), with the corresponding normalized cumulative mode

nergies presented in Fig. 12 (b). Following the arguments pre-

ented in Section 3.1 ., the number of meaningful POD modes, also

eferred to as the threshold mode number, were estimated for

nalysis of the flame front corrugations. Specifically, for Flames A,

, C, D, E, and F, the mode numbers pertaining to the threshold

igenvalue are 8, 6, 32, 12, 27, and 20, respectively. In Fig. 12 (a),

esults associated with the mode numbers smaller than those ob-

ained from the threshold eigenvalue are highlighted by the corre-

ponding data symbols. The results pertaining to the eigenvalues of

he first two modes ( λ1 and λ2 ) are enlarged and shown in the in-

et of Fig. 12 (a). As can be seen from the results in the figure, λ is

ependent on the experimental conditions tested. Specifically, for

he first mode, the results show that increasing the fuel–air equiva-

ence ratio increases λ. For the second mode, a similar trend is ob-

erved, except for U = 8 . 3 the result show that λ is nearly insensi-

ive to the variation of the fuel–air equivalence ratio. Compared to

he first and the second modes, for the mode numbers larger than

wo, increasing φ decreases the corresponding eigenvalues. Since

he eigenvalues are associated with the energy of the flame front

osition, RMS of this parameter ( x RMS ) was utilized to investigate

nfluence of the fuel–air equivalence ratio on the first and the sec-

nd POD modes. Values of x RMS were previously investigated, and

he corresponding results were presented in Figs. 9 (d)–9 (f). As the

esults presented in the figure show, x RMS increases along the ver-

ical axis. In order to facilitate comparisons, the maximum value

f x RMS was utilized for the arguments. This parameter is approx-

mately 0.9, 1.15, 0.5, 0.7, 0.6, and 0.6 mm, for the right wings of

lames A, B, C, D, E, and F, respectively. Comparison of the results

ertaining to the maximum value of x RMS show that for U = 4 and

.2 m/s increasing φ increases the maximum value of x RMS ; how-

ver, this parameter is almost insensitive to the variation of the

uel–air equivalence ratio. This trend is similar to that associated

ith influence of φ on the first and the second mode eigenvalues. 
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In order to investigate the periodicity of the flame front corru-

ations, the POD mode shapes were estimated using the following

ormulation: 

 

i = 

∑ n = N 
n =1 g 

i 
n x 

′ i ∣∣∑ n = N 
n =1 g 

i 
n x 

′ i ∣∣ . (15) 

igures 13 (a)–13 (d) present the first, second, twenty seventh, and

ne hundredth POD mode shapes associated with Flame E condi-

ion. The POD mode shape pertaining to the largest mode number

s dominated by uncertainty in estimation of the flame front po-

ition signal, and is highlighted in red. The results in Figs. 13 (a)–

3 (c) show that increasing the mode number increases fluctuations

f ψ along the vertical axis. In order to investigate this, normal-

zed power spectrum densities ( PSD 

∗) associated with ψ 

1 to ψ 

27 

ere estimated. The values of PSD 

∗ were obtained using the FFT
echnique. The number of data points utilized for the FFT analysis

as selected to be 2 10 . This leads to a resolution which allows for

esolving the dominant wave numbers associated with the corru-

ations of the flame front, while avoiding noise in the FFT analysis.

he results pertaining to the normalized power spectrum densities

f the POD mode shapes are presented in Fig. 14 . Since the POD

ode shapes pertaining to mode numbers larger than 27 are in-

uenced by measurement uncertainty, only results associated with

 

1 to ψ 

27 are presented in the figure. As can be seen, for a given

ode number, PSD 

∗ features a dominant peak. The wave number

ertaining to the peak, is referred to as κc , and features an in-

reasing trend with increasing the POD mode number, which is in

greement with the results presented in Fig. 13 . 

Values of the dominant wave number ( κc ) pertaining to the

esults in Fig. 14 are presented in Fig. 15 . The uncertainty in
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Fig. 15. Variation of the most dominant wave number associated with the results presented in Fig. 14 . 
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estimation of κc pertains to the resolution of the spectral analy-

sis and is accommodated by the size of the error bar in the figure.

