
Synchronised trajectory-tracking control of multiple
3-DOF experimental helicopters

J. Shan, H.-T. Liu and S. Nowotny

Abstract: A synchronised trajectory-tracking control strategy is proposed for multiple
experimental three-degrees-of-freedom helicopters. The model-based controller includes a
feedforward compensation term and a PD feedback control term. Asymptotic convergence is
achieved for both trajectory tracking and motion synchronisation. A proposed generalised
synchronisation error concept allows the design of different synchronisation strategies so that
different synchronisation performance can be reached. Experimental results verify the effectiveness
of the proposed controller.

1 Introduction

With the development in technology and the requirement
for high efficiency and productivity there is tremendous
demand for multicomponent systems, such as applications
in manufacturing industry, aerospace operations and so on.
Such multicomponent systems often work under co-
operative or co-ordinated schemes. According to [1],
synchronisation may be defined as the mutual time
conformity of two or more processes. Co-operation, co-
ordination and synchronisation are intimately linked sub-
jects and usually they are used as synonyms to describe the
same kind of behaviour [2].
For mechanical systems, motion synchronisation is of

great importance as soon as two or more systems have to co-
operate. The co-operative behaviour gives flexibility and
maneuverability that cannot be achieved by an individual
system [3]. Motion synchronisation has received a lot of
attention in recent years. The cross-coupling concept is first
proposed in [4] to address the motion synchronisation
problem. It is combined with an adaptive feedforward
controller to achieve speed synchronisation of two motion
axes [5], as well as position and speed synchronisation of
two gyro motions [6]. The position synchronisation of
multiple robot systems with only position measurements is
studied in [2], where coupling errors are introduced to create
interconnections that render mutual synchronisation of the
robots. This method is also applied to the synchronisation
control of multiple mobile robots [3]. For multiple space-
craft formation flying, a synchronised rotation strategy has
been studied in [7]. A clock control strategy is used to
synchronise the motion of a pair of independent windshield
wipers by delaying the reference trajectory of the follower
wiper when the leader is behind its reference trajectory [8].

This paper presents a synchronised trajectory-tracking
control of multiple three-degrees-of-freedom (3-DOF)
helicopters. The proposed controller includes a feedforward
dynamic term and a PD feedback term. Both the attitude
trajectory tracking errors of all involved 3-DOF helicopters
and the attitude synchronisation errors among them will
achieve asymptotic convergence simultaneously. The tran-
sient attitude synchronisation behaviour is further improved
by using a generalised synchronisation error strategy.
Experiments of multiple 3-DOF helicopters in laboratory
are conducted to verify the proposed controller.

2 Modelling of 3-DOF helicopter

Many experimental facilities have been developed in
single=multiple rotorcraft=helicopter research [9–13]. The
Flight Systems and Control (FSC) Laboratory of the
University of Toronto facilitates several Quanser’s 3-DOF
helicopters (http://www.quanser.com) for study on multi-
vehicle co-ordination=co-operative control, multivehicle
formation flight=flying control, and advanced controller
development. Figure 1 shows a photograph of helicopter
equipped with active disturbance systems (ADS), which can
emulate uncertainties in system parameters and act as
disturbances to the control system. Figure 2 gives the
detailed schematic diagram of the acting forces on the
system. Based on this diagram, the equations for three
DOFs, elevation, pitch, and travel of a helicopter can be
obtained as follows.

