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2015

Large eddy simulation (LES) is a powerful computational tool for modelling turbulent com-

bustion processes. However, for reactive flows, LES is still under significant development. In

particular, for turbulent premixed flames, a considerable complication of LES is that the flame

thickness is generally much smaller than the LES filter width such that the flame front and

chemical reactions cannot be resolved on the grid. Accurate and robust subfilter-scale (SFS)

models of the unresolved turbulence-chemistry interactions are therefore required and studies

are needed to evaluate and improve them.

In this thesis, a detailed comparison and evaluation of five different SFS models for turbulence-

chemistry interactions in LES of premixed flames is presented. These approaches include both

flamelet- and non-flamelet-based models, coupled with simple or tabulated chemistry. The mod-

elling approaches considered herein are: algebraic- and transport-equation variants of the flame

surface density (FSD) model, the presumed conditional moment (PCM) with flame prolonga-

tion of intrinsic low-dimensional manifold (FPI) tabulated chemistry, or PCM-FPI approach,

evaluated with two different presumed probability density function (PDF) models; and con-

ditional source-term estimation (CSE) approach. The predicted LES solutions are compared

to the existing laboratory-scale experimental observation of Bunsen-type turbulent premixed

methane-air flames, corresponding to lean and stoichiometric conditions lying from the upper

limit of the flamelet regime to well within the thin reaction zones regime of the standard regimes

diagram.

Direct comparison of different SFS approaches allows investigation of stability and performance

ii



of the models, while the weaknesses and strengths of each approach are identified. Evaluation of

algebraic and transported FSD models highlights the importance of non-equilibrium transport

in turbulent premixed flames. The effect of the PDF type for the reaction progress variable on

LES predictions of the PCM-FPI approach is also investigated. The improved prediction of the

filtered laminar flame speed by the modified laminar flamelet PDF is shown for LES of turbulent

premixed combustion in comparison with a more widely-used β-PDF. Furthermore, the results of

this study consist the first application of the CSE combustion model to LES of premixed flames.

The feasibility of this approach in terms of stability and convergence is demonstrated and the

possible improvements of this non-flamelet-based model over the more traditional flamelet-based

approach, PCM-FPI, are assessed. The comparisons of the CSE and PCM-FPI models allow

the relative importance of deviations from the standard flamelet assumption to be assessed for

flames lying outside the flamelet premixed combustion regime.
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Chapter 1

Introduction

Turbulent premixed flames are widely used in various applications; some examples include lean

premixed stationary gas turbines, spark ignition engines and household burners. The necessity

for pollution control, increasing efficiency, safety and reliability in combustion engines furthers

the need to investigate basic phenomena and mechanisms of turbulent premixed combustion.

Due to difficulties of studying the flame structure experimentally, numerical simulations have

become a powerful tool for understanding the behaviour of flames. However, the complex

interactions between turbulence and chemistry over a wide range of spatio-temporal scales can

make the computations of flames challenging and in many cases prohibitively expensive.

Large eddy simulation (LES) is a promising computational tool for modelling turbulent reactive

flows. In this method, the governing equations are first low-pass filtered and then solved such

that just the large scales of the flow field are resolved while the effects of small scales are

modelled. The application of LES for turbulent reactive flows began in 1990s, making it a

relatively young field. A considerable complication for LES of turbulent premixed combustion

is that the flame thickness is generally much smaller than the LES filter width such that reaction

zones and flame fronts cannot be resolved on the grid. Accurate subfilter-scale (SFS) models

of the unresolved turbulence-chemistry interactions are therefore required. Unfortunately, there

are as yet no universal models that fully account for the SFS turbulence-chemistry interactions

and explain the observed flame behaviour.

1.1 Turbulent Premixed Combustion Modelling

Combustion of the gaseous fuels is usually divided into two different modes: non-premixed

(or diffusion) and premixed modes. The latter is the focus in the present numerical study in

case of gaseous fuels. In premixed combustion, the fuel and oxidizer are fully premixed before

1
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entering the combustion zone while in non-premixed combustion, the fuel and oxidizer are

introduced separately prior to reaction. In the latter, fuel and oxidizer are mixed by molecular

and turbulent diffusion in the vicinity of the reaction. However, in many actual combustion

devices, the mixing between fuel and air is non-ideal and incomplete, leading to the so-called

partially premixed mode of combustion.

In most practical combustion systems, the occurrence of turbulence is unavoidable and, in most

cases, essential for the desired high-power densities. Therefore, study and modelling of turbulent

combustion is key to the improvement and development of these systems. The sections to

follow provide an overview of turbulent premixed combustion concepts and modelling. Laminar

and turbulent premixed flame theory and definitions are briefly discussed along with turbulent

premixed regimes. The three possible numerical modelling approaches for the treatment of

turbulent reactive flows are explained, highlighting their features, advantages and disadvantages.

1.1.1 Structure of a Laminar Premixed Flame

A schematic of a planar stationary one-dimensional (1D) laminar premixed flame is depicted

in Figure 1.1(a). The upstream mixture reaches the flame with a constant speed of uu = sL

and temperature of Tu, where sL is the laminar burning velocity or laminar flame speed. The

products leave the domain with temperature Tb. We have assumed a simple one-step forward

non-reversible global reaction of the form

Reactant → Products , (1.1)

while Y is considered as a mass fraction of the unburnt mixture, Yu is the fresh mixture concen-

tration at the reactant side of the domain. If all the fresh mixture is consumed upon crossing

the flame, Yb = 0 at the exit, where Yb is the reactant concentration at the burnt side of the

domain.

As explained in the textbook by Law [1], laminar flame structure can be examined at three

different levels of detail:

• the hydrodynamic level;

• the transport-dominated level; and,

• the reaction zone level.

At the hydrodynamic level as shown in Figure 1.1(a), the flame is considered as an infinitesi-

mally thin sheet separating reactants and products that are in thermodynamic equilibrium. In
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(a) flame sheet level

(b) the transport, reaction sheet level

(c) detailed structure with reaction zone

Figure 1.1: Schematic profiles showing the structure of a 1D laminar premixed flame at different
levels of detail [1].

this case, the changes in temperature, velocity and reactant concentration are taken to occur

discontinuously across the flame. At the next level, the transport-dominated level, as depicted

in Figure 1.1(b), the flame sheet is expanded to include the preheat zone inside the flame front

with a characteristic thickness, δD. Heat and mass are diffused inside the flame brush as is
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evident from the profiles of Figure 1.1(b). These profiles are quite non-linear due to convective

transport. Convection and diffusion dominate and balance in this region. In the representation

at the transport level, the reactions are concentrated within a thin interface which is shown as

a reaction sheet in the figure. This sheet provides a source for the temperature increase and a

sink for the concentrations of reactants.

The most detailed level of description for a premixed flame is illustrated in Figure 1.1(c), in

which the reaction sheet is expanded and the reaction rate profile is now represented. The

reaction zone has a characteristic thickness of δR ≪ δD. In this region, diffusive transport has

a higher influence than convective transport. Therefore, reaction and diffusion are dominant.

Since δR ≪ δD, the entire flame thickness can be estimated as δD. Across the flame, all the

reactants are consumed while heat loss is assumed to be zero, therefore the conservation of

energy yields

CP(Tb − Tu) = qcYu , (1.2)

where CP is constant pressure heat capacity (assumed to be a constant, representative average

value here) and qc is chemical heat release per unit mass of the unburnt mixture. Equation (1.2)

states that all the heat released by chemical reaction is used to heat up the incoming gas without

any losses. Thus, the products temperature is the adiabatic flame temperature, Tad, given by

Tb = Tad = Tu + qcYu/CP . (1.3)

Two other important parameters characterizing laminar flame structure are the laminar flame

speed and laminar flame thickness. These parameters are functions of mixture equivalence ratio,

initial temperature of the reactants, and pressure. Analytical and numerical analyses can be

used to determine the laminar flame speed [5], which is, in general, proportional to the square

root of molecular diffusivity, D, and mean reaction rate, W, as follows [6]

sL ∝
√
DW . (1.4)

Estimation of the flame thickness before performing flame simulations is critical as it will dictate

the mesh resolution requirements. There are many different methods to define laminar flame

thickness. Some methods are based on the numerical solution of a laminar premixed flame while

others only use scaling laws. Diffusive thickness of laminar premixed flames is introduced based

on the scaling laws

δL ∝ D
sL

=

√
D
W

. (1.5)



Chapter 1. Introduction 5

Another definition can be obtained based on the laminar flame temperature profile:

δL =
Tb − Tu

max
(
|dT
dx

|
) , (1.6)

where x is the position coordinate normal to the flame front. The latter definition is used in

the next section in order to define the various turbulent premixed flame regimes.

1.1.2 Regimes in Turbulent Premixed Combustion

Turbulent premixed combustion can be described as an interaction of the flame sheet with the

turbulence eddies. These eddies are composed of different scales ranging from the smallest

Kolmogorov length scale, η, with characteristic velocity, u′K, to the larger scales defined by the

integral length scale, Λ, and characteristic velocity, u′. The latter is often refereed to as the

turbulence intensity. Hence, the integral and Kolmogorov time scales, τt and τK, can be defined

as

τt =
Λ

u′
, τK =

η

u′K
,

respectively. Chemical or reaction scales are characterized by the laminar flame speed, sL, and

laminar flame thickness, δL, as defined previously. Using these characteristics, the chemical time

scale can be expressed as

τc =
δL
sL
. (1.7)

Based on the preceding length, time and velocity scales, a combustion regime diagram can be

defined for classification of turbulent premixed flames. Premixed regime diagrams have been

proposed by Borghi [7], Williams [8], Peters [9, 6], Abdel-Gayed and Brandley [10], Poinsot et

al. [11] and others. Following the approach proposed and modified by Peters [2], the premixed

flame regimes can be defined by the length scale ratio, Λ/δL, and velocity scale ratio, u′/sL,

as shown in Figure 1.2. In this case, three non-dimensional numbers are used to qualify the

behaviour of the premixed flames; namely the turbulent Reynolds number, Ret, the Damköhler

number, Da, and the Karlovitz number, Ka. To derive these parameters, equal diffusivities and

a unit Schmidt number, Sc, are assumed for all reactive scalars, such that

Sc =
ν

D
= 1 , (1.8)

where ν is the kinematic viscosity. Using Equations (1.5) and (1.8), the integral or turbulent
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Reynolds number which corresponds to integral length scale is introduced as

Ret =
u′Λ

ν
=

u′Λ

sLδL
. (1.9)

Since this number is usually large, it follows that the large scales of turbulent flows are mainly

controlled by inertia forces rather than viscous dissipation.

The two other non-dimensional parameters may be expressed as

Da =
τt
τc

=
sLΛ

u′δL
, (1.10)

and

Ka =
τc
τK

= (
δL
η
)2 . (1.11)

These are the Damköhler and the Karlovitz numbers, respectively. Equations (1.9), (1.10)

and (1.11) can be combined to show that

Ret = Da2Ka2 . (1.12)

Referring to the definition of the reaction zone thickness, δR, of Section 1.1.1, a second Karlovitz

number based on the reaction zone thickness, Kaδ, can be introduced as

Kaδ = (
δR
η
)2 . (1.13)

Using the above relations, the straight lines Ret = 1, Ka = 1, Kaδ = 1, and u′/sL = 1 on the

regime diagram correspond to boundaries between five different combustion regimes as identified

in Figure 1.2. These regimes are the:

• laminar flames regime which is characterized by Ret < 1. Most practical combustion

systems operate outside the laminar regime;

• wrinkled flamelets regime in which u′<sL and the smallest spatial scales of the turbulence,

the Kolmogorov scales, η, are larger than the flame front thickness, such that the flame

front is embedded in the smallest eddies with the laminar structure intact and unaffected

by the turbulence;

• corrugated flamelets regime in which u′>sL and Ka<1 such that, while the laminar flame

structure remains unaffected by the turbulence, the larger turbulent motions are able to

induce flame front interactions leading to the formation of pockets of fresh and burnt gases

and changes in flame topology;
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Figure 1.2: Regime diagram for turbulent premixed combustion [2].

• thin reaction zones regime which is located between Ka > 1 and Kaδ < 1 lines. In this

region, the Kolmogorov scales are smaller than the flame thickness but larger than the

reaction zone and are able to modify the inner laminar flame structure and preheat zone;

and,

• broken reaction zones regime which is represented by Kaδ > 1, in which the turbulent

motions have shorter characteristic times than the chemical reaction time. Both diffusion

and reaction zones are affected by turbulent motion and the premixed laminar flame

structure is completely disrupted.

While numerical methods are required for all regimes, many practical devices, including the

combustors of high-pressure gas turbine engines, operate in the thin reaction zones regime,

and it is this regime and further into the broken reaction zones regime that present significant

numerical and modelling challenges.

1.1.3 Numerical Solutions of Turbulent Reactive Flows

Numerical modelling and high-fidelity computational fluid dynamics (CFD) tools are now being

used quite extensively in the design and development of today’s gas turbine engines. However,
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the development of accurate predictive mathematical models and numerical simulation tools for

realistic combustion devices is extremely challenging. Depending on the methodology used for

reactive flow modelling, a broad array of physical and chemical sub-models must be integrated,

including models for turbulent, reactive, and multi-phase flows with radiative heat losses through

complex three-dimensional geometries [12, 13, 14, 15, 16]. While it is beyond the scope of this

thesis to review the field of numerical combustion modelling, there are three primary approaches

for the computation of turbulent reactive flows which are now discussed briefly in turn.

Reynolds Averaged Navier-Stokes

Reynolds-averaged Navier-Stokes (RANS) methods involve a time averaging of the governing

equations and subsequent solution of the time-averaged equations for the mean values of solu-

tion quantities. The time-averaging procedure introduces unclosed correlations of fluctuating

quantities that must be modelled. The closure problem is aggravated for reactive flows since

one needs to model the average of highly non-linear reaction rate terms. RANS simulations,

or URANS for unsteady RANS, are computationally relatively inexpensive and closure models

are fairly well-developed for both non-reactive and reactive flows. In spite of their many suc-

cessful applications, RANS-based methods are in general, inadequate for accurately describing

complicated phenomena such as turbulent mixing and thermoacoustics in reactive flows.

Direct Numerical Simulation

Direct numerical simulation (DNS) is another method for numerically solving turbulent flows.

It is the most accurate treatment in that modelling is avoided and the Navier-Stokes equations

are solved numerically by resolving all of the turbulent scales. However, as there is no modelling

involved, DNS is computationally very expensive. In case of reactive flows, the chemical reactions

introduce additional length and time scales that can be very much smaller than the smallest

scale of turbulence. Special techniques such as adaptive mesh refinement and/or surface tracking

are required in this case to achieve very fine grid in the neighbourhood of the flame. Moreover,

large chemical kinetic mechanisms of many hydrocarbon-based fuels usually increase greatly

the number of differential equations that need to be solved as well as add to their nonlinearity.

Therefore, for reactive flows, DNS is mostly limited to low Reynolds number flows, simplified

geometries and simple chemistry or two-dimensional (2D) turbulence. In spite of the numerical

challenges, DNS has been successfully employed as a research tool for model development and

fundamental studies of turbulent combustion [17, 18, 19, 20, 21]. In general, due to its high

computational cost, DNS is impractical for engineering problems at realistic Reynolds numbers,

even for non-reactive flows. The reader is referred to the review by Libby and Williams [22] for
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more details.

Large Eddy Simulation

An intermediate approach between RANS and DNS is offered by large eddy simulation (LES).

In LES, the equations are generally spatially filtered using a low-pass filtering procedure, and

only the large turbulent scales are calculated whereas the effects of the unresolved small scales

are incorporated using appropriate SFS models. In turbulent flows, the large structures gen-

erally depend on the geometry of the system and contain almost 80% to 90% of the energy.

On the other hand, since the smaller eddies are more isotropic and homogeneous, they are

more universal and less affected by the specific flow geometry and boundary conditions. Con-

sequently, SFS models can be more efficient and require fewer tunable coefficients when they

only need to describe the smaller scales [23, 24]. Moreover, in LES, unsteady large scale mixing

between reactants and products is calculated directly instead of being represented by a simpli-

fied gradient-based diffusion model as in RANS-based methods [14]. For these reasons, LES

is viewed as a powerful alternative for practical reactive flow predictions with the potential to

represent phenomena such as combustion instabilities, as the instabilities are dominated and

mainly controlled by the large eddies [25]. For non-reactive flows, LES has today been widely

studied while it can be said to be in an early stage of development for reactive flows.

LES Subfilter-Scale Combustion Modelling

As mentioned previously, the large range of length scales and very complicated flow patterns

in practical turbulent combustion systems make the DNS treatments impossible for practical

combustion applications. Note that in the RANS calculation, the averaging procedure applies

equally to all different length scales, so that no length scale is favoured over any other. In LES,

as explained previously, only flow features that are smaller than the filter width are modelled.