Also shown in the figure is the dominant wave number (1/ l ) per-

taining to the non-reacting flow over a circular cylinder. Value of

1/ l can change approximately by twice of the PIV measurements

resolution. This leads to an error in estimation of 1/ l which is

shown by the highlighted region in Fig. 15 . The results in the figure

suggest that, for Flame E condition, the dominant wave numbers

associated with mode numbers 1–10 of the flame front corruga-

tions match the dominant wave number pertaining to non-reacting

flow over a circular cylinder. Similar results were obtained for the

rest of the experimental conditions tested. Specifically, it was ob-

tained that, for Flames A, B, C, D, and F, spectral characteristics of

the first 8, 6, 8, 10, and 7 modes match those of the non-reacting

flow, respectively. This suggests that, for the experimental condi-

tions tested, the length scale associated with the flame front wrin-

kling is similar to the separating distance between vortices associ-

ated with non-reacting flow over a circular cylinder. 

Comparison of the results presented in this section with those

in the previous section may seem to suggest contradictory conclu-

sions. On one hand, the results in the previous section showed

that the flame fronts are symmetric with respect to the verti-

cal axis. As a results, it was concluded that the vortices are ar-

ranged differently from those in the von Kármán vortex street,

which suggests that the von Kármán instability is not present for

the reacting conditions tested in this study. On the other hand,

the length scale associated with the flame surfaces and that per-

taining to non-reacting flow over a circular cylinder are similar.

The authors believe that this similarity does not necessitate for-

mation of the von Kármán vortex street under reacting condition.

In fact, past investigations, e.g., Shanbhogue et al. [62] show that

origin of the vortices which lead to corrugation of the flame sur-

faces is linked to the shear layer instability formed on both sides

of the flame-holder. The authors believe that, comparison of the

results associated with the POD analysis of the flame front corru-

gations with those pertaining to the velocity data for reacting con-

dition can potentially allow to gain further insight into to the sym-

metry of the flame front corrugations. However, due to the argu-

ments presented in Appendix B , the velocity measurements asso-

ciated with reacting condition were not performed in the present

investigation. 

Using the POD mode shapes, the flame front position signal was

reconstructed utilizing the following formulation: 
t  
 

i 
r = x + ηηT x ′ i , (16)

here x r is the reconstructed flame front position signal and η =
 ψ 

1 ψ 

2 ψ 

3 . . . ψ 

m ] . The number of columns of η is the num-

er of POD modes utilized for reconstruction of the flame fronts.

or the results presented here, Flame E condition was utilized as

his condition was extensively studied in the previous subsections.

owever, similar results were obtained for the rest of the exper-

mental conditions tested. For reconstruction of the flame fronts,

 was set to 5, 10, and 27. The last two values of m were se-

ected as they correspond to the number of modes that can cap-

ure spectral characteristics of the flame front as well as the num-

er of modes that are not significantly influenced by uncertainty of

easurements, respectively. In addition to these, results associated

ith m = 5 were considered for comparison purposes. The recon-

tructed flame fronts pertaining to m = 5 , 10, and 27 are presented

y the red dotted, blue dashed, and green dotted-dashed curves

n Fig. 16 , respectively. The experimentally obtained flame front,

hich corresponds to the results presented in Fig. 3 , is shown by

he solid black curve. An inset of Fig. 16 (a) is enlarged and shown

n Fig. 16 (b). Comparison of the results presented in Fig. 16 (b)

hows that the first 10 and 27 modes can capture fluctuations of

he flame front. This is in comparison with the results pertain-

ng to m = 5 , which show that the corresponding reconstructed

ame front does not follow the flame front obtained from the Mie

cattering images. The arguments provided above suggest that, for

lame E condition, the set of POD modes, with spectral character-

stic similar to that pertaining to non-reacting flow over a circu-

ar cylinder, can adequately capture fluctuations of the flame front

long the vertical axis. In fact, this is the case for all experimental

onditions tested in the present study. 