. Elevation axis: The elevation motion can be described by
the following differential equation:

Je €aa ¼ Kf la cosðbÞðVf þ VbÞ � mgla sinðaþ a0Þ
¼ Kf la cosðbÞVs � mgla sinðaþ a0Þ ð1Þ

where a is the elevation angle, a0 is the angle between
helicopter arm and its base, b is the pitch angle, Je is the
moment of inertia of the system about the elevation axis, Kf

is the force constant of the motor=propeller combination, la
is the distance from the pivot point to the helicopter body, Vf

and Vb are the respective voltages applied to the front and
back motors, Vs is the sum of Vf and Vb; m is the effective
mass about the elevation axis, g is the gravity constant.
For 3-DOF helicopter with ADS, the effective mass m is
adjustable.
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. Pitch axis: The pitch axis is controlled by the difference
of the forces generated by the propellers

Jp
€bb ¼ Kf lhðVf � VbÞ ¼ Kf lhVd ð2Þ

where Jp is the moment of inertia of the system about the
pitch axis, lh is the distance from the pitch axis to either
motor, Vd is the difference between the voltage applied to
the front and back motors. If the force generated by the front
motor is higher than the force generated by the back motor,
the helicopter body will pitch up (positive). The pitch angle
is limited to within ð�p=2; p=2Þ mechanically during
experiment.

. Travel axis: The only way to apply a force in the travel
direction is to pitch body of the helicopter. The correspond-
ing dynamic equation of travel axis is:

Jt €gg ¼ Kf la sin b sinðaþ a0ÞðVf þ VbÞ
þ Kf lh cosðaþ a0ÞðVf � VbÞ

¼ Kf la sin b sinðaþ a0ÞVs þ Kf lh cosðaþ a0ÞVd ð3Þ

where g is the travel angle, Jt is the moment of inertia about
the travel axis. Moreover, if ðaþ a0Þ ¼ p=2; i.e. the arm is
in horizontal position, the travel motion becomes

Jt €gg ¼ Kf la sin b sinðaþ a0ÞVs ð4Þ

which can be verified easily from Fig. 2.
From this modelling we know that the elevation acceleration
is a function of the sum of the voltages applied to the two

motors, and the pitch acceleration is a function of difference
between them. If the pitch angle b and elevation angle a are
constants and b is a small value, the travel motion become

Jt €gg ¼ Kb ð5Þ
where K ¼ Kf laVs sinðaþ a0Þ and this equation means that
the travel acceleration is governed by the pitch angle.
Considering these modelling characteristics and assuming
the travel motion can be achieved by high-precise pitch
tracking,we can simplify the 3-DOF attitude dynamics to a 2-
DOF one, which includes elevation and pitch motion, as
given in (6)

Je
Kf la cos b

0

0
Jp
Kf lh

" #
€aa
€bb

� �
þ

mg sinðaþa0Þ
Kf cosb
0

" #
¼ Vs

Vd

� �
ð6Þ

and in matrix format

J €YYþ NðY;m;Kf Þ ¼ v ð7Þ

where J 2 R
2�2 ¼ diag Je=Kf la cos b Jp=Kf lh

� �
is the

moment of inertia, Y 2 R
2 ¼ ½ a b � T is the attitude

(elevation and pitch) vector, NðY;m;Kf Þ 2 R
2 ¼

mg sinðaþ a0Þ=Kf cos b 0
� � T

is the nonlinear term, and
v 2 R

2 ¼ ½Vs Vd � T is control voltage vector. For �p=2<
b< p=2; the inertia matrix J is a positive-definite matrix.

Consider n such helicopters, we have a set of dynamic
equations

J1 €YY1 þ N1ðY1;m1;Kf1Þ ¼ v1

J2 €YY2 þ N2ðY2;m2;Kf2Þ ¼ v2

..

.

Ji €YYi þ NiðYi;mi;KfiÞ ¼ vi

..

.