So although LES is a more computationally expensive method than RANS, this technique has

significant advantages for modelling of reactive flows. Besides the advantages described in the

previous section, for reactive flows, LES has demonstrated improved accuracy in the prediction

of scalar mixing process and dissipation rates, especially for complex flows [26]. While LES of

turbulent combustion was developed in 1990s and so is a relatively new field, it has already been

applied to wide range of combustion problems, including pollutant emissions [27, 28], combustion

instabilities of laboratory-scale burners [29, 30] and gas turbine combustors [31, 32], gas turbine

combustor modelling [33, 15] and combustion flashback and blow-off [34]. Nevertheless, the

modelling complexity of this technique has prevented it to reach its full capability in prediction

of complex industrial applications.
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The main issue for LES modelling of premixed flames is that typically, the flame thickness is

much smaller than the LES filter width. So no portion of the chemical source term can be

resolved by the LES grid. As a result, combustion models for the reaction term should be

provided by the SFS level. Unfortunately, the available SFS models for combustion LES are

not yet fully developed, particularly for flames outside the flamelet regime, and the predictive

potential of LES for reactive flows has not been realized. In this thesis, some of the main

modelling approaches for the chemical source term in premixed combustion are highlighted and

assessed. New approaches to LES reaction rate modelling for premixed flames are also proposed

and evaluated.

1.2 Thesis Motivation and Objectives

The objective of this thesis is to first evaluate and improve the LES SFS modelling of the inter-

actions between turbulence and chemistry in turbulent premixed flames and then subsequently

to understand the qualitative and quantitative behaviour of premixed flames in a turbulent

flow. In particular, we want to see if LES and appropriate SFS models are capable of pro-

viding qualitative and quantitative descriptions of the dynamic behaviour of the flame front

and the associated burning rate when subjected to turbulence as compared with experimental

observations.

Although a few comparative studies of LES combustion models have been performed recently [35,

36, 37], there have been few head-to-head comparisons of different SFS modelling approaches.

More studies are needed to improve LES for premixed combustion and identify weaknesses and

strengths of the available modelling approaches. In this study, for modelling the interplay of

turbulence and chemistry, both algebraic- and transport-equation variants of the flame surface

density (FSD) model [38, 39], the presumed conditional moment (PCM) with flame prolongation

of intrinsic low-dimensional manifolds (FPI) tabulated chemistry [40], or so-called PCM-FPI

model [41, 42, 43], and conditional source-term estimation (CSE) approach [44, 45] using a two-

dimensional flame-generated manifold (2D-FGM) [46] chemistry database, are considered and

compared.

The FSD model used herein is a flamelet-based model which is coupled with simple one-step

chemistry. In this case, one transport equation for the reaction progress variable is solved

and the mass fraction of each species is derived based on the stoichiometric one-step reaction

equation and the progress variable. Solving transport equations for other species is an alternative

approach in order to allow for complex chemical kinetic schemes. Another option is use of LES

FSD model with tabulated chemistry generated from one-dimensional laminar flamelets [47].
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This approach has the advantage of obtaining detailed chemical features with a relatively low

computational cost.

The limiting assumption of a flamelet-based model is that the turbulent flame is assumed to

be locally laminar. While flamelet-based models can perform well in the flamelet combustion

regime, their predictions are expected to diverge from the experimental observations outside of

this regime (i.e., within the thin and broken reaction zones regimes). When and precisely how

the models such as the FSD model fail outside of the flamelet regime is uncertain. It is also both

instructive and important to compare algebraic and transported FSD models, as the former is

based on equilibrium considerations and the latter incorporates full non-equilibrium transport of

the flame surface by the turbulence. Such comparisons can bring to light the relative importance

of non-equilibrium transport in turbulent premixed flames.

The PCM-FPI approach is another flamelet-based model which takes into account the effect

of complex chemistry without solving directly all of the species transport equations. This

allows the treatment of more complex chemical kinetics at a significantly reduced computational

cost. In this approach, the conditionally-filtered variables are determined by using a presumed

probability density function (PDF) model. Moreover, the use of a PDF of the progress variable

based on the laminar flame structure is shown here to provide superior predictions to those of

the widely-used β-PDF.

The CSE approach also takes advantage of tabulated chemistry, but unlike the FSD and PCM-

FPI techniques, this model is a non-flamelet-based model which does not include any assumption

about the flame being a thin flamelet. Therefore, it is theoretically applicable to flames outside

of the flamelet combustion regime which is the case in most combustion devices. The CSE model

is in fact a conditional moment closure (CMC)-based approach that utilizes the CMC hypothesis

to represent turbulence-chemistry interactions. The difference between CSE and CMC models is

that unlike CMC, in CSE, transport equations are not solved for the conditional scalar field. A

dynamic approach is used to obtain these quantities via solution of an inverse integral problem.

Here, a reduced chemical kinetic model, based on a 2D-FGM approach [46], and modified laminar

flamelet presumed PDF (MLF-PDF) [48, 49], has been coupled with the CSE model and applied

to LES of several laboratory-scale turbulent premixed flames.

Previously, CSE has been successfully applied to non-premixed flames [44, 45, 50, 51, 52,

53]. More recently, the combustion model was applied to premixed turbulent flames for RANS

simulations [54, 55] and a priori DNS of premixed combustion [56]. Additionally, the CSE

model was very recently formulated and applied to a series of turbulent lifted jet flames [57]

and moderate or intense low oxygen dilution (MILD) combustion devices [58]. In particular, the
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present study represents the first application of the CSE model of Bushe and Steiner [44, 45]

to LES of premixed flames. Hence, it is of a great interest to analyze the performance of CSE

outside of the flamelet combustion regime compared to two other models and to evaluate the

importance of tabulated chemistry and other modelling assumptions. As will be shown, the

CSE model is found to be stable and converges to physically meaningful results [59].

In this thesis, the predicted LES solutions for each combustion model are compared to avail-

able experimental data of Yuen and Gülder [3], for a number of laboratory-scale axisymmetric

Bunsen-type turbulent premixed methane-air flames. Both equivalence ratio and turbulence

intensity of the reactant methane-air mixture are varied producing a total of six computational

cases. The six flames correspond to conditions ranging from the upper limit of the flamelet

regime to well within the thin reaction zones regime of the standard regime diagram for pre-

mixed flames [6, 26, 60]. This comparison allows the relative importance of deviations from

the standard flamelet assumption to be assessed for flames outside the flamelet regimes. The

capabilities of each SFS combustion model to predict observed behaviour is assessed and the

findings are discussed.

1.3 Overview of Thesis

The content of this thesis is organized into eight chapters. In this first Chapter, a general

overview and introduction has been provided. Following this introduction, Chapter 2 presents

the filtered governing equations for turbulent premixed flames which are solved by numerical

methods as part of the LES procedure for premixed flames. Different modelling approaches and

SFS models for each term are also summarized and presented in this chapter. In Chapter 3,

a brief review of the FSD model is given. Chapter 4 describes the PCM-FPI approach and

presents the different presumed PDFs adopted herein for the reaction progress variable. Chap-

ter 5 details the CSE combustion model methodology for LES of turbulent premixed flames

and discusses the 2D-FGM chemistry tabulation technique. In Chapter 6, the finite-volume

numerical solution method and computational tools used for these calculations are given. In

Chapter 7, the chosen test cases and simulation results for different SFS modelling approaches

are described and discussed, and the numerical results for the Bunsen-type flames are further

compared with experimental observations. Finally, the conclusions of this work are summarized

in Chapter 8 along with the outlook for future study.



Chapter 2

Filtered Governing Equations for LES

of Turbulent Premixed Combustion

This chapter provides a brief summary of the mathematical description used herein to perform

large eddy simulations of turbulent premixed flames for gaseous fuels. The Favre-filtered form

of the Navier-Stokes equations governing a compressible and thermally perfect reactive mixture

of gases are introduced and the various SFS modelling approaches used herein for representing

the unclosed terms are described.

2.1 LES Filtering

Large eddy simulations of turbulent flows are based on separation of scales in such a way that

the small scale motions are removed. Their influence is then modelled while the large scale

eddies are directly resolved. The most common approach in LES is to use a low-pass spatial

filter defined as a convolution integral product that is applied to the governing equations. Other

procedures include partial statistical averaging and conditional averaging [61].

In LES, all solution quantities, φ, are filtered in the spectral space (components greater than

a given cut-off frequency is suppressed) or in the physical space (weighted averaging in a given

volume). Flow quantities are then divided into resolved quantities and the subfilter-scale com-

ponents using a spatial filtering operator. Following Leonard [62], the filtering operation can be

defined by

φ̄(x, t) =

∫∫∫
Vsf

F
(
x− x′;∆(x)

)
φ(x′, t) d3x′ , (2.1)

where φ̄ is the filtered value of the solution quantity, x = (x, y, z) is the position vector, t is the

time coordinate, F is the LES filter function, ∆ is the filter vector which represents the filter

13
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width in x, y and z directions, Vsf is the subfilter volume, and d3x′ stands for dx′ dy′ dz′ and

represents the volume element. Standard filters include a cut-off filter in the spectral space, a

box filter and a Gaussian filter in the physical space. All of these filters satisfy the condition∫∫∫
Vsf

F
(
x− x′;∆(x)

)
d3x′ = 1 . (2.2)

The three-dimensional (3D) spatial filter can also be written as a product of one-dimensional

filter functions, fi, in each coordinate direction, as,

F
(
x− x′;∆(x)

)
=

3∏
i=1

fi
(
xi − x′i;∆i(x)

)
. (2.3)

Here, ∆i(x) is the filter width in each direction.

A mass-weighted Favre filtering for compressible flows is usually introduced as

φ̃(x, t) =
ρφ(x, t)

ρ̄
=

1

ρ̄

∫∫∫
Vsf

ρF
(
x− x′;∆(x)

)
φ(x′, t) d3x′ , (2.4)

where φ̃ is the Favre-filtered variable. The Favre filtering is favourable for compressible flows as

when applied to the compressible form of the continuity equation, governing the conservation

of mass for a fluid, no additional unclosed term are introduced. Applying the Favre filtering

approach to the instantaneous balance equations yields the corresponding equations for filtered

variables which will be detailed in the ensuing sections.

While explicit filtering strategies allow greater control over numerical and filtering errors [63],

an implicit filtering strategy is more commonly used in practical LES applications and will be

adopted herein. In implicit filtering, the filter operation is not explicitly defined and the filter

width, ∆, is directly related to the mesh size. The computational mesh and the numerical dis-

cretization scheme act as a LES low-pass filter operator. In the present work, the characteristic

filter width is computed as ∆=2(∆x∆y∆z)1/3 [64], where ∆x, ∆y and ∆z are mesh spacings

in each of the three directions. With implicit filtering methods, it is essential to insure that the

truncation errors are smaller than the SFS quantities.

2.2 Filtered Conservation Equations

Using the procedure outlined above, the filtered form of the Navier-Stokes conservation equations

governing a compressible reactive gaseous mixture can be derived. These filtered equations

represent the conservation of mass, momentum, total energy, and mass fraction of species α for
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the gas and can be written as

∂ρ̄

∂t
+

∂

∂xj
(ρ̄ũj) = 0 , (2.5)

∂

∂t
(ρ̄ũi) +

∂

∂xj
(ρ̄ũiũj + δij p̄)−

∂τ̌ij
∂xj

= ρ̄gi +
∂σij
∂xj︸︷︷︸
I

+
∂

∂xj
(τ̄ij − τ̌ij)︸ ︷︷ ︸

II

, (2.6)

∂

∂t
(ρ̄Ẽ) +

∂

∂xj
[(ρ̄Ẽ + p̄)ũj ]−

∂

∂xj
(τ̌ij ũi) +

∂q̌j
∂xj

= ρ̄ũigi −
∂

∂xj
[ρ̄(h̃suj − ȟsũj)]︸ ︷︷ ︸

III

+
∂

∂xj
(τijui − τ̌ij ũi)︸ ︷︷ ︸

IV

− ∂

∂xj
(q̄j − q̌j)︸ ︷︷ ︸
V

− 1

2

∂

∂xj
[ρ̄(ũjuiui − ũj ũiui)]︸ ︷︷ ︸

VI

− ∂

∂xj
[

Ns∑
α=1

∆h0fα ρ̄(Ỹαuj − Ỹαũj)] ,︸ ︷︷ ︸
VII

(2.7)

∂

∂t
(ρ̄Ỹα) +

∂

∂xj
(ρ̄Ỹαũj) +

∂J̌j,α

∂xj
= − ∂

∂xj
[ρ̄(Ỹαuj − Ỹαũj)]︸ ︷︷ ︸

VIII

− ∂

∂xj
(J̄j,α − J̌j,α)︸ ︷︷ ︸

IX

+ ¯̇ωα︸︷︷︸
X

, (2.8)

p̄ = ρ̄ŘT̃ +

Ns∑
α=1

Rαρ̄(ỸαT − ỸαT̃ )︸ ︷︷ ︸
XI

, (2.9)

where ρ̄ is the filtered mixture density and ũj and xj are the j-th components of the Favre-filtered

mixture velocity and the position vector, x, respectively. Moreover, p̄ is the filtered mixture

pressure, τ̌ij denotes the resolved viscous stress tensor, τ̄ij is the filtered viscous stresses, gi is

the acceleration due to gravity, and σij is the SFS stress tensor. The symbol Ẽ denotes the

Favre-filtered total mixture energy, q̌j is the resolved total heat flux, ȟs is the mixture sensible

enthalpy, Ns is total number of species, and ∆h0fα and Ỹα are the heat of formation at a reference

temperature, T0, and Favre-filtered mass fraction of species α, respectively. The mixture sensible
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enthalpy is calculated as follows

hs =

Ns∑
α=1

Yαhsα , (2.10)

where

hsα = hα −∆h0fα =

∫ T

0
Cpα(T ) dT . (2.11)

Here, Cpα is heat capacity of species α at constant pressure. In Equation (2.8), J̌j,α and J̄j,α

are the resolved and filtered diffusive fluxes of species α in the j-th direction, respectively, and
¯̇ωα is the filtered reaction rate for species α. The gas constant for species α is represented by Rα

and Ř is the mixture gas constant, which can be calculated in terms of filtered mass fractions

as Ř = R
∑Ns

α=1 Ỹα/Mα. Here, R is the universal gas constant (8.314 J ·mol−1 ·K−1) and Mα

is the molecular mass of species α.

The Favre-filtered total energy is defined as

Ẽ = ȟs −
p̄

ρ̄
+

Ns∑
α=1

∆h0fα Ỹα +
1

2
ũiũi + k∆ , (2.12)

where k∆ is the SFS turbulence kinetic energy,

k∆ =
1

2
(ũiui − ũiũi) . (2.13)

The SFS stress tensor presented in Equation (2.6) is given by

σij = −ρ̄ (ũiuj − ũiũj) . (2.14)

From Equations (2.13) and (2.14), it follows that k∆ is related to the trace of the SFS stress

tensor as

σii = −2ρ̄k∆. (2.15)

In the above equations, the check accent (̌ ) denotes quantities that are evaluated in terms

of filtered variables. Thus, the viscous stress tensor, heat flux and species molecular flux are

defined as follows:
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τ̌ij = 2µ̌

(
Šij −

1

3
δijŠll

)
, (2.16)

q̌j = −λ̌ ∂T̃
∂xj

− ρ̄

Ns∑
α=1

ȟαĎα
∂Ỹα
∂xj

, (2.17)

J̌j,α = −ρ̄Ďα
∂Ỹα
∂xj

, (2.18)

where Šij= 1
2 (∂ũi/∂xj + ∂ũj/∂xi), is the strain rate tensor corresponding to the filtered veloc-

ity, and µ̌, λ̌, and Ďα are the mixture molecular viscosity, mixture thermal conductivity and

molecular diffusivity of species α, corresponding to values at temperature T̃ . Wilke’s mixture

rule [65] can be used to calculate the molecular viscosity for the gaseous mixture and Mason

and Saxena’s [66] rule is adopted here to compute the mixture thermal conductivity. Species

molecular diffusivities are evaluated using the corresponding Schmidt numbers for each species.

2.3 Closures and Subfilter-Scale Modelling

Referring to Equations (2.5) to (2.9) presented in Section 2.2 above, the unclosed quantities

(terms I to XI) require modelling. It can be assumed that the filtered viscous stresses τ̄ij , total

heat fluxes q̄j and species fluxes J̄j,α are well approximated by τ̌ij , q̌j and J̌j,α, respectively.

As a result, terms II, V and IX may be neglected. Vreman et al. [67, 68] performed a priori

test of the compressible plane mixing layer at Mach numbers in the range 0.2 to 0.6 to assess

the magnitude of SFS terms in LES. They showed that terms resulting from the non-linearities

of diffusion terms are negligible. For example, for conservation of momentum equation, they

showed that term II is an order of magnitude smaller than term I. Using similar assumptions as

for term II, terms V and IX can also be neglected. The subfilter-scale viscous diffusion (term

IV) is much smaller than the other terms in the equation and so can also be neglected [69].

Additionally, the subfilter temperature-species correlation term (term XI) is generally assumed

to be small and so is neglected.

The SFS turbulent diffusion (term VI) is modelled as follows [70]

−
ρ̄
(
ũjuiui − ũj ũiui

)
2

= σij ũi . (2.19)

Term VII contains term VIII (the SFS species fluxes) so it is closed using a model for the SFS

species fluxes term. The remaining SFS terms require special attention since their modelling is
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more challenging. These terms include the SFS stresses, σij , the SFS species flux, Ỹαuj−Ỹαũj ,
the SFS enthalpy (heat) flux, h̃suj−ȟsũj , and the filtered reaction rate of species α, ¯̇ωα. The

different closure approaches for each of these terms are discussed in the following sections.

2.3.1 Subfilter-Scale Stresses

In the vast majority of LES studies, unresolved momentum fluxes are expressed using an eddy-

viscosity-like assumption based on Boussinesq’s hypothesis. The role of these SFS models is to

reproduce the exchange of energy between the resolved and unresolved stresses by mimicking

the transfer of energy from large to small scales that is associated with the energy cascade [24].