Using the required number of POD modes for reconstruction of

he flame fronts, it can be shown that Eq. (16) simplifies to: 

 

i 
r ≈ x + 

j=10 ∑ 

j=1 

b i j ψ 

j , (17)

here b i 
j 

is referred to as the j th temporal coefficient for recon-

truction of the i th flame front position signal. In Eq. (17) , the up-

er bound of summation is associated with the maximum num-

er of modes pertaining to Flame E condition. Following the above

rguments, the upper bound of summation for Flames A, B, C, D,

nd F, are 8, 6, 8, 10, and 7, respectively. It was previously argued

hat spectral characteristics of ψ 

j is similar to that of non-reacting
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Fig. 16. (a) Reconstruction of the flame front position signal associated with the results presented in Fig. 3 (a). (b) is the inset of (a). 
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ow. It is of interest to compare the characteristics of the first

nd the second temporal coefficients for the non-reacting flow ( a 1 
nd a 2 ) with those pertaining to flame front fluctuations ( b 1 and

 2 ). Figure 17 (a) shows variation of the normalized temporal coef-

cients pertaining to the flame front fluctuations for all flame front

osition signals associated with Flame E condition. As can be seen

rom the results in the figure, the normalized coefficients are dis-

ributed in the plane of b 1 − b 2 with most of the data points po-

itioned relatively close to the origin. For flame front position sig-

als with relatively small values of b 1 and b 2 , most of the energy is

istributed between relatively large number of modes. As a result,

uctuations of the flame front signal along the vertical axis are ex-

ected to feature a relatively small wave number. In comparison to

he energy of the flame front position signals with relatively small

alues of b 1 and b 2 , energy of those associated with relatively large

alues of b 1 and/or b 2 is mostly distributed in smaller number of

odes. Thus, the corresponding fluctuations of the flame front po-

ition signal is expected to feature a relatively smaller wave num-

er. In order to assess this, two representative data points were

elected and highlighted in Fig. 17 (a). One point is positioned rela-

ively close to the origin, highlighted by the blue solid circular data

oint; and the other point is positioned relatively far from the ori-

in, highlighted by the red solid circular data point. Fluctuations

f the flame front position pertaining to the blue and the red data

oints are shown by the blue solid and the red dashed curves in

ig. 17 (b), respectively. For clarity purposes, the scale of the hor-

zontal axis is selected to be larger than that of the vertical axis.

ormalized power spectrum densities associated with the results

n Fig. 17 (b) are presented in Fig. 17 (c). As can be seen from the

esults in Fig. 17 (c), the dominant wave number associated with

he solid curve is larger than that pertaining to the dashed curve.

his means that the energy of the flame front position associated

ith the solid curve, in comparison to that pertaining to dashed

urve, is distributed in larger mode numbers. Thus, in agreements
ith the results in Fig. 17 (a), the first two POD coefficients asso-

iated with the solid curve are positioned closer to the origin in

omparison to the coefficients corresponding to the dashed curve. 

Comparison of the results presented in Fig. 17 (a) with those in

ig. 7 (c) shows that the relation between the first and the second

emporal coefficients associated with the flame front position and

he velocity data do not follow a similar trend. Specifically, results

ssociated with the velocity data showed that the coefficients are

ositioned around a unity radius circle; however, those associated

ith the flame front fluctuations are mainly positioned close to the

rigin. The reason for this is speculated to be linked to the relative

nergy of the first and the second POD modes. In order to investi-

ate this, the ratio of the eigenvalues normalized by the first mode

igenvalue are presented in Fig. 18 . The results in the figure are ex-

racted from Figs. 4 (a) and 12 (a). Specifically, the result pertaining

o the flame front position and the velocity data are shown by the

ashed and dotted-dashed curves, respectively. Schematics of the

ormalized first and the second temporal coefficients distributions

ertaining to the flame front position and the velocity data are

resented in Figs. 18 (b) and 18 (c), respectively. These figures mimic

he distributions previously presented in Figs. 17 (c) and 7 (c). The

esults in Fig. 18 suggest that increasing the ratio of the second

o the first eigenvalue transitions the distribution of the first and

he second temporal coefficients from a distribution populated at

he origin to that populated around a unity radius circle centered

t the origin. The circular distribution of the first and second tem-

oral coefficients was discussed to be linked to the transient char-

cteristic of the von Kármán vortex street. In order to further in-

estigate the underlying reason associated with the difference be-

ween the distributions in Figs. 18 (b) and 18 (c), flame front sig-

als with sinusoidal fluctuations were produced. Specifically, 10 0 0

ignals were generated with a wavelength of fluctuations identi-

al to that of Flame E condition and with random phase difference

etween the signals. Then, corresponding normalized eigenvalues
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Fig. 17. (a) Variation of the normalized second POD coefficient versus the first POD coefficient associated with Flame E condition. (b) Fluctuations of the flame front position 

