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Because of the geometrical nature of the wrinkling of the flame surfaces in premixed turbulent combustion, the

fractal approach is considered to be one of the most appropriate in power-law subgrid-scale models that are widely

used in large eddy simulations.However, the available experimental data in literature on fractal characteristics of the

premixed turbulent flame surfaces shows significant discrepancies among data sets, and the several different fractal

algorithms used for evaluation may not produce consistent results. In this work, we analyzed premixed turbulent

flame front images from an extensive experimental study using three different fractal algorithms and determined the

fractal parameters: namely, fractal dimension D, inner cutoff "i, and outer cutoff "o. These images were obtained

using laser-induced fluorescence of OH andMie scattering on two Bunsen-type burners with diameters of 11.2 and

22.4mm,withflames of propane–airwith equivalence ratios of 0.8 and 1. Nondimensional turbulence intensity u0=SL

(ratio of fluctuating velocity to laminar flame velocity) was from 0.9 to 15, and the Reynolds number, based on the

integral length scale, was from 40 to 467. The flame front surface areas were calculated for each set of results and

compared with experimental turbulent burning velocities. The three fractal algorithms used for analysis in this

work gave significantly different results for the same flame image sets. Further, nondimensional turbulent burning

rates computed from the fractal parameters did not agree with the experimental turbulent burning data, except for

those fractal results obtained by the box-counting method and only for u0=SL � 6. Implications of these results for

flamelet models are discussed. In addition, the perimeter-ratio approach recently adopted to estimate the wrinkled

flame surface area is discussed, and it is argued that the results obtained by the perimeter-ratio approach might not

be unique.

I. Introduction

O NE of the subgrid-scale models widely used in large eddy
simulation of premixed turbulent flames is the power-law

approach. These are based on the flamelet models in which the
reaction is assumed to take place in thin layers, separating fresh gases
from burned products, being wrinkled by the turbulence [1]. In these
models, the turbulent flame speed can be represented as the product
of the laminar flame speed SL, corrected for the effects of stretch
(strain and curvature) and the flame-wrinkling�. In several studies,
it is proposed to model � using the fractal theory (see, for example
[1–4]). This approach requires submodels for the fractal dimension
and the inner and outer cutoffs, although the outer cutoff is dependent
on the subgrid scale. Because of the geometrical nature of the
wrinkling of the flame surfaces, the fractal approach is considered to
be one of the most appropriate in power-law models. The flame-
wrinkling � can be expressed as

�� �AT=Ao� � a�"0="i�D�2 (1)

where "0 and "i are outer and inner cutoffs, respectively, andD is the
fractal dimension. The prefactor a is a variable with a laminar limit of
1 and an intense turbulence limit of 2, but may not be bounded
between 1 and 2 [5]. In most modeling exercises a is taken as a
constant of order 1. AT=Ao is the ratio of the wrinkled flame surface
area to the flow cross section.

It is argued in [6] that in the nondimensional turbulence intensity
u0=SL (range from 1 to 15) the experimentally determined mean
fractal dimension is about 2.2 and does not show any dependence on
turbulence intensity. This value of the fractal dimension is much
lower than the values found by the previous studies that showed that
the fractal dimension asymptotically reaches to 2.35–2.37 when the
nondimensional turbulence intensity exceeds 3. It is pointed out that
the probable reason for this discrepancy is the image analysismethod
used in the previous studies [6]. The insensitivity of the fractal
dimension of flame front surfaces to turbulence intensity has been
confirmed by independent experiments [7,8]. However, the
conclusions reached in [6] (specifically, the insensitivity of the
fractal dimension to turbulence intensity and the numerical value of
the fractal dimension of the premixed turbulent flame front surfaces)
have been questioned in [8,9]. To resolve the controversy regarding
the magnitude of fractal dimension and its dependence, if any, on the
turbulence intensity of medium to high values, further work is
required. In addition, the question of whether the increase in flame
surface area by turbulence is sufficient to explain the observed
increases in turbulent burning rates at high enough turbulence
intensities should be answered, and the conditions at which a
premixed flame front is no longer a passive surface should be
identified.

As discussed in [6], fractal analysis techniques based on different
methods may yield different results. In this work, we analyzed
previously obtained flame front images from an extensive
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experimental study using three different fractal algorithms and
determined the fractal parameters: namely, fractal dimension D,
inner cutoff "i, and outer cutoff "0. The flame front surface areaswere
calculated for each set of results and compared with experimental
turbulent burning velocities. Additional analysis of the images
consisted of determining the perimeter ratios (as implemented in
[9,10]) and of comparing these ratios to turbulent burning velocities.