Jn €YYn þ NnðYn;mn;KfnÞ ¼ vn

ð8Þ

and in matrix format as

I €YYþ ~NNðY;m;Kf Þ ¼ V ð9Þ

where Ji;Yi;Nið�Þ and vi have the same expressions as
J;Y;Nð�Þ and v, subscript i denotes the ith 3-DOF
helicopter, Y 2 R

2n; ~NN 2 R
2n; V 2 R

2n; m 2 R
n; Kf 2

R
n; are vectors, I 2 R

2n�2n is a diagonal inertia matrix,
and they have the following expressions:

I ¼ diag½J1 J2 � � � Ji � � � Jn �

Y ¼ ½YT
1 YT

2 � � � YT
i � � � YT

n �T

¼ ½a1 b1 a2 b2 � � � ai bi � � � an bn �T

m ¼ ½m1 m2 � � � mi � � � mn �T

Kf ¼ ½Kf1 Kf2 � � � Kfi � � � Kfn �T

~NN ¼ ½N T
1 N T

2 � � � N T
i � � � N T

n �T

V ¼ ½ vT1 vT2 � � � vTi � � � vTn �T

¼ ½Vs1 Vd1 Vs2 Vd2 � � � Vsi Vdi � � � Vsn Vdn �T

3 Synchronisation controller design

3.1 Control objective

First we define EðtÞ 2 R
2n; _EEðtÞ 2 R

2n as the attitude angle
and attitude angular velocity tracking error vectors of

Fig. 1 Photograph of 3-DOF helicopter with ADS
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Fig. 2 Schematic diagram of acting forces
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n 3-DOF helicopters. JðtÞ 2 R
2n and _JJðtÞ are defined as

the synchronisation error and the error derivative vectors,
respectively. They then have the following expressions:

EðtÞ ¼D ½ eT
1 ðtÞ eT

2 ðtÞ � � � eT
i ðtÞ � � � eT

n ðtÞ � T ð10Þ

_EEðtÞ ¼D ½ _eeT
1 ðtÞ _eeT

2 ðtÞ � � � _eeT
i ðtÞ � � � _eeT

n ðtÞ � T ð11Þ

_JJðtÞ ¼D ½ eT1 ðtÞ eT2 ðtÞ � � � eTi ðtÞ � � � eTn ðtÞ � T ð12Þ

_JJðtÞ ¼D ½ _eeT1 ðtÞ _eeT2 ðtÞ � � � _eeTi ðtÞ � � � _eeTn ðtÞ � T ð13Þ

eiðtÞ ¼
D YdðtÞ �YiðtÞ ð14Þ

_eeiðtÞ ¼
D _YYdðtÞ � _YYiðtÞ ð15Þ

where Yd 2 R
2 and _YYd 2 R

2 are the desired trajectories for
attitude angles and angular velocities of all 3-DOF
helicopters. The definition of the synchronisation error is
given in the subsequent Section.
To track the trajectory synchronously for multiple 3-DOF

helicopters, one must satisfy the following three criteria.
First, the designed controller should guarantee the stability
of the attitude trajectory tracking errors of all involved
systems. Secondly, the controller should also guarantee
the stability of the synchronisation errors. Thirdly, the
controller should regulate the attitude motion to track
the desired trajectory at the same rate so that the
synchronisation errors go to zero simultaneously.
In short, the control objective becomes EðtÞ!0;JðtÞ!0

as t!1:

3.2 Generalised synchronisation error

Synchronisation error is introduced to identify the perform-
ance of synchronisation controller, i.e. how the trajectory of
each 3-DOF helicopter converges with respect to each other.
There are various ways to choose the synchronisation error.
For example, in [2] the authors include the error information
of all systems into the synchronisation error of each system.
However, when there is a large number of involved systems,
this synchronisation strategy will lead to intensive online
computational work. In this paper we propose a more
feasible and efficient synchronisation error JðtÞ; which is a
linear combination of attitude tracking error EðtÞ.

JðtÞ ¼ TEðtÞ ð16Þ

where T 2 R
2n�2n is a generalised synchronisation trans-

formation matrix. By choosing a different matrix T we
can form different synchronisation errors. For example, if
we choose the following synchronisation transformation
matrix T

T ¼

I �I

I �I

. .
. . .

.

I �I

�I I

2
66664

3
77775 ð17Þ

we will get the following synchronisation error formula:

e1ðtÞ ¼ e1ðtÞ � e2ðtÞ
e2ðtÞ ¼ e2ðtÞ � e3ðtÞ
e3ðtÞ ¼ e3ðtÞ � e4ðtÞ

..