signal along the vertical axis. The blue solid curve pertains to the highlighted data point positioned close to the origin in (a). The red dashed curve corresponds to the data 

point positioned at a relatively large distance from the origin in (a). (c) Normalized power spectrum densities pertaining to the results presented in (b). 

Fig. 18. (a) Normalized eigenvalues of the flame front position signal and the velocity data. The results pertain to Flame E condition. Also presented in the figure is the 

normalized eigenvalue of sinusoidal flame front fluctuations. (b), (c), and (d) are schematics of the normalized temporal coefficient distributions associated with flame front 

fluctuations, velocity data, and sinusoidal flame front fluctuations, respectively. 
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ere estimated and the results were presented by the solid line

n Fig. 18 (a). The corresponding normalized temporal coefficients

ere obtained and presented in Fig. 18 (c). As can be seen from

he results in the figure, for sinusoidal fluctuations, the ratio of

he second to the first eigenvalues is close to unity and the nor-

alized second and first temporal coefficients are positioned at a

nity radius circle. This confirms the conclusion made earlier. That

s decreasing λ2 / λ1 transitions the distribution of the normalized

rst and second temporal coefficients from a unity radius circle to

 distribution which is substantially populated close to the origin. 

. Concluding remarks 

Underlying reasons associated with periodicity in corrugations

f weakly turbulent premixed V-shaped flames were investigated

xperimentally. The experiments were conducted using the Mie

cattering as well as the Particle Image Velocimetry techniques.

ll experiments were performed for relatively small value of back-

round turbulence intensity, i.e., u RMS / U ≈ 0.02. Three Reynolds

umbers of 510, 790, and 1057 along with two fuel–air equivalence

atios of 0.6 and 0.7 were tested in the experiments. 

In the present investigation, the Proper Orthogonal Decomposi-

ion (POD) technique was utilized for analysis of the flame front

orrugations. The arguments demonstrate how the POD technique,

hich is commonly utilized for analysis of non-reacting flows, can

e used as a framework for studying turbulent premixed flames. 

The results show that the flame fronts are symmetric with re-

pect to the vertical axis and are periodically corrugated in the

pace domain. Using the vorticity transport equation, the under-

ying reason associated with the former observation was argued to

e linked to the vorticity being an odd function. The characteris-

ics of periodicity in corrugations of the flame fronts were studied

sing the POD technique. The POD analysis show that the velocity

ata feature a dominant instability, with corresponding normalized

ave number being approximately equal to the Strouhal number

.22. Analysis of the results pertaining to fluctuations of the flame

ront position show that relatively large number of the correspond-

ng POD modes are dominated by an instability, with the pertain-

ng wave number being similar to that associated with the velocity
y
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Fig. 19. (a), (b), and (c) are the convergence histories associated with the flame front fl
ata. This suggests the length scale of the flame front fluctuations

s dictated by characteristics of non-reacting flow over a circular

ylinder. 

Although comparison of the length scales associated with non-

eacting flow over a circular cylinder and flame front corrugations

eature similar trends, the pertaining POD temporal coefficients are

ignificantly different. Specifically, for the flame front position data,

he results show that the normalized coefficients are mainly posi-

ioned close to the origin; whereas, those associated with the ve-

ocity data are positioned around a unity radius circle centered at

he origin. The underlying reason was argued to be linked to the

atio of the second and first pertaining eigenvalues. Specifically, it

as argued that increasing this ratio causes the energy of the cor-

esponding signal to become distributed mainly between the first

nd the second POD modes, leading to distribution of the first and

he second temporal coefficients around a circle. 

cknowledgments 

The authors are grateful for financial support from the Natural

ciences and Engineering Research Council (NSERC) of Canada

hrough discovery ( 251116-2012 ) and strategic project ( STPGP

30362-12 ) grants as well as the Ontario Graduate Scholarship

OGS) program. 