II. Experimental Data

The experimental setup used to obtain the data analyzed in this
study is described in detail in [6]. A brief outline will be given here.
The turbulent premixed conical flames were produced by two
axisymmetric Bunsen-type burners with inner nozzle diameters of
11.2 and 22.4 mm. Premixed turbulent propane–air flames with
equivalence ratios � of 0.8 and 1.0 were stabilized by using an
annular propane pilot for low-turbulence flames and a hydrogen pilot
for high-turbulence flames. Perforated plates positioned three nozzle
diameters upstream of the burner rim controlled the turbulence
levels. The turbulence parameters were measured by LDV under
reacting conditions in which the flow is seeded by fine silicone oil
droplets. The length scales� and turbulence intensitiesu0 reported in
Table 1 were measured on the burner centerline at the nozzle exit.

The instantaneous flame fronts were visualized both by laser-
induced fluorescence (LIF) of OH and by Mie scattering. A tunable
excimer laser (Lambda Physik EMG 150T MSC) was used for both
techniques. The dimensions of the laser sheet at the burner centerline
were about 17 cm by 100 �m (full width at half-maximum) in the
vertical and horizontal planes, respectively. The sheet thickness was
less than 150 �m over the full flame width. The optical detector was
a large pixel format CCD detector (1242 � 1152 pixels) giving a
flame image spatial resolution of 150 �m. At each condition, a
minimum of 100 flame images were captured.

The flame front contours were obtained from the LIF of OH and
Mie scattering images by the methods described in [6]. The flame
front contours then were analyzed using the three different fractal
algorithms described in the next section.

III. Fractal Analysis

In this work, we used three different implementations of the fractal
analysis. These are the techniques that have been used in themajority
of the applications of fractals to physical problems. The three
methods are the caliper technique, Minkowski circle technique, and
the box-counting technique. These are discussed in detail in [11],
therefore only brief descriptions will be given here.

In the caliper technique, the length of a curve on a plane is
estimated by counting how many ruler lengths it takes to cover the
whole length of the curve from one end of the curve to the other. This
process is repeated for a set of ruler lengths. A log–log plot of number
of rulers (i.e., the length of the curve) versus ruler lengths yields
information to determine the fractal dimension and inner and outer
cutoffs. Such plots are known as Richardson plots [11]. Figure 1
shows a typical Richardson plot for one of the flame images analyzed
in this study.

Fractal analysis using the Minkowski circle method involves
moving a circle with a specified diameter continuously along the
contour line while keeping the center of the circle on the contour line.
The area covered by the circle is determined and plotted as a function
of the circle diameter, for several realizations with different circle
diameters, on a log–log scale to obtain the Richardson plot.

Fractal analysis using the box-counting method consists of
covering the fractal image with squares (boxes) and then counting
how many boxes are needed to cover the fractal curve completely.
This exercise is repeated with different sizes of squares. Similar to
previous two methods, a log–log plot of the number of boxes versus
the box size gives the desired Richardson plot from which one can

Table 1 Summary of experimental conditions and derived fractal parameters for OH results

Flame seta � �, mm u0=SL Re� Caliper method "i="o=D
b Box-counting method "i="o=D

b Minkowski method "i="o=D
b

K1 1.0 1.77 6.47 308 0.66/11.39/2.24 0.38/38.80/2.32 2.82/19.97/2.39
K2 1.0 1.77 6.47 308 0.62/10.91/2.23 0.39/39.54/2.30 2.65/19.68/2.39
K3 0.8 1.91 9.1 326 0.45/9.97/2.19 0.39/35.82/2.30 3.56/21.04/2.42
K4 1.0 1.65 10.44 463 0.59/11.71/2.24 0.37/35.98/2.31 1.89/18.70/2.37
K5 0.8 1.66 15. 467 0.59/11.16/2.25 0.37/36.51/2.32 2.12/19.01/2.40
K6 0.8 1.77 7.73 257 0.55/12.67/2.18 0.37/39.28/2.31 3.30/20.62/2.38
K7 1.0 1.53 5.3 218 0.60/11.44/2.22 0.38/38.04/2.31 2.68/20.31/2.38
K9 1.0 1.75 8.58 404 0.52/10.44/2.22 0.37/33.42/2.34 2.31/20.87/2.38
K10 0.8 1.66 12.9 402 0.47/9.38/2.20 0.37/35.24/2.33 2.71/20.42/2.40
K11 1.0 1.56 7.09 297 0.51/11.03/2.20 0.39/34.89/2.33 2.63/20.77/2.39
K12 1.0 1.57 7.86 332 0.62/11.32/2.24 0.37/38.49/2.31 2.84/21.15/2.38
K13 0.8 1.68 11.27 355 0.61/10.03/2.25 0.36/35.83/2.31 2.29/21.27/2.38
B1 1.0 1.51 0.84 34 1.07/16.98/2.20 0.45/43.74/2.27 3.87/28.16/2.33
B2 0.8 1.8 1.5 50.6 0.58/23.49/2.12 0.45/60.07/2.23 7.56/48.89/2.36
B3 0.8 2.48 2.0 96.1 1.20/19.42/2.24 0.43/56.32/2.26 5.01/40.91/2.37
B4 0.8 1.96 6.16 227 0.62/7.77/2.21 0.40/24.77/2.32 2.55/16.34/2.38
B5 1.0 2.06 4.31 239 0.60/7.61/2.24 0.39/24.09/2.31 2.21/15.62/2.37
B6 1.0 1.76 3.27 155 0.55/8.96/2.19 0.41/26.07/2.31 2.75/17.88/2.38
B7 1.0 1.76 3.27 155 0.61/9.35/2.18 0.40/25.69/2.31 3.09/18.17/2.38
B8 0.8 —— 4.55 145 0.49/9.29/2.16 0.41/26.44/2.31 3.16/19.13/2.37