.

enðtÞ ¼ enðtÞ � e1ðtÞ

ð18Þ

The synchronisation error in (18) has been used in [14] for
the synchronisation control of multiple robotic
manipulators.

Another more complicated synchronisation error formula
in (19) can be obtained by applying the synchronisation
transformation matrix T given in (20)

e1ðtÞ ¼ 2e1ðtÞ � e2ðtÞ � enðtÞ
e2ðtÞ ¼ 2e2ðtÞ � e3ðtÞ � e1ðtÞ
e3ðtÞ ¼ 2e3ðtÞ � e4ðtÞ � e2ðtÞ

..

.

enðtÞ ¼ 2enðtÞ � enðtÞ � en�1ðtÞ

ð19Þ

T ¼

2I �I �I

�I 2I �I

. .
. . .

. . .
.

�I 2I �I

�I �I 2I

2
66664

3
77775 ð20Þ

In (18, 19) each individual helicopter’s synchronisation
error is a linear combination of its tracking error and one or
two adjoining helicopters’ tracking errors. With more
tracking errors involved one may expect to achieve better
performance. However, it is compromised by the compu-
tational challenge. In this paper the synchronisation errors in
(18, 19) are applied for our investigation.

3.3 Coupled attitude error

For controller design a coupled attitude error E�ðtÞ 2 R
2n

that contains both the attitude trajectory tracking error E(t)
and the synchronisation error JðtÞ is further introduced

E�ðtÞ ¼ EðtÞ þ BT T

Z t

0
J dt ð21Þ

where E�¼D ½e�T1 e�T2 ��� e�Tn �T ; B2R2n�2n¼D diag½BB ��� B �
is a positive-definite coupling gain matrix and B 2 R

2�2 is
also diagonal matrix.

Correspondingly the coupled angular velocity error can
be expressed as

_EE
�ðtÞ ¼ _EEðtÞ þ BT TJðtÞ ð22Þ

For the synchronisation transformation matrix T in (17), the
coupled attitude errors become

e�1ðtÞ ¼ e1ðtÞ þ B

Z t

0
ðe1ðtÞ � enðtÞÞdt

e�2ðtÞ ¼ e2ðtÞ þ B

Z t

0
ðe2ðtÞ � e1ðtÞÞdt

e�3ðtÞ ¼ e3ðtÞ þ B

Z t

0
ðe3ðtÞ � e2ðtÞÞdt

..

.

e�nðtÞ ¼ enðtÞ þ B

Z t

0
ðenðtÞ � en�1ðtÞÞdt

ð23Þ
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Similarly the coupled attitude errors corresponding to T in
(20) are

e�1ðtÞ ¼ e1ðtÞ þ B

Z t

0
ð2e1ðtÞ � e2ðtÞ � enðtÞÞdt

e�2ðtÞ ¼ e2ðtÞ þ B

Z t

0
ð2e2ðtÞ � e3ðtÞ � e1ðtÞÞdt

e�3ðtÞ ¼ e3ðtÞ þ B

Z t

0
ð2e3ðtÞ � e4ðtÞ � e2ðtÞÞdt

..

.

e�nðtÞ ¼ enðtÞ þ B

Z t

0
ð2enðtÞ � enðtÞ � en�1ðtÞÞdt

ð24Þ

From (23) we see that the synchronisation error eiðtÞ appears
in e�i ðtÞ and e�iþ1ðtÞ with opposite sign. Similar observation
is obtained for the synchronisation error in (24). In this way,
the coupled attitude errors are driven in opposite directions
by eiðtÞ; which contributes to the elimination of the
synchronisation error eiðtÞ:

3.4 Synchronised trajectory tracking
controller

The synchronised trajectory tracking controller includes two
parts: feedback and feedforward. The feedback part
employs PD control law plus synchronisation feedback term

uðtÞ ¼ KPE
�ðtÞ þ KD

_EE�ðtÞ þ KsT
TJðtÞ ð25Þ

where KP;KD;Ks 2 R
2n�2n are constant, diagonal, positive-

definite, control gain matrices. By defining the following
coupled tracking error

rðtÞ ¼ _EE�ðtÞ þLE�ðtÞ ð26Þ

we can rewrite (25) as

uðtÞ ¼ KrðtÞ þ KsT
TJðtÞ ð27Þ

where rðtÞ ¼D ½ rT1 ðtÞ rT2 ðtÞ � � � rTn ðtÞ � T ; L 2 R
2n�2n ¼D

diag½L1 L2 � � � Ln � and its element Likl¼KPikl
=KDikl

;
K¼KD: The feedforward part ~uuðtÞ is designed to be

~uuðtÞ¼ IFþ ~NNðY;m;Kf Þ ð28Þ

with F¼ €QQdþL _EE
�þBTT _JJ : Therefore the total control

voltage V(t) is

VðtÞ¼ ~uuðtÞþuðtÞ
¼ IFþ ~NNðQ;m;Kf ÞþKrðtÞþKsT

TJðtÞ
ð29Þ

Figure 3 gives the overall structure of the proposed
synchronisation controller.

Theorem 1: The proposed synchronisation controller in
(27, 28, 29) guarantees asymptotic convergence to zero
of both attitude trajectory tracking error E(t) and
synchronisation error JðtÞ for pitch angle b 2 ð�p=2;
p=2Þ; i.e.

lim
t!1

EðtÞ; JðtÞ ¼ 0 ð30Þ

Proof: Choose the following Lyapunov function

Vðr; ~CC;J Þ ¼D 1

2
r TIrþ 1

2
~CC

T
G�1 ~CCþ 1

2
J TKsJ

þ 1

2

Z
T TJ dt

� � T

BLKs

Z
T TJ dt

� �
ð31Þ

Because G�1;Ks;BL are all positive-definite matrices and
I is positive-definite when pitch angle b 2 ð�p=2; p=2Þ;
thus the Lyapunov function Vðr;J Þ is a positive-definite
function when b 2 ð�p=2; p=2Þ: Differentiating (31) with
respect to time t yields

_VVðr;J Þ ¼ rTI_rrþJ TKs
_JJ

þ
Z

T TJ dt
� �T

BLKsT
TJ ð32Þ

Differentiating (26) with respect to time t and considering
(10, 14, 21, 22),

_rr ¼ €EE
� þL _EE

�

¼ €EEþ BT T _JJþL _EE
�

¼ €QQd � €QQþ BT T _JJþL _EE
�

¼ F� €QQ
ð33Þ

Multiplying I at both sides of (33) and substituting with
(9, 29) obtains

Fig. 3 Structure of control system
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I_rr ¼ IF� I €QQ