Two examples of such SFS models are the Smagorinsky model [71] and one-equation eddy-

viscosity model [72], which are both described below. Another approach that have been used

for SFS stress modelling is the scale-similarity model first introduced by Bardina et al. [73]. This

model is based on the hypothesis that the structure of largest subfilter scales and the smallest

resolved scales are similar. The model allows back-scatter of energy from the small scales to

the large scales. Scale-similarity models have corrected near-wall behaviour [74], however, they

undercalculate the energy dissipation. In order to have a more accurate energy dissipation,

Bardina et al. [73] introduced the mixed model which is a combination of the Smagorinsky and

the scale-similarity model. Another improvement in SFS modelling of stresses is the introduction

of eddy-viscosity models with varying coefficient in time and space dynamically. This model

developed by Germano et al. [23] for incompressible flows was applied to the Smagorinsky eddy-

viscosity model and is often referred to as the dynamic Smagorinsky model (DSM). The DSM was

extended for compressible turbulence by Moin et al. [75]. While being generally more accurate

than the constant-coefficient Smagorinsky models, one of the disadvantages of the dynamic

models is their increased computational time as two levels of filtering must be employed. Zang

et al. [76] used the idea of dynamic coefficients of Germano et al. [23] with the mixed model

of Bardina et al. [73] and created the dynamic mixed model (DMM). Other alternatives to the

Smagorinsky model include the structure-function models developed by Métais and Lesieur [77,

78, 79]. These models determine the SFS eddy viscosity based on a theoretical analysis of

turbulence in spectral space. The velocity reconstruction model [80, 81, 82] is another approach

in which the unfiltered velocity is estimated directly.

Two different subfilter eddy-viscosity models are considered in this work. The Smagorinsky

model and the subfilter k-equation model are both used here and are therefore explained in

greater detail in the following sections.
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Smagorinsky Model

The most commonly used SFS eddy-viscosity model is the Smagorinsky model [71]. In this

model, the eddy-viscosity, νt, is obtained assuming that the small scales are in equilibrium with

the large scales and they instantaneously dissipate all the energy received from the large resolved

scales. Therefore, the energy production and dissipation are in balance. The Smagorinsky model

for Favre-filtered compressible flows takes the form

σij −
1

3
δijσll = 2ρ̄νt(Šij −

1

3
δijŠll) , (2.20)

where

νt = (l)2|Š| , |Š| =
√

2ŠijŠij , Šij =
1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
.

In the Smagorinsky model, the SFS turbulent length scale corresponds to l = Cs∆, where ∆

is the LES filter width and Cs is the Smagorinsky coefficient. In this model, a mixing-length

assumption is made where ∆ is taken to be the mixing length and C2
s∆|Š| as the mixing velocity.

The value of Cs is calculated from isotropic turbulence decay. There is no universal agreement

on the optimal value of the Smagorinsky constant due to its dependency on the flow conditions.

This value which is determined by Lilly [83], has been modified over the years [84, 85, 86] in

order to compensate the over-prediction of near-wall stress. Commonly used values for the

Smagorinsky constant, Cs, are between 0.1 and 0.25 [87, 24, 88, 89, 90].

The Smagorinsky model is entirely dissipative. Thus, it only allows transfer of energy from the

resolved to subfilter scales. Hence it is not able to predict back-scatter which is the transfer of

energy in the reverse direction. Additionally, this model does not perform well near the wall

where the damping effects of the wall become important [91]. Damping functions has been

proposed in the literature in order to overcome this limitation [90].

The trace of the SFS tensor (which is connected to the SFS turbulent kinetic energy) is modelled

here based on Yoshizawa’s expression [92] and is given by

σll = 2ρ̄CI∆
2|Š|2 . (2.21)

Small values are considered for CI in the literature including CI = 0.09 [69], CI = 0.0066 [88]

and CI = 0.005 [23]. Erlebacher et al. [93] has shown that this term is small compared to the

thermodynamic pressure.
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k-Equation Model

One approach to improving the predictions of the Smagorinsky model is offered by a one-

equation turbulent kinetic energy model which has been proposed and developed by a number

of authors [94, 95, 96, 97, 98]. This SFS eddy-viscosity model relates νt to the SFS turbulent

kinetic energy, k∆. As such, it requires the solution of an additional transport equation for k∆.

The one-equation model permits the non-equilibrium effects at the SFS level to be considered.

The SFS stresses are modelled as

σij = 2ρ̄νt

(
Šij −

1

3
δijŠll

)
− ρ̄

2

3
δijk∆ , (2.22)

where

νt = Cv

√
k∆∆ . (2.23)

A transport equation for the turbulent kinetic energy, k∆, is then taken to have the form

∂

∂t
(ρ̄k∆) +

∂

∂xi
(ρ̄k∆ũi) = σijŠij −

Cϵρ̄k
3/2
∆

∆
+

∂

∂xi

[
ρ̄

(
ν̌ +

νt
Prt

)
∂k∆
∂xi

]
, (2.24)

and used to determine k∆. The terms on the right hand side are production, turbulent dissi-

pation, viscous dissipation and turbulent diffusion, respectively. In Equation (2.24), Prt is the

turbulent Prandtl number for the subfilter turbulent transport of k∆ and Cv and Cϵ are the

closure coefficients of the model. Schmidt and Schumann [99] proposed values of constants as

Cv = 0.086, Cϵ = 0.845 and Prt = 0.25. Yoshizawa [94] considered Cv = 0.09, Cϵ = 1.0 and

Prt = 1.0. They also neglected the molecular diffusion term. Kim and Menon [100] and Ghosal

et al. [101] dynamically calculated the model coefficients.

As k∆ is strictly non-negative (k∆ ≥ 0), the one-equation model is also strictly dissipative.

Thus, there is again no back-scatter as represented by negative values in the SFS viscosity.

Moreover, for a fully resolved flow, SFS turbulent viscosity vanishes. One disadvantage of the

one-equation model compared to the algebraic approaches is its extended computational cost

associated with the requirement for the solution of an additional transported scalar.

2.3.2 Subfilter-Scale Scalar Transport

The SFS species flux, (Ỹαuj−Ỹαũj), and the SFS enthalpy (heat) flux, (h̃suj−ȟsũj), terms are

modelled herein using standard gradient approximations for turbulent scalar transport as given

by (
Ỹαuj − Ỹαũj

)
= − ρ̄νt

Sct

∂Ỹα
∂xj

, (2.25)
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and (
h̃suj − h̃sũj

)
= − ρ̄νt

Prt

∂h̃s
∂xj

, (2.26)

where Sct is the turbulent Schmidt number. Here, Prt and Sct can be assumed to be constant

or they can be computed dynamically [75, 102, 103]. The value for Prt is typically between 0.7

to 0.9 [104]. A value of 1.0 has been suggested for Sct in the literature [39, 105, 106].

Note that gradient-based models are not always valid for SFS scalar transport in turbulent pre-

mixed flames, where the counter-gradient transport may occur instead [107]. Counter-gradient

transport is a pressure-driven effect which is caused by thermal expansion due to heat release

inside the flame. The velocity increase inside the flame brush induces a pressure gradient which

accelerates the lower-density products in preference to the higher-density reactants. This effect

transports the gases in the opposite direction predicted by gradient hypothesis [108]. Counter-

gradient transport in premixed flames was first observed experimentally by Moss [109]. Heitor

et al. [110] also confirmed the occurrence of counter-gradient transport experimentally. Boger

et al. [38], Veynante et al. [111], Rutland and Cant [112] and Tullis and Cant [113] filtered DNS

data in order to study the importance of counter-gradient transport in LES. For LES, the flame

is partially resolved by the grid, the counter-gradient transport effect is less important compared

to RANS and part of the counter-gradient effect is resolved on the mesh [38].

2.3.3 Filtered Reaction Rate Modelling

Closure of the non-linear chemical source term is the main challenge in reactive flow modelling.

For premixed flames, this issue is exacerbated by the fact that the flame thickness is generally

much smaller than the LES filter size, ∆. It therefore follows that the progress variable is a very

stiff function of space and the flame front cannot be resolved by the grid. Moreover, the reaction

rate is a highly nonlinear function of thermo-chemical variables through the thin laminar flame

profile. The issue is also strongly affected by turbulence which wrinkles the flame and increases

mixing, forming complex interactions.

Many different models have been proposed for turbulence-chemistry interactions. These models

range from simple algebraic models [114] to flamelet models [46, 40, 115, 41, 42, 43], conditional

moment closure [116], and transported PDF models [117, 17]. Algebraic models are generally

not as accurate as other models. The limiting assumption of flamelet models is that the flame

is thin and locally laminar, which becomes questionable away from the traditional flamelet

regime [6]. CMC is a more general approach as compared to flamelet models. Conditional

moments are used to close the chemical reaction source terms; however, the transport equations

for these conditional averages have several unclosed terms. These require modelling and there are
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uncertainties in their treatment. Transported PDF models theoretically can provide a “perfect”

closure for chemical reaction source terms; however, the transport equation for the joint PDF

of the scalars/scalars-velocity is unclosed and closure models are still needed. The following

sections provide a brief explanation of common approaches for chemical source-term modelling

relevant to premixed flames.

Zeroth-Order Closure or Arrhenius Approach

A very simple approximation is based on the assumption that the filtered reaction rate is a

function of the filtered quantities resulting in the following expression for the reaction rate by

the Arrhenius law:

ω̇(T, Y, ρ) ≈ ω̇(T̃ , Ỹ , ρ̃) . (2.27)

This zeroth-order closure approximation may be valid for very small temperature and species

fluctuations [118] or where chemical times are comparable to flow times, such as supersonic

reactive flows [13]; but in most situations, it leads to unacceptable errors in the filtered reaction

rate by several orders of magnitude [119].

LES-EBU Model

Another approach to the modelling of the reaction rate, ¯̇ω, is offered by simple algebraic closure

models which are computationally very cheap compared to other methods. These models are

usually based on eddy break-up (EBU) concept as first introduced by Spalding [120] and applied

to LES by number of other researchers [121, 122, 123, 124]. For premixed flames, the EBU model

may be recast as

ω̇ = CEBUρ̄
1

τ∆t
c̃(1− c̃) , (2.28)

where CEBU is eddy break-up model constant and τ∆t is the SFS turbulent time scale, estimated

as

τ∆t ≈ ∆√
k∆

. (2.29)

This model assumes very fast chemistry, so that the mean reaction rate is only controlled by

the rate of turbulent mixing process and not by the chemistry. A primary disadvantage of the

model is the feature that the reaction rate predicted by this model is insensitive to chemical

reactions. Another drawback is that the model constant needs to be re-calibrated for each case

since it is strongly dependent on the flow conditions and mesh size [13]. In the RANS context,

the EBU model has demonstrated deficiencies such as overestimation of the reaction rate in

regions of high shear which can lead to nonphysical solutions [13].
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G-Equation Model

The G-equation approach was first introduced by Markstein [125]. This model is closely related

to flamelet assumption in the sense that the flame is assumed sufficiently thin and the flame

front is considered as a surface propagating in the flow. The flame-turbulence interactions are

de-coupled from chemistry in this approach. The flame front position is tracked using a field

variable, G. The spatial location of the flame surface is represented by a given isosurface of

G which is fixed at some chosen value G = G∗ [126]. The G-equation has been used in both

RANS [6] and LES [127, 128, 129] of reactive flow simulations.

The coupling of the level-set approach for the G-equation with a LES solution method is difficult

since the combustion model provides information only on a thin reaction zone and not for the

filtered flame structure. Kerstein et al. [130] proposed a Favre-filtered G-equation model which

is written as
∂

∂t
(ρ̄G̃) +

∂

∂xi
(ρ̄ũiG̃) = ρusT|∇G̃| . (2.30)

In the above equation, the turbulent flame speed, sT, must be modelled. One modelling difficulty

is that the turbulent flame speed is not defined properly and no universal model is available. In

addition, the flame is only represented by a surface and extending of G-equation developed for

corrugated flamelet regime for the thin reaction zone regime is a challenging problem.

Damköhler [131] related the increase of the turbulent wrinkled flame area over the cross-sectional

area to the increase of flow velocity over the laminar flame speed, and defined the following

expression for the turbulent burning rate

sT
sL

= 1 +
u′

sL
. (2.31)

A modified empirical correlation to Equations (2.31) which matches with a wide range of ex-

perimental studies is given [2]
sT
sL

= 1 + C

(
u′

sL

)n

, (2.32)

where C and n are constant coefficients. The exponent n is often considered to be around

0.7 [8]. These two coefficients can also be determined dynamically as part of the numerical

simulation [103].

Pitsch [129] proposed a new formulation for G in LES by considering that a level-set, G = G∗

already represents the filtered flame position. As a result, G does not have to be filtered. The

resulting G-equation, which is applicable to the corrugated flamelet and thin reaction zones
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regime, has the form
∂Ǧ

∂t
+ û · ∇Ǧ = − (sL+sκ)n · ∇Ǧ , (2.33)

where Ǧ is a level-set representation of the filtered flame front, û is the filtered velocity condi-

tioned on G = G∗, sκ is the curvature contribution to the flame propagation speed, and n is

the unfiltered flame-front normal unit vector. The conditionally filtered velocity, û, is modelled

in terms of the Favre-filtered velocity, ũ. The propagation term is modelled as

(sL+sκ)n = (sT −Dκκ̌+ ŝL −Dκ̌) ň , (2.34)

where ň is the normal unit vector to the surface at G = G∗ and κ̌ is the curvature of the surface.

sT and Dκκ̌ represent the contribution from normal propagation and curvature at the subfilter

scale, respectively, while ŝL and Dκ̌ are the contributions from the resolved scales. Here, Dκ is

related to the SFS turbulent diffusivity, Dt.

Flame Surface Density (FSD) Model

Another approach to the modelling of turbulence-chemistry interactions in premixed flames is

again based on ignoring the flame internal structure and complex chemistry and representing

the combustion occurring at a thin flame front. The concept of flame surface density for LES has

been independently developed by Boger et al. [38] and Hawkes and Cant [132]. A model based

on a flame wrinkling factor for LES has been also presented by Weller et al. [133]. Different

algebraic variants have been proposed for the FSD based on the equilibrium assumption. These

include algebraic models of Boger et al. [38], Charlette et al. [134] and Angelberger et al. [135].

Knikker et al. [136] used a similarity model to estimate the SFS FSD. Alternatively, modelled

transport equations are also provided. Marble and Broadwell [137] solved a modelled transport

equation for FSD of nonpremixed flames which is called coherent flame model (CFM). Pope [138]

and Candel and Poinsot [139] derived an exact but unclosed formulation for the FSD. Several

models and strategies have been proposed for transported FSD in RANS [140, 141, 142]. Hawkes

and Cant [143, 39] investigated a FSD transport equation for LES of turbulent premixed flames.

Richard et al. [144] validated FSD equation for LES and a spark ignition model for piston engine

applications.

The flame surface density is one of the approaches which is studied quite extensively in this

work. Therefore, the model will be explained in greater details in Chapter 3 to follow.
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Artificially Thickened Flame Model

To resolve the flame on a coarse LES grid, artificially thickened flame approach was introduced

by Butler and O’Rourke [145]. In this method, an artificial thickening factor is applied to the

flame front so the flame can be resolved by LES filter while the laminar flame speed is constant.

Thickened flame model has been applied to LES of premixed flames by Thibaut and Candel [146]

and Veynante and Poinsot [147]. Recently, Hernández Pérez [148] implemented and studied the

thickened flame model for LES of hydrogen-enriched premixed methane-air flames.

For laminar premixed flames, the flame speed, sL, and the flame thickness, δL, may be expressed

in terms of the molecular diffusivity and reaction rate as defined by Equations (1.4) and (1.5). If

the molecular diffusivity is multiplied by a factor of F , and the mean reaction rate is decreased

by F , the flame thickness increases by F while the flame speed is constant. The thickened flame

is then resolvable on a LES computational mesh. By thickening the flame while the flame speed

stays constant, Damköhler number, Da, is decreased by a factor F (Equation (1.10)). So the

flame becomes more insensitive to turbulence motions [13] and the scales smaller than the flame

thickness cannot produce significant flame stretch [11]. An efficiency function, EF, is considered

to account for this effect. This function relates the actual flame stretch to the thickened flame

stretch. The resulting modified balance equation for each chemical species reads as

∂

∂t
(ρ̄Ỹα) +

∂

∂xj
(ρ̄Ỹαũj) =

∂

∂xj

(
EFF Ďα

∂Ỹα
∂xj

)
+
EF

F
¯̇ωα . (2.35)

The filtered reaction rate, ¯̇ωα, is expressed using the Arrhenius law. Thickened flame model is

capable of predicting phenomena such as flame-wall interactions. This approach can also deal

with a more complex chemistry [25].

In Equation (2.35), the efficiency function is defined as [25, 135]

EF =
Ξ(δL)

Ξ(δ1L)
, (2.36)

where Ξ(δ1L) and Ξ(δL) are the SFS wrinkling factors corresponding to thickened and actual

flames, respectively. In a study by Hernández Pérez [148] on LES of turbulent premixed

laboratory-scale Bunsen flames, it is shown that the thickened flame model has deficiencies

in prediction of flame wrinkling and therefore the flame height and resolved curvature. They

showed that even with a relatively small value of the thickening factor, which was taken to

be as small as 3 in their study, the flame exhibits significantly less wrinkling compared to the

experiments and this leads to an over-prediction of the flame height and under-prediction of the
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resolved curvature. Larger deficiencies were observed for larger values of the thickening factor

(∼ 20) as are more commonly used in the literature.