aFlame set B refers to a burner diameter of 22.4 mm, whereas K refers to a burner diameter of 11.2 mm. Only representative flames from set B are listed.
bValues for "i and "o are in millimeters.
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evaluate the fractal parameters. The fractal dimension obtained by
this method is also known as the box dimension.

The caliper technique we adopted is the algorithm used in [7,8].
TheMinkowski circle technique is the implementation that was used
in [12]. The box-counting technique is the implementation used in
[13] and was based on the description given in [14].

IV. Results and Discussion

One of the important aspects of planar measurements with laser
sheets is that the contour information is projected on a 2D plane,
although the flame surface is essentially three-dimensional. The laser
sheet is not always perpendicular to the flame sheet, and so the front
contours are projections on 2D planes. These contours represent a
self-affine transformation of the real 3D contours because certain
portions of a flame front contour are scaled by affinities, which are
linear transformations with different contraction ratios in different
directions. These projected contours can be classified as self-affine
fractals. The statistical properties of a self-affine contour or profile
y�x� are invariant under the scaling transformation x! �x, y! �Hy
[15]. The Hurst exponent H can be related to a fractal dimension of
the contour through D2 � 2 �H [16], whereas D�D2 � 1 [11].
Thus, the 2D measurements and estimation of fractal dimension
reflects the three-dimensional characteristics of the flame surfaces if
we assume that, to a first approximation, the probability density
function of the flame crossing angle is single modal and peaks at a
value corresponding to the Hurst exponent H. More generally, if
each contour H is constant, then the contour is unifractal, where
0<H < 1. If differentH are needed for different segments, then the
contour is multifractal [17].

Figure 2 shows the comparison of the fractal dimension D
evaluated for several flames images obtained by both LIF of OH and
Mie scattering, using the box-counting method. The differences in
fractal dimensions ofOH andMie images arewithin the uncertainties
of D.

Fractal dimensions evaluated by using the caliper, box-counting,
and Minkowski circle methods are shown in Figs. 3–5, respectively.
In all three figures, the fractal dimension does not show any
significant dependence on nondimensional turbulence intensity,
especially for medium to high intensities. Another surprising
observation is that the mean values of D show a strong dependence
on the algorithm used in extracting the fractal dimension. The caliper
method yields a D value close to 2.2 (Fig. 3), in agreement with the
previous observations [6,7]. The fractal dimension determined by the
box-counting method shows a mild dependence on u0=SL for
u0=SL � 6 (Fig. 4). At higher intensities,D settles to a constant value

of about 2.32. The fractal dimensions determined by the Minkowski
circle method are shown in Fig. 5. Similar to box-counting results,
there seems to be a very mild dependence on u0=SL for u0=SL � 6,
but at higher intensities, fractal dimension stays constant at about 2.4.
The inner and outer cutoffs also showed variations among the
estimations from three different algorithms (Table 1).

In Figs. 6–8, we compare the experimentally determined
nondimensional turbulent burning velocities ST=SL with those
estimated from the measured fractal parameters, evaluated by
different algorithms, using the following closure:

ST=SL � �AT=Ao� � a�"0="i�D�2 (2)

where awas taken as unity. Figure 6 compares the ST=SLdetermined
from the experimentally measured values using the approach in
[6,10] to the nondimensional turbulent burning velocity estimated
from Eq. (2) using the fractal parameters evaluated by the caliper
technique. Similar comparisons are shown in Figs. 7 and 8 for ST=SL
evaluated by the box-counting and Minkowski circle methods,
respectively. There is a clear and significant discrepancy between
measured values of ST=SL and those determined by Eq. (2). The only
agreement seems to be for the box-counting method case (Fig. 7) for
u0=SL � 6.
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Several turbulent flame propagation formulations, including those
based on fractal concepts, are founded on the fundamental
assumption that ST=SL is proportional to the ratio of the wrinkled
flame surface areaAT to the flow cross-sectional areaAo. If the fractal
geometry approach [i.e., Eq. (1)] is yielding a true measure of the
wrinkled surface area of the flame front, then Eq. (2) may not be a
reasonable assumption for the turbulent premixed flames in regimes
in which flamelet models are assumed to be valid. This experimental
evidence can be interpreted to mean that the flame surface area
increase is not the dominant mechanism in increasing the turbulent
burning velocity under the conditions corresponding to the thin-
reaction-zones regime. When the nondimensional turbulence
intensity u0=SL exceeds about 6–7, the flame surface area increase
estimated by the fractal analysis does not explain the observed
increases in the turbulent burning velocity. Of course, this is based on
the assumption that premixed turbulentflame surfaces possess fractal
characteristics. In view of the fact that the ratio of outer to inner cutoff
is about 10–15, fractal assumption may not be entirely justified.

A relatively new concept to get an estimate of the flame surface
area is the flame perimeter ratio PR. This approach is used in [9,10].
The actual length of the flame contour perimeter is divided by the
flow characteristic length to estimate the surface area ratio, that is,

ST=SL � �AT=Ao� � bPR (3)

where b is a constant of unity [9]. The perimeter ratio is calculated as

PR � P=LC (4)

where P is the perimeter length of the main flame contour, and LC is
the flow characteristic length taken as the burner diameter. This
approachwas also used in thiswork to estimate theflame surface area
change with turbulence intensity. ST=SL, estimated from Eq. (3), are
compared with those obtained experimentally in Fig. 9. The
perimeter-ratio approach overestimates the turbulent burning
velocity by more than a factor of 2. Experimental u0=SL values
evaluated at mean progress variable hci � 0:05 show a relatively
better agreement with the perimeter-ratio estimates (Fig. 9).
However, the perimeter-ratio approach is based on a central
assumption that may not always be valid.

The perimeter of an irregular (non-Euclidean) planar object
depends on the yardstick length used to measure it. This is the
original question that led Richardson to his studies of the irregular
objects: “How long is the coastline of Great Britain?” [18]. As can be
seen in any Richardson plot (for example, Fig. 1), the length of the
perimeter increases as the yardstick used to measure it decreases. In
case of a flame front contour, the perimeter ratio measured will
depend on the yardstick (caliper length, box length, or circle
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diameter) size and the spatial resolution of the contour image. For
example, the same flame image captured by two CCD cameras with
different pixel resolutions may give two different perimeter ratios.
Therefore, the perimeter ratio determined as described in [9,10] may
not be unique and can yield incorrect flame surface area information.

V. Conclusions

We analyzed premixed turbulent flame front images from an
extensive experimental study using three different fractal algorithms
and determined the fractal parameters: namely, fractal dimensionD,
inner cutoff "i, and outer cutoff "0. The three fractal methods
included the caliper technique, the box-counting method, and a third
algorithm based on the Minkowski circle method. These images
were obtained using laser-induced fluorescence of OH and Mie
scattering on two Bunsen-type burners with diameters of 11.2 and
22.4 mm, from flames of propane–air with equivalence ratios of 0.8
and 1. Nondimensional turbulence intensity u0=SL was from 0.9 to
15, and the Reynolds number, based on the integral length scale, was
from 40 to 467. The main conclusions of this study can be
summarized as follows:

1) The three fractal algorithms used for analysis in this work gave
significantly different results for the same flame image set. The
sensitivity of the fractal dimension to turbulence intensity was very
weak for u0=SL � 6, if any, and showed a very mild dependence for
u0=SL � 6.

2) Nondimensional turbulent burning rates computed from the
fractal parameters using the available closure did not agree with the
experimental turbulent burning data. Agreement was only seen for
those burning rates from fractal results obtained by the box-counting
method for u0=SL � 6.

3) If the premixed turbulent flame surfaces have fractal
characteristics and Eq. (1) yields a correct estimation of the flame
surface area, then the current experimental results indicate that the
flame surface area increase may not be the dominant mechanism in
increasing the turbulent burning velocity under the conditions
corresponding to the thin-reaction-zones regime. When the
nondimensional turbulence intensity u0=SL exceeds about 6–7, the
flame surface area increase estimated by the fractal analysis does not
explain the observed increases in the turbulent burning velocity.

4) The results obtained by the perimeter-ratio approach, a method
recently adopted to estimate the wrinkled flame surface area, might
not be unique and could be misleading.
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Fig. 9 The nondimensional turbulent burning velocity obtained from

the perimeter ratio is compared with experimental ST=SL data.
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