¼ IF� ðV � ~NNðQ;m;Kf ÞÞ

¼ IFþ ~NNðQ;m;Kf Þ � ðIFþ ~NNðQ;m;Kf Þ

þ KrðtÞ þ KsT
TJðtÞÞ

¼ �Kr� KsT
TJ ð34Þ

Substituting (34) into (32) yields

_VVðr;J Þ ¼ rTI_rrþJ TKs
_JJþ

Z
T TJ dt

� � T

BLKsT
TJ

¼ �rTKr� rTKsT
TJþJ TKs

_JJ

þ
Z

T TJ dt
� � T

BLKsT
TJ ð35Þ

Replacing r in the second term of (35) with (21, 22, 26),

_VVðr;J Þ¼�rTKr� _EEþBTTJþLEþBLTT

Z
Jdt

� �T

�KsT
TJþJ TKs

_JJþ
Z

TTJdt
� �T

BLKsT
TJ

¼�rTKr�½ _EEþBTTJþLE�TKsT
TJþJTKs

_JJ

¼�rTKr� _EE
T
KsT

TJ�J TTBKsT
TJ

�ETLKsT
TJþJ TKs

_JJ

¼�rTKr�ðT _EEÞTKsJ�J TTBKsT
TJ

�ðTEÞTLKsJþJ TKs
_JJ

¼�rTKr�ðTTJÞTBKsT
TJ�J TLKsJ

Because K, BKs; and LKs are all positive-definite matrices,
we conclude that

_VVðr;J Þ ¼ �rTKr�ðT TJ ÞTBKsT
TJ�J TLKsJ� 0

ð36Þ

Since _VVðr;J Þ � 0 in (36), the Vðr;J Þ given in (31) is
either decreasing or constant. Due to the fact that Vðr;J Þ
is nonnegative we conclude that Vðr;J Þ 2 L1; hence r 2
L1: With r 2 L1 we conclude from (26) that _EE

�ðtÞ 2 L1
and E�ðtÞ 2 L1; and E(t), _EEðtÞ;JðtÞ;JðtÞ 2 L1 based on
their definitions. Because of the boundedness of QdðtÞ and
_QQdðtÞ we conclude that QðtÞ 2 L1 and _QQðtÞ 2 L1 from
(14). With the previous boundedness statements and the
fact that €QQdðtÞ is also bounded, F 2 L1 and ~NNð�Þ 2 L1
can be concluded from their definitions. Hence, the control
input VðtÞ 2 L1 is also determined from (29). The
preceding information can also be used to (9) and (33) to
get €QQðtÞ; _rrðtÞ 2 L1: Now we have explicitly illustrated
that all signals in the synchronisation trajectory tracking
controller and system remain bounded during the closed-
loop operation.
From (36) we show that rðtÞ 2 L2; T

TJðtÞ 2 L2 and
JðtÞ 2 L2: Hence, lim

t!1
rðtÞ ¼ 0 and lim

t!1
JðtÞ ¼ 0 can be

obtained according to corollary 1.1 in [15]. Furthermore, we
conclude that lim

t!1
E�ðtÞ; _EE�ðtÞ ¼ 0 using lemma 1.6 in [15].

When JðtÞ ¼ 0; i.e. eiðtÞ ¼ 0 for i ¼ 1; 2; . . . ; n; we
know from the synchronisation errors in (18, 19) that

e1ðtÞ ¼ e2ðtÞ ¼ � � � ¼ enðtÞ ð37Þ
Also, from the coupled attitude errors in (23, 24) we get

e�1ðtÞ þ e�2ðtÞ þ � � � þ e�nðtÞ ¼ e1ðtÞ þ e2ðtÞ þ � � � þ enðtÞ
ð38Þ

Because of lim
t!1

E�ðtÞ ¼ 0 we conclude that

e1ðtÞ ¼ e2ðtÞ ¼ � � � ¼ enðtÞ ¼ 0 ð39Þ

From (36) and the foregoing derivation we know that _VVð�Þ
¼ 0 only if EðtÞ ¼ 0: Using LaSalle’s theorem [16], lim

t!1
E

ðtÞ ¼ 0 can be concluded. Thus we finally reach

lim
t!1

EðtÞ;JðtÞ ¼ 0
A

4 Experiments

The experiments are conducted on the multiple 3-DOF
helicopter setup, which includes three 3-DOF helicopters as
shown in Fig. 4. The parameters for these three 3-DOF
helicopters are given in Table 1.

As an initial-stage experimental investigation we applied
the proposed synchronisation controller to only one axis
of the laboratory helicopters, i.e. the elevation axis, and
keep the controllers for other axes (pitch and travel)
unchanged, using the Quanser-provided LQR controller.
By checking the dynamic equation in (6) we learn that
the elevation motion and pitch motion are uncoupled. The
elevation motion does not influence the pitch motion and the
elevation motion is stable if the pitch motion is stable.
Moreover, the controller structure illustrated in Fig. 3 shows
that the synchronisation process is operated among the same
axis (attitude motion), but not among different axes. Thus it
is reasonable to apply the proposed synchronisation
controller to one DOF only and different controllers to
other DOFs and still guarantee the stability of the whole
system. Note that the proposed synchronisation controller
can be applied to the multiple degrees-of-freedom
experiment.