Transported Probability Density Function Methods

Probability density function methods provide a statistical approach to resolving the closure

problem for the filtered reaction rate. For a given location, x, and at a given time, t, P (φ∗;x, t)

is defined as a probability of finding φ within [φ∗−∆φ/2,φ∗+∆φ/2] where φ=[φ1, φ2, . . . , φNs ]

is the array of scalars such as species mass fractions and temperature and φ∗ represents the

sample space variable for φ. The PDF should also satisfy the condition∫
φ∗
1,φ

∗
2,..φ

∗
Ns

P (φ∗
1, φ

∗
2, ..φ

∗
Ns

;x, t)d(φ∗
1, φ

∗
2, ..φ

∗
Ns

) = 1 . (2.37)

The Favre-filtered reaction rate for the species α can then be defined by a joint Favre subfilter

PDF, P̃ , and expressed as

˜̇ωα(x, t) =

∫
φ∗
1,φ

∗
2,..φ

∗
Ns

ω̇α(φ
∗
1, φ

∗
2, ..φ

∗
Ns

)P̃ (φ∗
1, φ

∗
2, ..φ

∗
Ns

;x, t)d(φ∗
1, φ

∗
2, ..φ

∗
Ns

) . (2.38)

One approach to determining the required joint PDF in such a formulation is to solve a transport

equation for the PDF itself. The advantage of such an approach is that chemical kinetics are

closed and do not require further modelling [117]. However, the method is computationally

expensive. Dopazo and O’Brien were the first to define a modelled transport equation for

PDF [149, 150]. Pope used particle models [151] and Monte Carlo methods [152] for modelling

and solving PDF transport equations. Later, Pope proposed a transport equation for the joint

PDF using Lagrangian particle-based solution algorithms [117]. For more details, the reader is

referred to the book by Pope [4]. Recent comprehensive reviews can also be found in the papers

by Haworth [153] and Haworth and Pope [154].

While most previous studies of transported PDF methods have focused on non-premixed com-

bustion [155, 156, 157, 158], some premixed flame studies have also been performed using trans-

ported PDF-based methods [159, 160, 161, 162]. Pope [119] extended PDF-based models for

application in LES and introduced the filtered probability density function (FDF). Gao and

O’Brien [163] derived a modelled equation for composition FDF. In subsequent studies, FDF

methods have been used and developed by many other researchers [164, 165, 166, 167].
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Conditional Moment Closure Technique

The conditional moment closure method was first proposed by Klimenko and Bilger [168, 169,

116]. This approach is based on the hypothesis that the fluctuations of the species mass frac-

tions, temperature or enthalpy are associated with the fluctuations of a scalar which is progress

variable in premixed flames and mixture fraction for non-premixed flames. In this method, the

conditional averages are determined by solving their transport equations [116]. A joint PDF of

velocity-scalar can also be used to arrive at transport equations for the conditional averages [116].

The CMC is a PDF-based method, so its application is not limited to the thin flamelets regimes.

The CMC approach has been widely used for non-premixed flames [170, 171, 172, 173, 174, 175],

however its application to premixed combustion is rather sparse and further study would seem

required [176, 177, 178].

Presumed Conditional Moment (PCM) Technique

Another approach to modelling the SFS interactions between turbulence and chemistry is offered

by the presumed conditional moment which was initially proposed by Vervisch et al. [179] for

RANS of turbulent jet flames. This method allows for more detailed chemistry modelling, but

maintains low central processing unit (CPU) cost by solving for a reduced number of balance

equations. In fact, PCM approach can be considered as a simplified form of CMC in which the

conditional moments are presumed instead of being solved for directly.

In order to avoid detailed chemistry calculations, various tabulation techniques can be used

in conjunction with a PCM approach. Among these techniques, one can mention the in-

trinsic low-dimensional manifold (ILDM) [180], trajectory generated low-dimensional mani-

fold (TGLDM) [181], flame prolongation of intrinsic low-dimensional manifold (FPI) [40,

182], flamelet-generated manifolds (FGM) [46, 115, 183, 184], self-similarity flame tabulation

(S2FT) [185] which is based on FPI or FGM techniques, reaction-diffusion manifold (REDIM) [186]

or invariant constrained equilibrium using pre-image curves (ICE-PIC) [187].

In the flamelet-based PCM-FPI method, which is of interest here, instead of solving a transport

equation for each species, only a few equations for a reduced set of progress variables are solved.

All the flame properties, are then tabulated as a function of a single progress variable, Yc. The

conditional reaction rates are assumed to be given by those defined by 1D laminar unstrained

premixed flame solutions. The presumed PDFs are used to estimate the mean quantities and

to couple tabulated chemistry with turbulent combustion. The marginal PDF is modelled with

good accuracy using a presumed shape that is formed by knowing the filtered mean and subfilter

fluctuations of the reaction progress variable [41, 49].
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Various simulations have been performed using PCM and tabulated chemistry in the past decade.

PCM has been used for RANS computations for both non-premixed [179] and premixed [43, 188]

turbulent flames. More recently, Domingo et al. [41], Galpin et al. [189], Fiorina et al. [190]

and Hernández Pérez et al. [37, 148] developed PCM-FPI for LES of premixed flames combined

with the β-PDF to describe the reaction rate of filtered progress variable. Vicquelin et al. [191]

used the same strategy with an alternative to the β-PDF. Salehi et al. [49] used PCM-FPI

model for LES of turbulent premixed flames using modified laminar flamelet PDF (MLF-PDF).

They demonstrated the correctness of the MLF-PDF as compared to the β-distribution. In

particular, unlike the β-PDF, the MLF-PDF is able to recover the filtered laminar flame speed

for premixed laminar flames, and is therefore a good choice. More recently, Tsui and Bushe [192]

proposed the linear-eddy model (LEM) which is a tabulated, pseudo-turbulent PDF model

for premixed combustion. They used this model to generate PDFs for a progress variable in

turbulent premixed methane-air V-flames. They also compared LEM-PDF with PDFs extracted

from DNS of a turbulent premixed flame and reported promising results. Finally, the PCM-

FPI model has also been performed for LES of turbulent non-premixed [193] and partially

premixed [194] flames.

The PCM-FPI technique will be explained in greater depth in Chapter 4 and full comparisons

of this flamelet-based model with the other combustion modelling approaches, along with the

influence of the choice of presumed PDF, will be presented in Chapter 7.

Conditional Source-Term Estimation Method

Conditional source-term estimation is another model developed to close the chemical source term

in species mass fraction transport equation. CSE was first proposed by Bushe and Steiner [44]

for non-premixed turbulent combustion. The method uses the conditional moment closure hy-

pothesis to close chemical source terms, but instead of calculating the conditional moments by

solving additional transport equations, values for the conditionally-filtered variables are deter-

mined by inverting an integral equation for each scalar using linear regularization. This inversion

is applied to each ensemble of points in the flow field assuming that the conditionally-filtered

quantities are constant in an ensemble.

The CSE method has been shown to perform well for non-premixed flames. Bushe and Steiner [44]

studied the performance of CSE in LES in an a priori calculation using DNS results with one-

step chemistry. They showed that CSE could predict the chemical source-term with reasonable

accuracy. Steiner and Bushe [45] also considered the application of CSE in LES of the turbu-

lent Sandia-D reacting jet using a two-step reduced chemical kinetic mechanism for methane-air

flames. They reported good agreement between available experimental data and the LES-CSE
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predictions of major species. In a later work, Bushe and Steiner [195] used laminar flamelet de-

composition method for CSE in an a priori test using DNS. They found that CSE can provide a

good closure for chemical source-terms in the RANS context. Moreover, laminar flamelet decom-

position method with CSE has been tested successfully in the LES of turbulent non-premixed

jet flames [52, 50, 196]. Trajectory generated low-dimensional manifold (TGLDM) has also been

used together with CSE for LES of turbulent non-premixed combustion [197, 51]. Using CSE

with TGLDM tables, Wang et al. [197] could correctly predict temperature and mass fractions

of major species with an improvement in NO prediction. Huang and Bushe [51] were also able

to successfully predict ignition delay and initial ignition kernel locations of the jet flames.

The first study of CSE for premixed flames was carried out by Jin et al. [56]. In an a priori study

using DNS data, they showed that CSE can be applied to premixed flames successfully. Salehi

et al. [54] and Dovizio et al. [55] subsequently used CSE combined with TGLDM model for

chemistry reduction in RANS simulation of a turbulent premixed Bunsen flame. They were able

to predict major species mass fraction, temperature and velocity field with sufficient accuracy.

Recently, Dovizio et al. [57] performed RANS simulations for a series of turbulent lifted jet

flames using a partially premixed formulation of CSE. Labahn et al. [58] used CSE for RANS

simulations of the Delft-jet-in-hot-coflow (DJHC) flame operating in the moderate and intense

low oxygen dilution (MILD) combustion mode. Prior to this present study, CSE has never been

applied to LES of turbulent premixed flames. The present thesis represents the first application

of this model for LES of premixed combustion combined with 2D-FGM chemistry tabulation.

Since this approach is one of the primary focuses of the current work, a more detailed explanation

of the CSE method is provided in Chapter 5.



Chapter 3

Flame Surface Density Model

In this chapter, descriptions of two variants of the flame surface density SFS model: (i) the alge-

braic model of Boger et al. [38]; and (ii) the transported FSD model of Hawkes and Cant [39], are

given. These two combustion models are considered in the model comparisons of this thesis, so

as to investigate the importance of non-equilibrium transport of the FSD by the turbulence and

to study the validity of a flamelet-based models in the different premixed combustion regimes.

3.1 FSD Approach

As noted in Chapter 2, a primary challenge in the development of LES for turbulent premixed

reactive flows is the accurate and reliable modelling of the interaction between turbulence and

chemistry and the specification of the filtered reaction rates, ω̇k. One common approach to

modelling the turbulence-chemistry interaction for premixed flames is offered by FSD-based

models. In this approach, the internal structure of the flame and detailed chemical kinetics

are for the most part ignored and the combustion occurring at the flame front is represented

in terms of a reaction progress variable, c. The progress variable takes on values in the range

0 ⩽ c ⩽ 1 with c = 0 in the fresh gases and c = 1 in the fully burnt gases and the composition

of the reactive mixture is then taken to be fully specified directly in terms of this progress

variable. The progress variable quantifies the progress of reactions and may be defined in terms

of a reduced temperature as

c =
T − Tu
Tb − Tu

, (3.1)

or in terms of a reduced fuel mass fraction as

c =
Y F − Y F

u

Y F
b − Y F

u

, (3.2)

30
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where T , Tu and Tb are local, unburnt and burnt mixture temperatures and Y F, Y F
u , and Y F

b are

local, unburnt, and burnt gas fuel mass fractions, respectively. In this approach, the transport

equation for the progress variable is then taken to have the form

∂

∂t
(ρc) +

∂

∂xi
(ρuic) =

∂

∂xi

(
ρDc

∂c

∂xi

)
+ ω̇c = ρsd|∇c| , (3.3)

where sd is the local displacement speed of the iso-surface c. Application of the LES Favre-

filtering process to this scalar equation yields

∂

∂t
(ρ̄c̃) +

∂

∂xi
(ρ̄ũic̃) +

∂

∂xi
[ρ̄(ũic− ũic̃)] = ¯̇ωc +

∂

∂xi
(ρDc

∂c

∂xi
) = ρsd|∇c| . (3.4)

In order to model the subfilter scalar transport term, a gradient based approach is used here

such that
∂

∂xi
[ρ̄(ũic− ũic̃)] = − ∂

∂xi

(
ρ̄νt
Sct

∂c̃

∂xi

)
. (3.5)

The term ρsd|∇c| in Equation (3.4) is the flame front displacement term which contains both

filtered reaction and filtered diffusion terms. This term also requires modelling. Assuming a

very thin flame front, it is modelled in terms of the product, ρ̄Σ̃, which is the flame surface area

per unit volume or flame surface density (FSD). Here, Σ̃ is the Favre-filtered flame surface area

per unit mass of the mixture. Consequently, the filtered reaction-diffusion term is approximated

as

ρsd|∇c| ≈ ρusLρ̄Σ̃ = ρusLΞ∆|∇c̄| , (3.6)

where ρu is the reactants’ density and Ξ∆ is the SFS wrinkling factor which account for the

change in local burning velocity as a result of strain and curvature effects due to turbulent

motions [198, 38]. Finally, the modelled transport equation for filtered progress variable takes

the form
∂

∂t
(ρ̄c̃) +

∂

∂xi
(ρ̄c̃ũi) =

∂

∂xi

(
ρ̄νt
Sct

∂c̃

∂xi

)
+ ρusLρ̄Σ̃ . (3.7)

The filtered quantity, ρ̄Σ̃, includes contributions from the resolved FSD and the unresolved

subfilter scales. The latter must be modelled. Both algebraic and transport equation models

have been considered for the FSD [38, 199, 135, 39]. In this work, the algebraic model due

to Boger et al. [38] and transport equation model of Hawkes and Cant [39] are studied. Both

methods are explained in Sections 3.1.1 and 3.1.2 below.
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3.1.1 Flame Surface Density Model of Boger et al.

Boger et al. [38] proposed an algebraic model for the FSD, Σ̃, based on an equilibrium assumption

between the production and dissipation of the flame area. This algebraic model is similar to the

eddy break-up and Bray-Moss-Libby (BML) formulations [200, 201], often used in the RANS

context. Boger et al. suggested the following expression for the SFS FSD:

ρ̄Σ̃ = 4a
c̃(1− c̃)

∆
, (3.8)

where a is a model parameter. While other choices for an algebraic model are certainly possible,

this rather simple model is examined in the present work. Boger et al. [38] determined a constant

value of
√

6/π for a, assuming an infinitely thin planar flame and a Gaussian LES filter. Using

DNS calculations, they showed that in more general cases, this constant is a function of the

SFS flame front wrinkling factor, Ξ∆, which depends on the LES filter width, ∆, as well as

local turbulence. Nevertheless, this dependency disappears as the filter width becomes large in

comparison with the laminar flame thickness.

3.1.2 Flame Surface Density Model of Hawkes and Cant

Models for the FSD based on a modelled transport equation are also possible. A modelled

transport equation for the FSD was proposed and developed by Hawkes and Cant [39] using a

similar approach to that of Pope [138]. This approach accounts for full non-equilibrium transport

of FSD. While detailed derivations of this transport equation are given by Hawkes [202] and also

summarized by Lin [203], the resulting modelled transport equation for Σ̃ is now summarized

here for completeness. The unclosed transport equation for the FSD can be written as

∂

∂t
(ρ̄Σ̃) +

∂

∂xi
(ρ̄Σ̃ũi) +

∂

∂xi
ρ̄Σ̃
[
(ui)s − ũi

]
= (Sres + Shr + Ssfs)ρ̄Σ̃

+ (Pres + Cres + Csfs) . (3.9)

The term (ui)s − ũi is the SFS flux of the FSD by turbulence fluctuations and is expressed as

(ui)s − ũi = −(c∗ − c̃)τsLNi −
1

ρ̄Σ̃

νt

Sct

∂

∂xi
(ρ̄Σ̃) . (3.10)

In Equation (3.10), s denotes the flame surface, Ni is the local flame surface normal in i direction,

where N = −∇c̃/|∇c̃| is the local flame normal pointing towards the reactants, c∗ is the value

of the progress variable at the flame front and τ = (Tad − Tu)/Tu is the heat release parameter.

The first term on the right hand side of Equation (3.9) represents the flame front strain caused
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by the surrounding fluid. This term consists of three strain components which are defined as

follows

Sres = (δij − nij)
∂ũi
∂xi

, (3.11)

Shr = −(c∗ − c̃)τsL
∂Ni

∂xi
, (3.12)

Ssfs = Γ

√
k∆
∆

, (3.13)

where Sres is the resolved strain term, Shr is the heat release strain term (created by expansion

associated with heat release), Ssfs is the SFS strain term, and

nij = NiNj +
1

3
(1−NkNk)δij , (3.14)

is flamelet orientation tensor whereNi, Nj andNk are local flame normals in i, j and k directions,

respectively [140]. In Equation (3.13), Γ is the efficiency function which is originally developed

by Meneveau and Poinsot [204]. This function takes into account the effect of different eddy

sizes in straining the flame [108]. An alternative to the model of Meneveau and Poinsot [204] is

defined by Angelberger et al. [135]. A curved fitted form of this model is employed in this work

as follows [205]

Γ

(
∆

δL
,
u

′

sL

)
= 0.75 exp

[
− 1.2

(u′/sL)0.3

](
∆

δL

)2/3

. (3.15)

The second term on the right hand side of Equation (3.9) takes into account the effect of

propagation and production or destruction of FSD. This term contains the resolved propagation,

Pres, the resolved curvature, Cres, and the SFS curvature term, Csfs, which are defined as follows:

Pres = − ∂

∂xi

[
sL(1 + τc∗)Niρ̄Σ̃

]
, (3.16)

Cres = sL(1 + τc∗)
∂Ni

∂xi
ρ̄Σ̃ , (3.17)

Csfs = −αβsL
(ρ̄Σ̃)2

1− c̃
. (3.18)

In the above equations, β is a model constant and α is a resolution factor that makes the term

vanish for the resolved flow [143].