ppendix A. Convergence analysis 

It is discussed in Section 3.1 that the POD technique can be uti-

ized for analysis of the processes that are statistically stationary.

his means that the mean of the fluctuations of the corresponding

ata requires to converge to zero for the time period of investiga-

ions. In order to study this, the convergence test was performed

or the flame front position, streamwise velocity, and transverse

elocity fluctuations, with the corresponding results presented in

igs. 19 (a)–19 (c), respectively. The results in the Fig. 19 (a) are as-

ociated with Flame E condition, and those in Figs. 19 (b) and 19 (c)

re associated with the corresponding velocity data for the non-

eacting flow condition. The result in Figs. 19 (b) and 19 (c) are

ssociated with y/d = 2 as this vertical distance pertains to the
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uctuations, the streamwise velocity, and the transverse velocity data, respectively. 
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Fig. 20. (a) Temperature variation across an unstretched laminar premixed methane–air flame, with a fuel–air equivalence ratio of 0.7. The results are extracted from the 

Cantera package. (b) Variation of 
√ 

T d T / d n normalized by the corresponding maximum value. This parameter is related to the velocity change due to thermophoretic force 

across the flame region. 
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locations with maximum of velocity fluctuations. The results in

Fig. 19 show that the fluctuations of the flame front position, the

streamwise, and the transverse velocity data converge to zero. In

fact, similar results were obtained for all experimental conditions

tested, suggesting that the POD technique can be utilized for the

analysis of the flame front position and the velocity data investi-

gated in the present study. 

Appendix B. Velocity measurements in the flame region 

The POD analysis of the velocity data associated with reacting

condition can potentially allow to gain insight into underlying rea-

sons related to symmetric flame front corrugations. However, due

to the thermophoretic force being relatively significant over the re-

gion associated with possible flame/flow interaction, estimation of

the velocity data near the flame region is not feasible for the ex-

perimental conditions tested. As a result, the flow structure in this

region cannot be fully resolved. This is further elaborated in the

following. 

For relatively moderate values of the turbulence intensity, the

temperature gradient is relatively large at the premixed flame sur-

faces, see, for example, Chen et al. [63] . As a result, the ther-

mophoretic force, which is related to the gradient of temperature,

is substantially pronounced at the flame region [64,65] . Studies of

[64,65] show that the thermophoretic force can potentially inter-

fere with the seeding particles following the velocity field fluctua-

tions; and, as a result, can lead to error in the velocity estimation.

For spherical seeding particles as well as constant ratio of particles

and gas thermal conductivity across the flame region, past studies

[64–66] show that the velocity change due to the thermophoretic

force is related to the magnitude of the gas temperature gradient

normalized by the temperature multiplied by the kinetic viscos-

ity ( ν| −→ ∇ T | /T ). Thus, for an ideal gas as well as a one-dimensional

flame configuration, it can be shown that the velocity change due

to the thermophoretic force is related to 
√ 

T d T / d n, with n being

the direction normal to the flame front. In order to assess in-

fluence of the thermophoretic force on the velocity change, the

temperature variation across an unstretched premixed methane–

air flame with a fuel–air equivalence ratio of 0.7 was estimated us-

ing the Cantera package and the corresponding results are shown

in Fig. 20 (a). Values of 
√ 

T d T / d n normalized by the correspond-

ing maximum value are shown in Fig. 20 (b). Variation of the CH 3 

concentration was extracted from the Cantera simulation and the
ocation of the corresponding maximum was set as the flame front

ocation. In both figures, n = 0 is associated with the location of

he flame front, with corresponding data points highlighted by the

ed solid circles. The results in Fig. 20 (b) suggest that the influ-

nce of the thermophoretic force is significantly pronounced over

 distance of approximately ±1 mm near the flame region. This

istance is comparable to the size of the flame front corrugations;

ence, the size of possible vortices causing the corrugations. There-

ore, resolving the velocity data, near the flame region for studying

he interaction of the vortices and the flame front is not feasible

or the present investigation, as the region of flame/flow interac-

ion is substantially influenced by the thermophoretic force. 
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