A quintic polynomial trajectory in (40) is designed for the
attitude motion of the elevation.

adðtÞ ¼ C0 þC1tþC2t
2 þC3t

3 þC4t
4 þC5t

5 ¼
X5
i¼0

Cit
i

_aadðtÞ ¼ C1 þ 2C2tþ 3C3t
2 þ 4C4t

3 þ 5C5t
4 ¼

X5
i¼1

iCit
i�1

€aadðtÞ ¼ 2C2 þ 6C3tþ 12C4t
2 þ 20C5t

3 ¼
X5
i¼2

iði� 1ÞCit
i�2

ð40Þ
where the coefficients C0 � C5 can be determined from the
position, velocity and acceleration requirements at both
boundaries. If the desired maneuvre is from 0 to 30 deg in
8 s, the coefficients are C0 ¼ C1 ¼ C2 ¼ 0; C3 ¼ 0:5859;
C4 ¼ �0:1099 and C5 ¼ 0:0055: The trajectory guarantees
that aðtÞ 2 L1; _aaðtÞ 2 L1; and €aaðtÞ 2 L1:

The control gains are tuned by trial and error until a
good trajectory tracking performance is achieved, and the
final values used in our experiments are also given in
Table 1.
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For comparison between different synchronisation
errors, two synchronisation strategies are considered:
Strategy I: The synchronisation error and the coupled
attitude error are chosen to be those in (18) and (23);
Strategy II: The synchronisation error and the coupled
attitude error are those in (19) and (24). The synchronisa-
tion error in (18) is employed as the uniform synchronisa-
tion error for performance evaluation in all experiments.
Furthermore, the ADS on Helicopter I is activated by a
square wave command, see Fig. 5, for performing
disturbance to the control system. In this way the effective
mass of Helicopter I will vary between 0.142 and
0.213 kg. The asymptotic convergences of both trajectory
tracking and synchronisation errors can only be realised
when the exact system parameters are known. If there is a
parametric disturbance, such as the mass disturbance in
our case, the asymptotic convergence cannot be guaran-
teed although the system may still be stable. The aim of
introducing the mass disturbance in our experiments is to
verify the effectiveness of the proposed controller. We

Table 1: Parameters and control gains for three 3-DOF helicopters

Parameters=gains Helicopter I Helicopter II Helicopter III

Moment of inertia Jei ; kg�m
2 1.044 1.030 1.017

Moment of inertia Jpi ; kg�m
2 0.0455 0.0455 0.0455

Mass mi ; kg 0.142p 0.128 0.113

Kfi ; N=V 0.625 0.625 0.625

lai ; m 0.648 0.648 0.648

lhi ; m 0.178 0.178 0.178

ADS system yes no no

Feedback gains for elevation, ½KP ;KD � ½30:0 15:0 � ½30:0 15:0 � ½30:0 15:0 �

Sync. feedback gains, Ksi 1.0 1.0 1.0

Sync. coupling gains, Bi 1.0 1.0 1.0

p
Value measured when ADS is at farthest position from propellers, 0.170 for middle position in slide bar, 0.213 for nearest position from propellers.