Assuming c∗ = c̃ on the flame surface, the modelled flame surface density transport equation of

Hawkes and Cant can then be summarized as
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∂

∂t
(ρ̄Σ̃) +

∂

∂xi
(ρ̄ũiΣ̃)−

∂

∂xi

(
ρ̄νt
Sct

∂Σ̃

∂xi

)
= Γρ̄Σ̃

√
k∆
∆

− αβsL
(ρ̄Σ̃)2

1− c̃
+ (δij − nij)ρ̄Σ̃

∂ũi
∂xj

− ∂

∂xi
[sL(1 + τ c̃)Niρ̄Σ̃] + sL(1 + τ c̃)ρ̄Σ̃

∂Ni

∂xi
. (3.19)

The terms on the left hand side of the Equation (3.19) represent unsteady, convection and SFS

transport effects, while the terms on the right hand side represent the production/destruction

sources associated with SFS strain and curvature, resolved strain, resolved propagation and

curvature. A more complete description of the FSD model used in the present work is provided in

the recent thesis of Lin [203]. Application of the FSD model to LES of premixed turbulent flames

for laboratory-scale burners is also discussed therein. Moreover, a complete modelled transport

equation for FSD has been suggested [206] and used successfully for real applications [144, 207]

by other researchers.



Chapter 4

PCM-FPI Model

This chapter provides an overview of the presumed conditional moment closure (PCM) approach

studied herein for modelling of the SFS reaction rate. The PCM model examined here is

a flamelet-based combustion model that uses the flame prolongation of ILDM (FPI) chemistry

tabulation technique. The PCM method is first reviewed and the chemistry tabulation procedure

is then explained. The chapter ends with a discussion of various possibilities for the presumed

PDF of the reaction progress variable.

4.1 Presumed Conditional Moment with Tabulated Chemistry

Approach

Flame propagation, ignition, extinction and pollutant formation are strongly influenced by chem-

istry. Hence, studying these issues is not possible without taking into account the effect of

detailed chemical kinetics. Unfortunately, despite the rapid increase in computational power,

turbulent simulations for industrial problems including detailed chemical mechanisms are still

out of reach. A tabulated chemistry method, such as FPI method, permits the inclusion of

detailed chemistry effects without directly solving for all of the species mass fraction equations

and determining the reaction rates for each species. This is a considerable simplification. The

PCM approach can then be applied using a presumed PDF to couple the tabulated flamelet

chemistry with the turbulence.

4.1.1 Flame Prolongation of ILDM (FPI) Tabulation

As stated formerly, in all tabulated chemistry approaches, the main idea is to include the effect

of complex chemistry without solving all of the species equations and evaluating the reaction

35
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rates for each species. One approach to doing so is to assume that the local chemical structure

of the flame is largely independent of the flow conditions. While many different models have

been proposed for chemistry reduction, low-dimensional manifold approaches are very appealing

for they significantly reduce the complexity of detailed chemistry while retaining many of its

important features. Maas and Pope [180] first proposed such a model by introducing a formal

approach to obtaining an intrinsic low-dimensional manifold (ILDM). This method looks at the

eigenvalues and eigenvectors of the system of equations describing chemical kinetics and neglects

fast time-scales smaller than a specified limit. In this way, the chemical properties of the flow

can be characterized using only a few coordinates of the system representing the slower time

scales and the latter are taken to be in equilibrium. The drawback of the ILDM approach is that

it does not perform well in low-temperature regions of the flame [208]. The trajectory-generated

low-dimensional manifold (TGLDM) method, originally proposed by Pope and Maas [181], is

another related approach which generates different realizations of chemistry using a prototype

flame. In this method, each trajectory is generated by solving for physically realizable initial

state of the system and evolving it towards the chemical equilibrium state.

Flame-generated manifold (FGM) [46] and flame prolongation of ILDM (FPI) [40] methods

are two other tabulated-chemistry-based approaches. These two methods are very similar. In

both FGM and FPI, the solution of each 1D laminar flame provides a single trajectory in

hyper-dimensional composition space. This trajectory starts from the upstream unburnt fuel-

air mixture and ends with the equilibrium burnt products downstream of the reaction zone.

This database is then mapped into a flow simulation via a parameter referred to as the progress

of reaction variable, Yc. The progress of reaction evolves from zero to its value at equilibrium,

Y Eq
c , for each mixture fraction value. For premixed flame tabulation, the flamelet database

is only calculated at a single equivalence ratio which is a representative of a single mixture

fraction. The calculations are performed at multiple mixture fraction (equivalence ratio) values

for non-premixed or partially premixed combustion. The difference between FGM and FPI is

merely in the way the tabulated data are constructed. Originally, the flamelet database in the

FGM was generated using set of freely propagating premixed flames. This database is tabulated

for premixed flames as a function of Yc and the enthalpy, h, to account for energy losses for

non-adiabatic flames [46]. For the FPI approach introduced by Gicquel et al. [40], differential

diffusion effects are taken into account in the chemistry database. They generated manifolds us-

ing the results of detailed computations of one-dimensional freely propagating premixed flames

and chose the look-up table coordinates as mass fraction of H2O as a progress variable, and

additional coordinates for element mass fractions needed to take differential diffusion into ac-

count. Later, the FPI method was extended to be used for non-premixed [179], non-adiabatic
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premixed [188] and non-adiabatic partially premixed [182] flames.

In the FPI method, for the combustion of CH4 in air for example, one trajectory for a given

equivalence ratio can be obtained by solving a 1D laminar premixed flame for a premixed mixture

of CH4, O2 and N2. This gives a single trajectory in the composition space which is called the

fundamental trajectory. This fundamental trajectory for any solution quantity, φ1D−FPI, can be

tabulated as a function of a single progress variable, Yc, and mixture fraction, Yz, and used as a

reduced chemistry model. For example, in flamelet models based on 1D FGM or FPI chemistry

reduction techniques, the required reaction rates, ω̇α, for any species, α, can be tabulated and

approximated as

ω̇α(ρ, T, Yα, Yz) ≈ ω̇1D−FPI
α (Yc, Yz) , (4.1)

where ρ, T and Yα are the gaseous mixture density, temperature, and species mass fractions,

respectively. Required species mass fractions can also be tabulated as a function of the progress

variable. Fiorina et al. [43] have shown that for CH4-air combustion, a good choice for the

progress variable is the normalized sum of the mass fractions of CO and CO2. For a given

equivalence ratio, ϕ0, which is the case in premixed flames, Equation (4.1) can then be written

as

ω̇α(ρ, T, Yα;ϕ0) ≈ ω̇1D−FPI
α (Yc;ϕ0) . (4.2)

4.1.2 Presumed Conditional Moment (PCM) Method

In the presumed conditional moment method, it is assumed that locally, the structure of a

turbulent flame in a specified progress variable is that of a laminar flame in the same progress

variable. Using a joint Favre-filtered probability density function, P̃ , as defined in Chapter 2,

any Favre-filtered solution quantity (this can be species mass fraction, reaction rate or any other

property) for the species α is defined as

φ̃α =

∫
ρ∗,T ∗,Y ∗

1 ,Y ∗
2 ,..Y ∗

Ns

φα(ρ
∗, T ∗, Y ∗

1 , Y
∗
2 , ..Y

∗
Ns

)P̃ (ρ∗, T ∗, Y ∗
1 , Y

∗
2 , ..Y

∗
Ns

) d(ρ∗, T ∗, Y ∗
1 , Y

∗
2 , ..Y

∗
Ns

) .

(4.3)

For an adiabatic flame, filtered solution quantities for species α, φα, can be assumed to be

function of normalized properties for progress variable, c, and mixture fraction, Z, as follows

φ̃α =

∫
Z∗

∫
c∗
φα(c

∗, Z∗)P̃ (c∗, Z∗)dc∗dZ∗ , (4.4)

where c is defined based on the normalized mass fraction of a specified species and is expressed
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as

c =
Yc

Y Eq
c (ϕ0)

. (4.5)

The joint PDF of c∗ and Z∗, P̃ (c∗, Z∗), can be decomposed using the conditional PDF for c∗ at

a given value of Z∗, and expressed as

P̃ (c∗, Z∗)= P̃ (c∗|Z∗)P̃ (Z∗) . (4.6)

Direct numerical simulation studies have shown that the progress of reaction and mixture frac-

tion can be considered statistically independent [209, 179, 41]. By assuming P̃ (c∗|Z∗) ≈ P̃ (c∗),

Equation (4.4) can be simplified to yield

φ̃α =

∫
Z∗

∫
c∗
φα(c

∗, Z∗)P̃ (c∗)P̃ (Z∗)dc∗dZ∗ . (4.7)

It should be noted that the hypothesis of being statistically independent with Z is only true

for c which is a normalized quantity, and not for Yc or any other quantity extracted from the

table [41, 194]. For an adiabatic premixed flame at a specific mixture fraction, the chemical

quantities are only functions of the progress variable. Consequently, using the 1D-FPI chemistry

tabulation and presuming the marginal PDF, P̃ (c∗), based on first, c̃, and second, cv, moments

of c, Equation (4.7) can be used to arrive at

φ̃α =

∫ 1

0
φα|c∗P̃ (c∗; c̃, cv)dc∗ =

∫ 1

0
φα(c

∗;ϕ0)
1D−FPIP̃ (c∗; c̃, cv) dc

∗ , (4.8)

where φα|c∗ is the conditionally-filtered value of φα for a given value c = c∗ of the reaction

progress variable. In the PCM-FPI approach, the conditionally-filtered values are assumed

to be equal to those provided by the laminar flamelet and are extracted from the 1D-FPI

chemistry database as a function of the reaction progress variable, c∗. The 1D-FPI table values

are indicated by φα(c
∗;ϕ0)

1D−FPI in Equation (4.8). Following Equation (4.8), the Favre-filtered

reaction rate for species α is determined as

˜̇ωα =

∫ 1

0
ω̇α(c

∗;ϕ0)
1D−FPIP̃ (c∗; c̃, cv) dc

∗ . (4.9)

The mean progress variable, c̃, and its variance, cv= c̃c− c̃c̃, are calculated from the progress of

reaction, Ỹc, and its SFS variance, Ycv , where Ycv = ỸcYc − ỸcỸc. The progress variable is then

defined as

c̃ =
Ỹc

Y Eq
c (ϕ0)

. (4.10)
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The corresponding expression for cv reads as

cv =
Ycv

Y Eq2
c (ϕ0)

. (4.11)

For practical purposes, a normalized value for cv is defined as a segregation factor, Sc, which

takes values between zero and unity and is expressed as

Sc =
cv

c̃(1− c̃)
. (4.12)

Thus, any filtered quantity in the final look-up table is calculated and stored as follows:

φ̃α(c̃, Sc, ϕ0) =

∫ 1

0
φα(c

∗;ϕ0)
1D−FPIP̃ (c∗; c̃, cv) dc

∗ . (4.13)

In order to determine Ỹc and Ycv , their modelled transport equations are solved which can be

derived using Equation (2.8) as [194, 189]

∂

∂t
(ρ̄Ỹc) +

∂

∂xi
(ρ̄ũiỸc) =

∂

∂xi

[
ρ̄(ĎYc +Dt)

∂Ỹc
∂xi

]
+ ω̇Yc , (4.14)

∂

∂t
(ρ̄Ycv) +

∂

∂xi
(ρ̄ũiYcv) =

∂

∂xi

[
ρ̄(ĎYc +Dt)

∂Ycv
∂xi

]
+ 2ρ̄(ĎYc +Dt)

∂Ỹc
∂xi

∂Ỹc
∂xi

−2ρDYc

∂Yc
∂xi

∂Yc
∂xi

+ 2(Ycω̇Yc − Ỹcω̇Yc) , (4.15)

where ω̇Yc is a source term due to chemical reaction and ĎYc and Dt are laminar and turbulent

diffusion coefficients respectively. Turbulent diffusion coefficient is calculated in terms of the

turbulent Schmidt number.

The term χ̄Yc = 2ρDYc
∂Yc
∂xi

∂Yc
∂xi

in Equation (4.15) represents the scalar dissipation rate for the

progress of reaction variable. This term characterizes the turbulent mixing and is an important

quantity in turbulent premixed flames. The modelling of the scalar dissipation rate is known to

be challenging [142, 210, 211, 212]. In order to model this term, Domingo et al. [194] assumed

a decomposition containing resolved and SFS parts given by

ρDYc

∂Yc
∂xi

∂Yc
∂xi

= ρ̄ĎYc

∂Ỹc
∂xi

∂Ỹc
∂xi

+ s̄χYc
. (4.16)
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The second term on the right hand side of Equation (4.16) is the SFS component of the scalar

dissipation rate. Two approaches are used by Domingo et al. [194] to model the latter. The

first is based on the linear relaxation hypothesis assuming an equilibrium between production

and dissipation in the balance equation for the scalar dissipation rate [14]. This leads to the

expression

s̄χYc
=
ρ̄DtYcv
∆2

. (4.17)

The second closure for the scalar dissipation rate which is used in this work couples the thin

reaction zones with turbulent micro-mixing [179]. Veynante et al. [14] wrote a balance equation

for c(1−c) by subtracting the balance equation for c2 from the balance equation for the progress

variable yielding

∂

∂t
[ρc(1− c)] +

∂

∂xi
[ρuic(1− c)] =

∂

∂xi

[
ρDc

∂

∂xi
(c(1− c))

]
+2ρDc

∂c

∂xi

∂c

∂xi
− 2cω̇c + ω̇c . (4.18)

Considering a bimodal-limit approach for turbulent premixed flames, when Sc → 1, the progress

variable, c, is either equal to zero or one. This condition occurs for very thin-reaction-zone

flames, having high gradients for Yc. Consequently, c(1 − c) ≈ 0 much of the time and Equa-

tion (4.18) can be approximated by

2ρDc
∂c

∂xi

∂c

∂xi
≈ 2cω̇c − ω̇c . (4.19)

Using Yc=cY
Eq
c and DYc =Dc, and filtering Equation (4.19) above, one can write

s̄χYc
= −ρ̄ĎYc

∂Ỹc
∂xi

∂Ỹc
∂xi

+ Ycω̇Yc −
Y Eq
c ω̇Yc

2
. (4.20)

The linear relaxation closure for s̄χYc
as defined by Equation (4.17) is generally valid for small

values of Sc, while Equation (4.20) is only defined for large values of Sc (Sc → 1). Therefore, a

proper closure for the SFS part of the scalar dissipation rate should contain a linear combination

of both expressions, which is adopted here and reads as [194]

s̄χYc
= (1− Sc)ρ̄

Dt

∆2
Ycv + Sc

(
−ρ̄ĎYc

∂Ỹc
∂xi

∂Ỹc
∂xi

+ Ycω̇Yc −
Y Eq
c ω̇Yc

2

)
. (4.21)

The terms ω̇Yc and Ycω̇Yc are calculated from the flamelet tabulated chemistry database as

ω̇Yc = ρ̄ ˜̇ω
∗
Yc

and Ycω̇Yc = ρ̄Ỹcω̇
∗
Yc

.
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4.1.3 Tabulation of Chemistry

In the present work, the FPI tables are generated from the detailed simulation of freely propa-

gating one-dimensional premixed flames at a given equivalence ratio using the Cantera software

package [213]. Cantera is an open-source software toolkit for problems including chemical-

reactive flows, thermodynamics or transport processes. The GRI-Mech 3.0 chemical kinetic

mechanism [214] is used by Cantera for methane-air mixture involving 53 species and 325 re-

actions. All of the solution properties, such as the species mass fractions and/or reaction rates

are extracted from these solutions and tabulated as functions of the progress of reaction, Yc, for

a given equivalence ratio. For non-adiabatic simulations, another dimension such as enthalpy

should be added to the table to account for heat losses. Such cases are not considered in this

thesis.

The progress of reaction should be chosen carefully so that it increases monotonically and there

exists a one-to-one correspondence between Yc and each solution quantity throughout the pre-

mixed flame [189]. Different definitions exist for progress variable choice. For example, progress

variables based on temperature evolution or constructed from species linear combination. Em-

bouazza et al. [215] used YCO2 to represent the progress of combustion for lean partially premixed

adiabatic flames. This choice of progress variable is considered in this work in the conditional

source-term estimation approach to be discussed in the chapter to follow. Other researchers

suggested that Yc = YCO + YCO2 is a suitable choice for light hydrocarbons such as methane

and propane [182, 179, 216]. This choice is used herein for PCM-FPI method. For heavier

hydrocarbons, different combinations are suggested [217, 218]. Fiorina et al. [182] have shown

that YCO2 can be a reasonable choice for methane-air mixtures at equivalence ratios between

0.4 to 1.2, since the temperature monotonically increases as a function of YCO2 . However, for

higher values of the equivalence ratio, this does not hold anymore as turning points exist in the

temperature-YCO2 profiles for richer mixtures. To overcome these problems, they proposed a

linear combination of YCO2 and YCO as a progress variable. It should be noted that some minor

species may still have a non-monotonic behaviour in this case.

Since Yc is the controlling parameter of the FPI table, the table resolution for number of progress

variables should be sufficiently high in order to capture the detailed shape of Yc. Jha [219] showed

that major species such as CO2 are less dependent on the table size, while prediction of minor

species such as OH is more sensitive to it. Jha concluded that for table sizes more than 50,

the tabulation converges to a unique solution and the tabulation results are independent of the

table size. Moreover, previous studies have shown that 20 points are sufficient for segregation

factor of c in turbulent premixed flames. They also discretized progress variable space over 100
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to 150 points [194, 189, 37]. Accordingly, in the present work, 155 points for c and 25 points for

Sc have been used in the look-up table for premixed methane-air mixture.

The choice of the number of species to include in the table is another criteria in FPI table

generation. It is important to reduce the table size as much as possible in order to lower

the computational cost while still retaining an accurate description of the chemical kinetics.

Following Galpin [220], species are selected based on their contribution to the mass and energy

budget. So if NT is the total number of species obtained with detailed chemical kinetics, a set of

NFPI < NT species are selected for the table such that their combined contribution to the mass

and energy budget dominates that of the remaining NT −NFPI. A measure of contribution of

species α to the total mass, total energy and total heat release budget are given by Imα , IEα

and IHRα , respectively, such that

Imα =

∫ 1

0
Yα dc , (4.22)

IEα =

∫ 1
0 Yαhα dc∑NT

β=1

∫ 1
0 Yβhβ dc

, (4.23)

IHRα =

∫ 1
0 ω̇α∆h

0
fα
dc∑NT

β=1

∫ 1
0 ω̇β∆h

0
fβ
dc
. (4.24)

Following Galpin et al. [189] and based on other previous studies done by Hernández-Pérez [148]

and Jha [219], in the present work, 10 species were selected which represent nearly 99.9% of

the total mass, energy, and heat release of the premixed flame. These species are: CH4, O2,

N2, H2O, CO2, CO, H2, H, OH, and C2H2. Among these 10 species, the mass fractions of six

species are tabulated using Cantera solutions and mass fractions for four others (O2, H2, C2H2

and N2) can be determined using atom balances of the elements C, H, O, and N.

Different approaches can be applied to couple tabulated chemistry with the solution of the

Navier-Stokes equations. In the first method, which is adopted in this study, the mass fractions

of reduced set of species are stored in the look-up table and, therefore, there is no need to

solve individual species transport equations. Transport equations for Ỹc and Ycv are solved

and source terms for these equations are extracted from the look-up table. Using values of Ỹc
and Ycv , other species mass fractions are then calculated directly from the look-up table using

multi-linear interpolation. An alternative technique is to store the reaction rates for reduced set

of species in the look-up table. The transport equations for mass fraction of each species in the

set are solved with the stored reaction rates used as chemical source terms. A third approach
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uses the relation suggested by Domingo et al. [194], valid for large values of Damköhler number

or fast chemistry, is to approximate the species reaction rates using

ω̇α ≈ ω̇Yc

∂Yα
∂Yc

. (4.25)

In this method, the reduced species mass fractions are stored in the look-up table and used

to reconstruct the species reaction rates using Equation (4.25). These reconstructed reaction

rates are used as chemical source terms for transport equations of species mass fractions. Jha

and Groth [221] and Hernández-Pérez [148] have explored the differences between these three

different FPI coupling schemes. They found that using the second FPI approach mentioned

above, the mass fractions of some minor species such as OH and CO are poorly predicted. A

significantly higher number of tabulation points are needed to overcome this problem. They also

showed that tabulation methods one and three both reproduce the temperature and species pro-

files reasonably well. In the present study, only the first FPI tabulation approach is considered

and used.

It is notable that for all flames considered herein, there are no flame-wall interactions and con-

sequently there is no heat transfer to the wall. Furthermore, radiation losses are insignificant

and pressure variations are small. So an adiabatic flame at atmospheric pressure and constant

fresh gas temperature is considered. For a more general combustion process, the tabulation

procedure would require to cover variable fresh gas temperatures, pressure variations and en-

thalpy. The radiation heat transfer can also be considered by adding an extra source term to

the conservation of energy equation and by considering an additional coordinate for the FPI

look-up table [182]. In a fully compressible solver when acoustic perturbations are considerable,

the tabulated temperature should also take into account the effect of acoustic perturbations and

cannot be directly read from the look-up table. Therefore coupling the compressible solver with

tabulated chemistry is more challenging in this case. The reader is referred to papers by Galpin

et al. [189] and Vicquelin et al. [222] for more details.

4.2 Presumed PDF Functions for the Reaction Progress Variable

Various choices are possible for the presumed marginal PDF of reaction progress variable, in-

cluding β-distributions, as commonly used in the modelling of non-premixed combustion, and

modified laminar flamelet PDFs [41, 48]. In all these presumed PDFs, the value of PDF is con-

trolled by local values of its lowest moments. The β-PDF [22] is the most commonly used PDF

for the reaction progress variable. This PDF is flexible enough to produce the correct bimodal

and monomodal shapes at large and small variances, respectively. Domingo et al. [41] used FPI
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in combination with a presumed PDF based on the gradient of progress variable for the regions

inside the flame. However, this alternative PDF is only valid for high values of variances and

Domingo et al. [41] recommended switching to the β-PDF for the low values of SFS variance.

Bray et al. [223] examined three PDFs for the progress variable: a β-PDF, an interior PDF

provided by laminar flamelets and a PDF based on delta functions for a case with a high

SFS variance. They found better agreement between the laminar flamelet PDF and the DNS

data. More recently, Jin et al. [56] used different PDFs in combination with the CSE model

and compared their results with DNS data. They introduced a modified laminar flamelet PDF

(MLF-PDF) which is applicable for all ranges of SFS variances and is therefore also applicable to

turbulent flames lying within the thin reaction zones regime. They reported better agreements

between this PDF and DNS data. More recently, Salehi et al. [49] showed that the MLF-PDF

predicts the propagation speed of the filtered reaction progress variable more accurately than the

β-PDF, while the latter tends to over-predict the chemical reaction source term. This feature

will be discussed in Section 4.3 of this chapter.

In the present study, a β-PDF, the laminar flame-based PDF of Bray et al. [223] and the

modified laminar flamelet PDF introduced by Jin et al. [56] are all considered for integrating and

obtaining filtered quantities using the 1D or 2D FPI or FGM tabulation database. Furthermore,

LES results obtained in each case for premixed flames are compared to experimental data for

several laboratory scale Bunsen configurations. The latter are discussed in Chapter 7 to follow.

4.2.1 PDF Based on Delta Functions

For very high variances close to c̃(1 − c̃) or when Sc → 1, corresponding to high Damköhler

number cases, premixed flames behave as a thin interface between reactants and products. In

this situation, the PDF of the progress variable can be very well represented by two delta

functions [188, 41], implying high intermittency between reactants and products as considered

by BML theory [224]. Additionally, for variances very close to zero, a single delta function

located at c̃ can be used to represent the PDF. Janicka and Kollmann [225] assumed mixture

fraction and reactive scalar to be statistically independent and assumed a delta distribution for

the reactive scalar. Similarly, Pierce and Moin [226] used a delta-function for PDF of reactive

scalars in the flamelet/progress variable approach (FPVA) for LES of turbulent non-premixed

flames. Recently, Malkeson et al. [227] presented PDF of reaction progress variable for different

locations across the flame brush using DNS data. They showed that P (c∗) tends towards a

monomodal distribution with a most likely values of c∗ = 0 and c∗ = 1 towards the unburnt

and burnt sides of the flame brush, respectively. Inside the flame brush, P (c∗) moves towards a

bimodal distribution, particularly for high Damköhler number values.



Chapter 4. PCM-FPI Model 45

Following studies of partially premixed combustion and the definition of a two-scalar PDF by

Libby and Williams [228], Champion and Libby [229] and Ribert et al. [230], Bray et al. [223]

considered the PDF of the progress variable as defined by a linear combination of two delta

functions and having the form

P̃ (c∗) = aδ(c∗ − c1) + (1− a)δ(c∗ − c2). (4.26)

In this PDF, the first delta function has strength of a and is located at c∗ = c1 and the second

delta function with the strength of 1− a is located at c∗ = c2. Parameters c1, c2 and a can be

defined in terms of c̃ and Sc representing the mean and variance as follows [230]:

c1 = c̃(1−
√
Sc), c2 = c̃+ (1− c̃)

√
Sc, a = 1− c̃. (4.27)

Note that when Sc → 1, the PDF reduces to the usual BML model.

4.2.2 β-PDF

The β-PDF [22] has been used as a presumed PDF in both premixed and non-premixed flames

by several authors [43, 231, 189, 194, 193, 190, 37, 232]. For very high values of variances, this

PDF produces distributions close to two delta functions and for very low variances, it takes a

narrow Gaussian shape. These features have made the β-PDF a popular choice for the PDF

of the progress of reaction in premixed flames [43]. However, several recent studies have shown

that this PDF is not the best choice for premixed combustion since it can lead to the over-

prediction of chemical reaction source term and hence incorrect flame propagation and burning

rates [56, 48, 47, 49].

Insight into the reasons for the over-prediction of the filtered reaction rates is offered by Fiorina

et al. [190] who reported that in LES of turbulent premixed combustion using PCM-FPI, the

β-PDF does not demonstrate a correct description of the filtered laminar flame speed. They

showed that when the LES filter width is larger than the flame front thickness, which is the

case for most LES of premixed flames, the propagation speed of filtered progress variable can

be significantly over-estimated by the β-PDF. To overcome this problem and to maintain a

correct filtered laminar flame speed, Fiorina et al. [190] proposed a new modelling technique

called filtered tabulated chemistry for LES (F-TACLES). In the latter, a filtered chemical look-

up table is built using a filtered 1D laminar premixed flame. Similar findings were reported

by Salehi et al. [49] for LES of a turbulent premixed Bunsen flame. They adopted a modified

laminar flamelet PDF as an alternative to the β-PDF so as to correctly predict the speed

of laminar flames using LES with a finite filter width. The MLF-PDF is explained in detail
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in Section 4.2.5 and its performance using LES with PCM-FPI and CSE approaches is fully

investigated in Chapter 7.

The Favre-filtered β-PDF is determined using the first and second moments of progress variable,

c̃ and cv, as follows

P̃ (c∗) =
c∗a−1(1− c∗)b−1∫ 1

0 c
+a−1(1− c+)b−1 dc+

. (4.28)

This mathematical definition of the β-PDF leads to the following relations for a and b:

a = c̃

(
c̃(1− c̃)

cv
− 1

)
≥ 0, b = a

(
1

c̃
− 1

)
≥ 0 . (4.29)

In the limit of infinitely fast chemistry, Sc → 1, causing parameters a and b to approach zero.

4.2.3 Laminar Flame-Based PDF (LFB-PDF)

The next PDF considered in this work is laminar flame-based PDF of Bray et al. [223]. In

arriving at this flame-based PDF, it is assumed that isosurfaces of the reaction progress variable

are parallel. So the PDF is only applicable to the thin flamelet regime. In this case, the interior

portion of the PDF is assumed to be inversely proportional to |∇c∗|. The approximate PDF is

thereby taken to have the following form

P (c∗) = Aδ(c∗) +Bf(c∗) + Cδ(1− c∗) , (4.30)

where f(c∗) is calculated based on the solution of unstrained laminar flame and may be expressed

as

f(c∗) =
1

|∇c∗|
. (4.31)

The constants A, B and C appearing in Equation (4.30 are calculated based on the first three

moments of c using the relationships

1 =

∫ 1

0
P (c∗) dc∗ = A+B

∫ 1−ϵ

ϵ
f(c∗) dc∗ + C, (4.32)

c̄ =

∫ 1

0
c∗P (c∗) dc∗ = B

∫ 1−ϵ

ϵ
c∗f(c∗) dc∗ + C, (4.33)

c′2 + c̄2 =

∫ 1

0
c∗2P (c∗) dc∗ = B

∫ 1−ϵ

ϵ
c∗2f(c∗) dc∗ + C. (4.34)

In these expressions, ϵ is a small number that defines the inner zone of premixed flamelet and
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Figure 4.1: Range of applicability of laminar flame-based PDF for stoichiometric methane-air mixture.

c′ = c− c̄ is the fluctuating component of c. The coefficients A, B and C can be expressed as

B =
c̄(c̄− 1) + c′2

I2 − I1
, C =

c̄I2 − (c′2 + c̄2)I1
I2 − I1

, A = 1−BI0 − C , (4.35)

where I0, I1 and I2 are given by

I0 =

∫ 1−ϵ

ϵ
f(c∗) dc∗ , I1 =

∫ 1−ϵ

ϵ
c∗f(c∗) dc∗ , I2 =

∫ 1−ϵ

ϵ
c∗2f(c∗) dc∗. (4.36)

The Favre PDF can then be calculated as

P̃ (c∗) =
ρ|c∗
ρ̄
P (c∗) , (4.37)

where ρ|c∗ is the conditionally-filtered density and is evaluated based on the solution of un-

strained 1D laminar premixed flame.

The above relations fail for negative values of A, B and C, causing this SFS presumed PDF to

be valid only for high values of the segregation factor (high variances) [41]. Figure 4.1 shows

the range of applicability of the LFB-PDF for stoichiometric methane-air mixture. It is quite

evident that the LFB-PDF can only be generated for a limited range of means and variances.

In general, the PDF is only applicable for high Damköhler number flows as clearly stated in the

original formulation of the PDF by Bray et al. [223].

Domingo et al. [41] have suggested switching to the β-PDF for situations with low variances
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and using the LFB-PDF for cases with high variance. This approach is called the flame surface

density PDF (FSD-PDF) approach and will be explained in Section 4.2.4. For flames in the thin

reaction zones regime, the FSD-PDF approach leads to the use of the β-PDF in virtually the

entire flame brush instead of LFB-PDF proposed above. Moreover, the LFB-PDF is determined

solely by a laminar flame and is independent of the turbulent flame conditions. As a result,

when c moves towards zero or one, the PDF tends towards infinity even if c̃ is not near zero

or one and cv is very small. As such, the LFB-PDF may correctly capture the distribution for

such conditions only if the turbulent premixed flame is very thin [56].

4.2.4 Flame Surface Density PDF (FSD-PDF)

As proposed by Domingo et al. [41] and Vervisch and Domingo [233, 234], the presumed FSD-

PDF of the progress variable is based on three control parameters: a filtered reaction progress

variable, c̃, its SFS variance, cv, and a filtered reference distribution of spatial gradient of the

progress variable which is defined by Ḡ∆(c) and is calculated by the filtering of the gradient

distribution of the progress variable in the look-up table as given by

Ḡ∆(c(x)) =
∫

|∇c|FPIF(x − x′) dx′ . (4.38)

To define this PDF, an approach similar to that of Bray et al. [223] is used. Since in LES, the

laminar flame thickness is much smaller than the filter width, the internal structure of the flame

is weakly resolved by the filter and the PDF is expected to have a bimodal shape as in the BML

model commonly used in many RANS approaches [235]. Thus, the PDF may be written as

P̃ (c∗) = Aδ(c∗) + F (c∗) + Cδ(1− c∗) , (4.39)

where the function F (c∗) depends on the statistical behaviour of iso-surfaces of c∗ between

c∗ = 0 and c∗ = 1. To evaluate the internal portion of the PDF, the SFS PDF is related to the

flame surface density, Σ(c∗) as [39, 199, 236]

P̃ (c∗) =
Σ(c∗)

|∇c||c∗
, (4.40)

where |∇c||c∗ is the conditionally-filtered value of the gradient of the progress variable. Consid-

ering a very thin flame front, it can be assumed that the isosurfaces of progress variable, c∗, are

parallel inside the flame [237]. Therefore Σ(c∗) does not depend on c∗ and can be expressed in

terms of a constant B which characterizes the amplitude of FSD. Combining Equations (4.39)
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and (4.40), the function F (c∗) may be defined as

F (c∗) =
B

Ḡ∆(c∗)
H(c∗)H(1− c∗) , (4.41)

where H is the Heaviside function which is introduced to limit the contribution of F (c∗) to the

internal part of the flame, where 0 < c∗ < 1. Consequently, the Favre-filtered FSD-PDF is then

written as

P̃ (c∗) = Aδ(c∗) +
B

Ḡ∆(c)
H(c∗)H(1− c∗) + Cδ(1− c∗) . (4.42)

Constants A, B and C are calculated at every location and instant using the first three moments

of c as explained previously in Section 4.2.3.

Comparing Equations (4.42) and (4.30) using the definition for Ḡ∆(c) in Equation (4.38), and

based on the discussion in Section 4.2.3, it is clear that Equation (4.42) can only be used for

large values of cv. In the FSD-PDF approach, the β-PDF is used for cases with small variances

as an alternative to the PDF defined by Equations (4.42).

4.2.5 Modified Laminar Flamelet PDF (MLF-PDF)

To overcome the limitations for LFB-PDF and FSD-PDF, a modified laminar flamelet PDF

(MLF-PDF) was proposed by Jin et al. [56]. The idea in this case is to use that part of the

laminar flame which has the same c̃ and cv as the turbulence flame and for the rest of the points,

force f(c∗) (Equation (4.31)) to zero. If the progress variable for the truncated region in the

laminar flame is represented by c1 and c2 with positions x1 and x2, respectively, and if cmin = ϵ

with x = xmin and cmax = 1− ϵ with x = xmax, four possible cases can be written as

1. For xmin < x1 < x2 < xmax :

P (c∗) =

{
0 if c∗ < c1 or c∗ > c2

B1f(c
∗) if c1 ≤ c∗ ≤ c2

2. For x1 < xmin < x2 < xmax :

P (c∗) =

{
A2δ(c

∗) +B2f(c
∗) if c∗ ≤ c2

0 if c∗ > c2

3. For xmin < x1 < xmax < x2 :

P (c∗) =

{
0 if c∗ < c1

B3f(c
∗) + C3δ(1− c∗) if c∗ ≥ c1
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4. For x1 < xmin < xmax < x2 :

P (c∗) = A4δ(c
∗) +B4f(c

∗) + C4δ(1− c∗). (4.43)

In each case, the values of three of A, B, C, c1 and c2 need to be determined. For example,

for case 2, A2, B2, and c2 must be calculated. For each case, two of these three variables are

discretized over a domain ranging from zero to one, and the third variable is computed such that∫ 1
0 P (c

∗) dc∗ = 1. Then all possible distributions of P (c∗) are tabulated based on these three

variables. Using the preceding definition of P (c∗), the mean density is calculated as follows

ρ̄ =

∫ 1

0
ρ∗P (c∗) dc∗ . (4.44)

Subsequently, for each possible distribution, P̃ (c∗) is determined using Equation (4.37), and c̃

and cv are calculated accordingly. Finally, the value of each property in the FPI look-up table

is calculated using P̃ (c∗) and tabulated as a function of c̃ and cv. For the purposes of the

tabulation procedure, the c̃–cv domain is meshed using Delaunay triangulation method [238].