Fig. 4 Three 3-DOF helicopters experimental setup
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Fig. 5 ADS position trajectory

0 means ADS is at farthest position from propellers, 0.26 means ADS is at
nearest position from propellers
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inspect how these 3-DOF helicopters response without
=with synchronisation strategies, and compare the syn-
chronisation performance using different synchronization
strategies under the parametric disturbance.
Figure 6 shows the experimental results of elevation

tracking control of three 3-DOF helicopters without
synchronisation strategy (by setting Ksi ¼ 0 and Bi ¼ 0Þ:
Figures 7 and 8 are the experimental results using
synchronisation strategy I and II, respectively. The maximal
elevation tracking and synchronisation errors are measured

and listed in Table 2. For each experiment the three values
present the maximal elevation trajectory tracking errors
during maneuver (from 0 to 20 s), after maneuver
(maneuver completed, after 20 s in our experiments), and
the maximal synchronisation error during whole exper-
iment, respectively.

It can be seen from Fig. 6 that the elevation trajectory
tracking error of Helicopter I is large because of the ADS.
Table 2 shows that the maximal elevation trajectory
tracking errors during and after the maneuver are 3.136

Fig. 6 Experimental result of attitude trajectory tracking control without synchronisation strategy

a Trajectories of elevation angle
b Trajectories of travel angle
c Trajectory tracking errors of elevation angle
d Synchronisation errors of elevation angle
e Control voltages for front motors
f Control voltages for back motors
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and 1.257 deg, respectively. As there is no interconnection
between these 3-DOF helicopters, the elevation tracking
motion of Helicopter II and III do not react to the
tracking motion of Helicopter I due to ADS. Thus, the
asymptotic convergences of Helicopter II and III have
been achieved. For this reason the synchronisation errors
between them are large and the maximal value is
1.319 deg. However, the elevation trajectory tracking and
synchronisation errors can be reduced remarkably by
using the proposed synchronisation strategies. For
example, the maximal synchronisation error has been

reduced to 0.527 deg using strategy I and further to
0.506 deg using strategy II.

As discussed previously, synchronisation strategy II is
expected to produce better performance than strategy I
because it employs more adjoining helicopters’ information
in each individual controller. However, this better perform-
ance is obtained at the cost of more online computation
burden, less reliability, and more control efforts, which can
be seen by comparing the experimental figures of control
voltages for all cases. Videos of these experiments can be
found at http://arrow.utias.utoronto.ca/~liu/.

Fig. 7 Experimental result of attitude trajectory tracking control with synchronisation strategy I

a Trajectories of elevation angle
b Trajectories of travel angle
c Trajectory tracking errors of elevation angle
d Synchronisation errors of elevation angle
e Control voltages for front motors
f Control voltages for back motors
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5 Conclusions

This paper has presented a model-based synchronised
trajectory tracking control strategy for multiple three-
degrees-of-freedom (3-DOF) helicopters. With the pro-
posed synchronisation controller, both the attitude trajectory
tracking errors and the attitude synchronisation errors can
achieve asymptotic convergence. The introduction of the

generalised synchronisation concept allows more space for
designing different synchronisation errors.

Experimental results conducted on the three 3-DOF
helicopters setup verify the effectiveness of the proposed
synchronisation controller. The investigation indicates that
better performance can be realised at the cost of compu-
tational burden, reliability, and control efforts. A tradeoff
between the synchronisation performance and the

Fig. 8 Experimental result of attitude trajectory tracking control with synchronisation strategy II

a Trajectories of elevation angle
b Trajectories of travel angle
c Trajectory tracking errors of elevation angle
d Synchronisation errors of elevation angle
e Control voltages for front motors
f Control voltages for back motors
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implementation costs should be made before applying the
suitable synchronisation strategy to the real system.

Future work under investigation includes: an adaptive
synchronisation controller for system with parametric
variation; and development of a new synchronisation
strategy.
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Table 2: Maximal elevation tracking errors and
synchronisation errors (deg)

Strategy Helicopter I Helicopter II Helicopter III

No 3.136 1.968 1.978

1.257 0.290 0.378

1.319 0.264 1.319

I 2.466 2.217 2.206

0.677 0.466 0.466

0.527 0.264 0.440

II 2.385 2.261 2.259

0.641 0.641 0.641

0.506 0.440 0.352
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