Given any value of c̃ and cv arising from the solutions of their transport equations, the Favre-

filtered species mass fractions or reaction rates are interpolated using the tabulated data in the

final PCM-FPI look-up table.

Figure 4.2 displays the range of applicability for all four cases in the MLF-PDF. As is evident

from the figure, the proposed PDF now covers the entire range of values for the mean and

variances of the progress variable and therefore can be used for the entire range of premixed

flames where the internal flame structure remains largely intact, including the thin reaction

zones regime.

It should be noted that both a priori analysis of DNS data [56] and RANS simulation of a

laboratory Bunsen burner [48] have shown that MLF-PDF is a better choice for PDF of progress

variable compared to the β-PDF. In this thesis, the MLF-PDF is applied and examined for

LES of laboratory-scale premixed turbulent Bunsen flames and comparisons are made with the

widely-used β-PDF. In Section 4.3 to follow, it will be shown that the MLF-PDF can correctly

maintain the filtered laminar flame speed in LES of such flames [49], while β-PDF over-predicts

the burning rate as observed in other previous studies [56, 48, 47, 49].

4.3 Filtered Laminar Flame Speed

As mentioned in Section 4.2.2, Fiorina et al. [190] studied the ability of β-PDF to produce the

propagation speed of the filtered flame front, s∆, equal to the laminar flame speed, sL. If there
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Figure 4.2: Range of applicability of all four cases in modified laminar flamelet PDF for stoichiometric
methane-air mixture.

is no wrinkling at the subfilter-scale, one should expect that s∆ = sL. Therefore the following

expression should be satisfied for a one-dimensional unstrained laminar premixed flame [190]

ρus∆ =

∫ +∞

−∞
ω̇Yc(x) dx =

∫ +∞

−∞
ω̇Yc(x) dx = ρusL , (4.45)

where x is the spatial dimension and ω̇Yc is the filtered reaction rate which is obtained from the

combustion model.

In the present work, the capabilities of the β-PDF and MLF-PDF were investigated for preserv-

ing the above relation in the case of a one-dimensional planar freely propagating laminar flame.

In the PCM-FPI approach, the filtered reaction rate is tabulated as a function of Favre-filtered

progress variable and its variance and depends on the form of the assumed PDF. For a given

filter width, ∆, the first and second moments of progress variable were calculated using a one-

dimensional Gaussian filter, F , of size ∆, for a one-dimensional stoichiometric freely propagating

laminar premixed methane-air flame as defined by the Cantera GRI-Mech 3.0 chemical kinetic

mechanism. The Gaussian filter was taken to have the form

F (x) =

(
6

π∆2

)1/2

exp

(
−6x2

∆2

)
. (4.46)

The filtered reaction rate was then calculated from the PCM-FPI table using a presumed PDF



Chapter 4. PCM-FPI Model 52

/ L

s
/s

L

100 101 1020

0.5

1

1.5

2

2.5

3

Beta-PDF
MLF-PDF

Figure 4.3: Filtered laminar flame speed for different filter widths using the β-PDF and the MLF-PDF.

and Equation (4.45) was used to evaluate the filtered flame speed, s∆. The filtered flame speed

arising from these simulations calculated using both the β-PDF and MLF-PDF with different

filter widths is shown and plotted in Figure 4.3. It is quite evident that, contrary to the β-

PDF, the MLF-PDF is able to recover the filtered laminar flame speed for premixed flames and

therefore is clearly a better choice for the presumed PDF of the reaction progress variable [49].

When the filter width is larger than the flame front thickness, the β-PDF over-estimates the

propagation speed of the filtered reaction progress variable which will yield errors in the flame

solutions when performing LES.



Chapter 5

CSE Model with Tabulated Chemistry

Conditional source-term estimation (CSE) is a non-flamelet based SFS model for represent-

ing turbulence-chemistry interactions in turbulent reactive flows. While applicable to detailed

chemistry, for computational efficiency, the CSE model is coupled to a two-dimensional flame-

generated manifold (2D-FGM) chemistry reduction technique in the present study along with

the modified laminar flamelet PDF. The CSE provides estimates of the conditional moments

by solving an inverse problem and uses the CMC hypothesis to determine the influence of the

unresolved turbulence on the filtered reaction rates. This approach closes the chemical source

terms in LES and RANS of turbulent combustion for complex chemical kinetics mechanisms.

One of the advantages of the CSE is that the method is a nonflamelet-based approach, so that

no assumption is made about the flame being a thin surface, neither about relative time or

length scale of turbulence and chemistry. The CSE model has been shown to have successfully

captured ignition, extinction and re-ignition phenomena for non-premixed flames [239, 50, 51].

While it has been used quite extensively in simulating turbulent non-premixed flames, this study

represents a first application of the combustion model to LES of premixed flames. The investi-

gation of the performance of the CSE approach herein has also allowed the relative importance

of deviations from the standard flamelet assumption to be assessed for flames lying outside the

flamelet premixed combustion regime. The CSE method along with the 2D-FGM tabulated

chemistry database used here is summarized in the remaining portions of this chapter.

5.1 Conditional Source-term Estimation (CSE) Approach

In the CSE method, an alternative approximation for the unconditionally-filtered reaction rates

as compared to that provided by the PCM-FPI model of Equation (4.9) can be obtained by

using the so-called first-order CMC hypothesis [169]. The unconditionally-filtered quantities are

53
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calculated using a presumed PDF, as follows

˜̇ωα =

∫ 1

0
ω̇α|c∗P̃ (c∗; c̃, cv)dc∗ . (5.1)

In the first-order CMC approximation, the conditionally-filtered source-terms are then closed

by

ω̇α|c∗ ≈ ω̇α(ρ|c∗, T |c∗, Yα|c∗) , (5.2)

where c∗ is the conditioning variable and ρ|c∗, T |c∗ and Yα|c∗ are conditionally-filtered density,

temperature, and mass fraction, respectively.

In this study of premixed flames, the normalized value of YCO2 is used as the conditioning

variable [197, 54], as given by

c∗ =
YCO2

Y Eq
CO2

(ϕ0)
. (5.3)

Rather than using full detailed chemistry, a tabulated method is used in this thesis to represent

methane combustion. Compared to the PCM-FPI approach considered herein, which has a single

reaction progress variable (Yc = YCO + YCO2), in the CSE approach, two progress variables are

considered, the normalized values of YCO2 and YH2O. In this case, Equation (5.2) reduces to

ω̇α|c∗ ≈ ω̇α(c
∗, c2|c∗) , (5.4)

where

c2 =
YH2O

Y Eq
H2O

(ϕ0)
. (5.5)

In Equation (5.4), c2|c∗ is the conditionally-filtered value of c2 conditioned on c and a 2D-FGM

reduced chemistry tabulation procedure is used to approximate ω̇α(c
∗, c2|c∗). In this case, the

conditionally-filtered scalar field is used in defining the reaction rates and one obtains

˜̇ωα =

∫ 1

0
ω̇2D−FGM
α (c∗, c2|c∗)P̃ (c∗; c̃, cv)dc∗ . (5.6)

The above equation is comparable to Equation (4.9) for the PCM-FPI approach.

While not considered in this work, Equation (5.6) can be improved by using the second-order

CMC closing hypothesis and by taking into account the effect of higher conditional moments.

By applying a Taylor series expansion about the conditionally-filtered first order approximation
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for the reaction rate [116], one can write

ω̇α(c
∗, c∗2) = ω̇α(c

∗, c2|c∗) + c′′2
∂ω̇α

∂c2

∣∣∣∣∣
c∗2=c2|c∗

+
1

2
c′′22

∂2ω̇α

∂2c2

∣∣∣∣∣
c∗2=c2|c∗

+ · · · , (5.7)

where c′′2 = c∗2 − c2|c∗. Conditionally filtering the above equation based on c∗ and retaining

terms of second order in c2 yields

ω̇α|c∗ ≈ ω̇α(c
∗, c2|c∗) +

1

2
c′′22 |c∗∂

2ω̇α

∂2c2

∣∣∣∣∣
c∗2=c2|c∗

, (5.8)

where c′′22 |c∗ is the conditionally-filtered variance of c2. Transport equations are solved for c2|c∗

and c′′22 |c∗ in a second-order CMC approach [116].

As evident from Equation (5.4), the conditionally-filtered control variables are needed as entries

to the chemistry database. In conventional CMC [116], transport equations are solved for c2|c∗

(in both first- and second-order CMC) and c′′22 |c∗ (in second-order CMC). However as noted in

Chapter 2, these transport equations have closure issues, particularly for premixed combustion

where the coupling between transport and chemistry can be strong.

The CSE model [44, 45] provides an alternative approach for evaluating the conditional scalar

field, c2|c∗ needed here. This is done in a dynamic fashion by solving the following integral

equation

c̃2(x) =

∫ 1

0
c2|c∗(c∗;x)P̃ (c∗;x)dc∗ , (5.9)

where c̃2 is the Favre-filtered mass fraction of the second control variable. This value is obtained

via solution of the appropriate filtered transport equation. In a more general case, an integral

expression similar to that of Equation (5.9) can be written for any scalar that is required for

determining the overall reaction rates. As explained previously in Section 4.2.5 for the PCM-FPI

combustion model, the modified laminar flamelet PDF is a reasonable choice for the presumed

PDF of the progress variable in premixed flames. Therefore, this PDF is used herein as the

presumed PDF of the conditioning variable, completing the expression for the mean of c2 in

terms of its conditionally-filtered values.

Assuming that the conditionally-filtered variables are slowly varying in physical space (it is

common practice in CMC methods to adopt a coarse supergrid for the conditional averages as

they tend to vary more slowly than the transported mean quantities), c2|c∗ can be taken to

be homogeneous (i.e., constant) within an ensemble of points (computational cells) contained

within a particular volume of the computational space (an equivalent supergrid for conditional
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averages), the above integral equation can be discretized and then inverted to obtain c2|c∗, with-

out the requirement of any additional closure approximations and/or modelling assumptions. In

this sense, the CSE method is some respects akin to dynamic procedures for the sub-grid turbu-

lent stresses [23, 240]. For many reactive flows, a weak dependency of the conditionally-filtered

values of the temperature and species mass fractions to the physical positions in the flow field

has been found [241, 242]. Hence, considering spatial homogeneity for the conditionally-filtered

variables within an ensemble of points seems to be a reasonable assumption.

For an ensemble of n computational grid points, Equation (5.9) can be written for each point,

j, within the ensemble as

c̃2(xj) =

∫ 1

0
c2|c∗(c∗)P̃ (c∗;xj)dc

∗ . (5.10)

The above equation is a Fredholm integral equation of the first kind [243] with P̃ (c∗;xj) as its

kernel function. This integral equation can be inverted to determine c2|c∗ for each ensemble. In

the implementation of the CSE model for premixed flames herein, Equation (5.10) is discretized

using rectangular quadrature rule with m bins for c∗. For ensembles consisting of a collection

of n hexahedral computational cells within the domain (refer to Chapter 6 for a description of

the spatial discretization scheme used here), the inverse problem can then be re-expressed as

the linear system of equations

b⃗ = Aα⃗ , (5.11)

where

Aji =

∫ c+

c−
P̃ (c∗;xj)dc

∗ . (5.12)

In the above equations, bj = c̃2(xj) for j = 1 : n and αi = c2|ci∗ for i = 1 to m, which is

the conditionally-filtered mass fraction in the i-th bin with lower and upper limits of c− and

c+, respectively. The matrix, A, is called the design matrix and its elements are calculated a

priori and tabulated before the simulation using the MLF-PDF in each bin for every point in

the ensemble.

In order to solve the above integral equation, one needs to solve n ×m over-determined linear

system arising from the inverse problem. This linear system can be in many cases ill-conditioned.

To deal with this issue, a Tikhonov regularization approach based on an a priori knowledge of

the solution is used [244, 245]. In this case, the following least-squares problem is solved:

α⃗∗ = argmin
α⃗

(
||Aα⃗− b⃗||22 + λ2||α⃗− α⃗0||22

)
, (5.13)

where ||.||22 denotes the L2-norm of a vector, λ is the regularization parameter and α⃗0 is a target
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solution based on an a priori knowledge of the solution. For the premixed flames of interest here,

α⃗0 is taken to be the fundamental 1D unstrained laminar premixed flame solutions, φ1D−FPI [56],

as described in Chapter 4. In this way, CSE is then capable of recovering flamelet solutions in

the flamelet regime. Additionally, the L-curve method is used to find an optimum value for the

regularization parameter, λ [243]. For more information, the reader is referred to the thesis by

Salehi [246].

To summarize the CSE approach used herein, after calculating the conditionally-filtered mass

fractions by inverting the integral in Equation (5.10), they will be used in the 2D-FGM table

to obtain the conditionally-filtered reaction rates. Integrating the conditionally-filtered reaction

rates using PDF of the conditioning variable calculates the unconditional filtered chemical source

terms, which will be used as source terms in the numerical solution of the required transport

equations. An equation for the variance of the conditioning variable is also solved, which is used

in the evaluation of the presumed PDF.

Note that even though the CSE inverse problem as defined above is linear in each time step, the

solution of the inverse problem in one time step affects both the design matrix and vector b⃗ in the

next step. Consequently, the nature of the inverse problem is non-linear in time. The stability

of this non-linear inverse problem is not easily evaluated analytically, and therefore numerical

experiments are needed to address this issue. As such, an important objective of this thesis is

to show, via numerical experiment, the stability and convergence of the CSE model for LES of

premixed flames. One assumption in the CSE approach is the homogeneity for conditionally-

filtered variables or conditional averages for a set of points in the flow field. For the Tikhonov

regularization method, an assumption for a priori knowledge of the solution is also required.

5.2 Chemistry Reduction Using 2D-FGM

As was explained is Section 2.3.3 of Chapter 2, tabulated chemistry methods based on mani-

fold approximations can be used to avoid the evaluation of detailed chemical kinetics. These

methods are attractive for their reduced computational cost while they still can represent im-

portant features of the detailed chemistry, such as predictions of rates of flame propagation,

flame extinction, ignition conditions and ignition times. For chemistry reduction in the CSE

method of this work, the two-dimensional flame-generated manifold (2D-FGM) chemistry re-

duction approach [46] is used. This approach shares the same basic ideas with the ILDM

method [180]. Methods to generate the multi-dimensional manifolds were first introduced by

Pope and Maas [181]. van Oijen et al [46] used their ideas and generated a 2D manifold for

premixed flames using a FGM technique. In order to generate the manifold, they used a set
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(a) (b)

Figure 5.1: 2D-FGM trajectories for a stoichiometric methane-air mixture.

of 1D unstrained laminar premixed flames with different inlet (reactants) boundary conditions.

Assuming an adiabatic flame with constant equivalence ratio, the upstream mixture composition

can be changed by adding other species such as CO2 and H2O, while conserving the number

of elements. This results in different chemical kinetic realizations of the flame solutions and

generates other trajectories. These solution trajectories can then be tabulated as a function

of at least two progress variables. It should be noted that the enthalpy and the element mass

fractions are kept constant for all starting points. Therefore, all trajectories end up in the

same chemical equilibrium. So even though the exact choice of the starting point determines

each manifold, all trajectories tend to converge towards the same 2D manifold, except close

to the starting points where chemistry is negligible [183]. In the present work, the 2D-FGM

database is parameterized as a function of YCO2 and YH2O. These two progress variables have

relatively long time-scales for formation, which provides higher accuracy in the projection and

interpolation procedures used for the chemical kinetic data [247].

Figure 5.1 shows the 2D-FGM trajectories for an stoichiometric methane-air mixture at YH2O–

YCO2 and YCO–YCO2 domains. The origin of the plot corresponds to the unburnt mixture of

methane-air. The trajectory which passes the origin is generated with a 1D unstrained laminar

premixed flame for a mixture of CH4, O2 and N2. This trajectory is called the fundamental

trajectory. Along a curve, the enthalpy and the element mass fractions are constant which

makes all trajectories converge towards the same chemical equilibrium point.

The projected 2D-FGM in the YCO2–YH2O plane in the composition space is triangulated using

Delaunay triangulation algorithm [238]. For each given instantaneous values of YCO2 |c∗ and

YH2O|c∗ from the CSE integral inversion, the conditionally-filtered reaction source-terms and
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mass fractions are then interpolated in the manifold. These values are integrated using the

presumed PDF and then the unconditionally-filtered source-terms are calculated and substituted

into the required transport equations.



Chapter 6

Parallel Finite-Volume Scheme

This chapter reviews the parallel second-order accurate finite-volume numerical scheme em-

ployed herein to perform LES of turbulent premixed flames and solve the Favre-filtered form of

the compressible Navier-Stokes equations outlined in Chapter 2. The finite-volume scheme used

here was originally developed for 2D reactive flows by Sachdev et al. [248], Gao and Groth [249],

and Gao et al. [250], and for 3D reactive flows by Gao and Groth [251, 252]. The latter pro-

vided a basic for the development of a LES framework which was created by Hernández-Pérez

et al. [37, 148, 253] and Lin [203]. This LES framework was used in carrying out the present

study. It was also extended here to allow LES of premixed flames using the CSE model [59] and

to examine the performance of various presumed PDF models [254].

6.1 Favre-Filtered Governing Equations

Using matrix-vector notation, the system of Favre-filtered governing equations introduced in

Chapter 2 may be re-expressed as

∂U
∂t

+∇ · F⃗ = S , (6.1)

where U is the vector of conserved variables, F⃗ represents the flux dyad, and S is the source

term vector. The flux dyad, F⃗ , can be split into an inviscid component, F⃗ I
, and a viscous

component, F⃗V
as follows

F⃗ = (Fx,Fy,Fz)

= (F I
x −FV

x ,F I
y −FV

y ,F I
z −FV

z ) . (6.2)
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The vectors presented in Equation (6.2) are given in theses by Lin [203] and Hernández-

Pérez [148] for the FSD and PCM-FPI approaches, respectively. In the case of Favre-filtered

Navier-Stokes equations for the CSE model of primary interest herein, the vectors take the form

U =



ρ̄

ρ̄ũ

ρ̄ṽ

ρ̄w̃

ρ̄Ẽ

ρ̄k∆

ρ̄Ỹc

ρ̄Ỹc2

ρ̄Ycv



, (6.3)

F I
x =



ρ̄ũ

ρ̄ũũ+ p̄+ ρ̄k∆

ρ̄ũṽ

ρ̄ũw̃

(ρ̄Ẽ + p̄)ũ

ρ̄k∆ũ

ρ̄Ỹcũ

ρ̄Ỹc2 ũ

ρ̄Ycv ũ



, F I
y =



ρ̄ṽ

ρ̄ũṽ

ρ̄ṽṽ + p̄+ ρ̄k∆

ρ̄ṽw̃

(ρ̄Ẽ + p̄)ṽ

ρ̄k∆ṽ

ρ̄Ỹcṽ

ρ̄Ỹc2 ṽ

ρ̄Ycv ṽ



, F I
z =



ρ̄w̃

ρ̄ũw̃

ρ̄ṽw̃

ρ̄w̃w̃ + p̄+ ρ̄k∆

(ρ̄Ẽ + p̄)w̃

ρ̄k∆w̃

ρ̄Ỹcw̃

ρ̄Ỹc2w̃

ρ̄Ycvw̃



,

(6.4)

FV
x =



0

τ̌xx + σxx

τ̌xy + σxy

τ̌xz + σxz

ũ(τ̌xx + σxx) + ṽ(τ̌xy + σxy) + w̃(τ̌xz + σxz)− (q̌x + θx)

ρ̄( νt
Prt

+ ν̌)∂k∆∂x

ρ̄(ĎYc +Dt)
∂Ỹc
∂x

ρ̄(ĎYc2
+Dt)

∂Ỹc2
∂x

ρ̄(ĎYc +Dt)
∂Ycv
∂x



, (6.5)
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FV
y =



0

τ̌xy + σxy

τ̌yy + σyy

τ̌yz + σyz

ũ(τ̌xy + σxy) + ṽ(τ̌yy + σyy) + w̃(τ̌yz + σyz)− (q̌y + θy)

ρ̄( νt
Prt

+ ν̌)∂k∆∂y

ρ̄(ĎYc +Dt)
∂Ỹc
∂y

ρ̄(ĎYc2
+Dt)

∂Ỹc2
∂y

ρ̄(ĎYc +Dt)
∂Ycv
∂y



, (6.6)

FV
z =



0

τ̌xz + σxz

τ̌yz + σyz

τ̌zz + σzz

ũ(τ̌xz + σxz) + ṽ(τ̌yz + σyz) + w̃(τ̌zz + σzz)− (q̌z + θz)

ρ̄( νt
Prt

+ ν̌)∂k∆∂z

ρ̄(ĎYc +Dt)
∂Ỹc
∂z

ρ̄(ĎYc2
+Dt)

∂Ỹc2
∂z

ρ̄(ĎYc +Dt)
∂Ycv
∂z



, (6.7)

S =



0

ρ̄gx

ρ̄gy

ρ̄gz

ρ̄(ũgx + ṽgy + w̃gz)

(σxxŠxx + σyyŠyy + σzzŠzz + 2σxyŠxy + 2σxzŠxz + 2σyzŠyz)−
Cϵρ̄k

3/2
∆

∆

¯̇ωYc

¯̇ωYc2

2ρ̄Dt|∇Ỹc|2 − 2s̄χYc
+ 2(Ycω̇Yc − Ỹcω̇Yc)



. (6.8)

In the equations above, θ denotes the SFS enthalpy (heat) flux (Equation (2.26)) and ũ, ṽ, and

w̃ are the Favre-filtered velocity components in three Cartesian coordinate directions, x, y, and

z, respectively.
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6.2 Finite-Volume Spatial Discretization Method

6.2.1 Finite-Volume Formulation of the Governing Equations

The spatial discretization scheme used here follows that proposed by Gao and Groth for 3D

multi-block for hexahedral meshes [251]. By integrating the differential form of the system of

governing equations given by Equation (6.1), and applying the divergence theorem, the following

integral expression can be obtained

d

dt

∫
V (t)

U dV +

∮
Ω(t)

n⃗ · F⃗ dΩ =

∫
V (t)

S dV , (6.9)

where V is the control volume, Ω is the closed surface of the control volume, and n⃗ is the unit

outward normal vector for the closed surface containing the volume V . The average of U and

S over the control volume can then be defined as

U =
1

V

∫
V (t)

U dV , (6.10)

S =
1

V

∫
V (t)

S dV . (6.11)

Substituting Equations (6.10) and (6.11) into Equation (6.9), one can arrive at the following

expression:
dU

dt
= − 1

V

∮
Ω(t)

n⃗ · F⃗ dΩ + S . (6.12)

Equation (6.12) represents the semi-discrete form of the governing equations and consists of

a set of coupled ordinary differential equations. For a computational cell (i,j,k) within a 3D,

multi-block, body-fitted, structured mesh with hexahedral cells, this integral form can be written

as
dUi,j,k

dt
= − 1

Vi,j,k

Nf∑
l=1

[
n⃗l · F⃗ lAl

]
i,j,k

+ Si,j,k(U) = Ri,j,k(U) , (6.13)

where Nf is the number of cell faces, Al is the surface area of face l, and R is the residual

operator. The set of coupled ordinary differential equations presented in( 6.13) can be solved

by first evaluating the solution fluxes at each cell boundary as well as determining the volume

average values of the source terms and then applying an appropriate time-marching scheme in

order to advance the solution forward in time. Key aspects of each of these items are now

reviewed in turn.
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6.2.2 Inviscid (Hyperbolic) Flux Evaluation

In order to evaluate the inviscid (hyperbolic) fluxes on the cell boundaries, a Godunov-type

upwind finite-volume spatial discretization procedure is used [255]. Godunov’s method uses the

solution of locally one-dimensional Riemann problem to evaluate the numerical flux function

at the cell boundaries. His first-order (piecewise constant) method insures monotonicity of the

solution and it is able to capture discontinuities, such as shocks, without introducing oscillations.

In the Godunov method, the inviscid flux F between cell (i, j, k) and cell (i+1, j, k) is calculated

at the cell interface (i+ 1
2 , j, k) as

F⃗ i+ 1
2
,j,k · n⃗i+ 1

2
,j,k = F(R(UL,UR)) = F(R(Ui,j,k,Ui+1,j,k)) , (6.14)

where UL and UR are left and right conserved solution vectors, respectively, and R is the

solution of the Riemann problem.

The exact solution of Riemann problem can be obtained for the Euler equations with ideal

(polytropic) gases. In a paper by Gottlieb and Groth [256], an exact Riemann solver based on

an iterative numerical technique is presented. Since computational efficiency is an important

factor for applied numerical methods, several approximate solutions to the Riemann problem

have also been developed over years. Among these approximate methods are those developed by

Osher and Solomon [257], Roe [258], Harten-Lax-van-Leer-Einfeldt (HLLE) [259] and Liou [260,

261]. For this research, the advection upstream splitting method (AUSM+-up) [261] is used to

approximate the solution of the Riemann problem. The scheme is suitable for turbulent reactive

flows since it is valid over a high range of Mach number regimes. This particular flux function

will be discussed in the following section.

Approximate Riemann Solver: AUSM+-up

The AUSM+-up [261] is a extended procedure to the AUSM-family schemes which can be applied

to flows at all speed regimes. In all AUSM schemes, the inviscid flux is explicitly divided into

convective, Fc, and pressure, P , fluxes. This decomposition can be expressed as

F = Fc +P = ṁψ +P , (6.15)
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where ṁ = ρ̄ũ. For the x-direction inviscid fluxes of the Favre-filtered Navier-Stokes equations

with the CSE combustion model, ψ and P may be written as

ψ =



1

ũ

ṽ

w̃

H̃

k∆

Ỹc

Ỹc2

Ỹcv



, P =



0

p̆

0

0

0

0

0

0

0



. (6.16)

Here H̃ is a Favre-filtered total enthalpy and p̆ is a modified pressure: p̆ = p̄ + ρ̄k∆. The

numerical flux at cell interface is then written in terms of common mass flux as

F1/2 = ṁ1/2ψL/R +P1/2 , (6.17)

where ṁ1/2 and P1/2 are the mass and pressure fluxes at the interface, respectively. Here, ψL/R

is calculated in a simple upwind fashion,

ψL/R =

{
ψL, if ṁ1/2 > 0 ,

ψR, otherwise .
(6.18)

Subscripts "L" and "R" denote left and right neighbouring cells of the interface, respectively.

The mass flux at the interface, ṁ1/2, has the form

ṁ1/2 = u1/2ρL/R = a1/2M1/2ρL/R , (6.19)

where u1/2 is the convective velocity, ρL/R is the density convected by this velocity, a1/2 is

the interface speed of sound and M1/2 is the interface Mach number. The interface density is

determined by the direction of u1/2 as follows

ρL/R =

{
ρL, if u1/2 > 0 ,

ρR, otherwise .
(6.20)
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In order to scale the numerical dissipation with the flow speed, the scaling factor, fa, is used to

define the numerical speed of sound. This factor is defined by the relation

fa(M0) = M0(2−M0) ∈ [0, 1] , (6.21)

where the reference Mach number, M0, is given by

M2
0 = min(1,max(M̆2,M2

∞)) ∈ [0, 1] . (6.22)

By defining ML and MR as the Mach number of left and right neighbour cells, respectively, the

mean local Mach number is determined as

M̆2 =
1

2
(M2

L +M2
R) . (6.23)

The interface Mach number in Equation (6.19) can be set as

M1/2 = M+
(m)(ML) +M−

(m)(MR) +Mp , (6.24)

where M±
(m) are split Mach numbers and Mp is the pressure diffusion term. The split Mach

numbers are taken to be polynomial functions of degree m=1, 2, 4 and are given by [262]

M±
(1)(M) =

1

2
(M± |M|) , (6.25)

M±
(2)(M) = ±1

4
(M± 1)2 , (6.26)

and

M±
(4)(M) =

 M±
(1), if |M| ≥ 1 ,

M±
(2)(1∓ 16ξM∓

(2)), otherwise .
(6.27)

The pressure diffusion term in Equation (6.24) is introduced to enhance low Mach number or

multi-phase flow calculations and is defined as

Mp = −Kp

fa
max(1− σpM̆

2, 0)
pR − pL
ρ1/2a

2
1/2

. (6.28)

In the above equation, 0≤Kp ≤ 1 and σp ≤ 1. In the present research, ξ = 1
8 , Kp =0.25 and

σp=0.75 are utilized. ρ1/2 and a1/2 are determined as

ρ1/2 =
ρL + ρR

2
, a1/2 =

aL + aR
2

. (6.29)
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For evaluating the interface pressure, the following formula is used

p1/2 = P+
(n)(ML)pL +P−

(n)(MR)pR + pu , (6.30)

where n=1, 3, 5 corresponds to the degree of the polynomials P±, as in M±. For more accu-

rate solutions, fifth degree polynomials are recommended. Polynomials, P±
(5)(M) may also be

expressed in terms of split Mach number functions

P±
(5)(M) =

 1
MM±

(1), if |M| ≥ 1 ,

M±
(2)[(±2−M)∓ 16ΥMM∓

(2)] , otherwise .
(6.31)

The velocity difference (diffusion) term, pu, in Equation (6.30) is given by

pu = −KuP
+
(5)(ML)P

−
(5)(MR)(ρL + ρR)(faa1/2)(uR − uL) , (6.32)

where 0≤Ku ≤1. Here, Ku=0.75 and the parameter Υ is calculated as

Υ =
3

16
(−4 + 5f2a ) ∈

[
−3

4
,
3

16

]
. (6.33)

Piecewise Limited Linear Reconstruction

Solution of the Riemann problem using the cell averages as the left and right solution states, as

explained in Section 6.2.2, produces a first-order accurate solution in space. This corresponds

to piecewise-constant reconstruction. In order to improve the accuracy and resolution of the

solution, it is necessary to make these schemes second or higher order accurate while still avoiding

spurious wiggles. To achieve this, a spatial reconstruction of the solution in each computational

cell is considered. For second-order accuracy, piecewise linear reconstruction is used. In this

method, the solution inside a cell is represented by a limited linear function. A linear least-

squares method is used to determine the solution gradient inside each cell using the information

from the neighbouring cells [263]. This gradient is limited to ensure a monotonic reconstructed

solution [264, 265].

The solution values are reconstructed about the midpoint of the cell interface. A Riemann solver

is then used to compute the fluxes based on reconstructed solution states to the left and right
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of the cell interface, which for (i+ 1
2 , j, k) are given by

UL
i+ 1

2
,j,k

= UL
i+ 1

2
,j,k

(Wi,j,k +Φi,j,k∇Wi,j,k ·∆x⃗L) ,

UR
i+ 1

2
,j,k

= UR
i+ 1

2
,j,k

(Wi+1,j,k +Φi+1,j,k∇Wi+1,j,k ·∆x⃗R) ,
(6.34)

where W is the vector of primitive variables, and ∆x⃗L and ∆x⃗R are the vectors of distance

between the midpoint of cell’s interface and the cell centre.

Here, Φ denotes the vector of slope limiters, which are used to enforce monotonicity in the

reconstruction stage. This ensures that the reconstructed values are bounded by the cell and

neighbouring values and avoids oscillations near shocks and discontinuities. Various slope lim-

iters are available. The limiter proposed by Barth and Jespersen [264] is used in this work, and

has the following form

Φi,j,k =


min

(
1,

Wmax−Wi,j,k

Wn−Wi,j,k

)
, if Wn −Wi,j,k > 0 ,

min
(
1,

Wmin−Wi,j,k

Wn−Wi,j,k

)
, if Wn −Wi,j,k < 0 ,

1, if Wn −Wi,j,k = 0,

(6.35)

where

Wmax = max (Wi,j,k,Wneighbours) ,

Wmin = min (Wi,j,k,Wneighbours) ,
(6.36)

and where Wn denotes the unlimited reconstructed solution at the n-th flux quadrature point.

6.2.3 Viscous Flux Evaluation

In order to evaluate the viscous (elliptic) components of the numerical flux, both the solution

values and their gradients at the cell boundaries must be known as

F⃗ i+ 1
2
,j,k · n⃗i+ 1

2
,j,k = F

(
Wi+ 1

2
,j,k,∇Wi+ 1

2
,j,k

)
. (6.37)

In the above expression, the primitive solution value at the cell interface, Wi+ 1
2
,j,k, is evaluated

by averaging the reconstructed solution states of both sides of the interface as

Wi+ 1
2
,j,k =

WL +WR

2
. (6.38)

In the present work, the solution gradient at the cell face, ∇Wi+ 1
2
,j,k, is evaluated by employing

a hybrid average gradient-diamond path approach by Mathur and Murthy [266]. The final form
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of their formulation is

∇Wi+ 1
2
,j,k =

Wi+1,j,k −Wi,j,k

ds

n⃗

n⃗ · e⃗s
+

(
⟨∇W⟩ − ⟨∇W⟩ · e⃗s

n⃗

n⃗ · e⃗s

)
. (6.39)

In the above equation, Wi+1,j,k and Wi,j,k are the solution states at centre of the neighbouring

cells, n⃗ is the normal vector at the cell interface, ds is the distance between the two adjacent

cell centres and e⃗s is the unit vector between the neighbouring cell centres. The term ⟨∇W⟩ is

a weighted average of the centre gradients with a weighting factor, ϑ, which are defined as

⟨∇W⟩ = ϑ∇Wi,j,k + (1− ϑ)∇Wi+1,j,k , (6.40)

and

ϑ =
Vi,j,k

Vi,j,k + Vi+1,j,k
, (6.41)

using the ratio of cell volumes.

6.3 Explicit Temporal Discretization Scheme

In order to advance the solution forward in time, an appropriate time-marching scheme should

be applied to a system of coupled, non-linear ordinary differential equations presented by Equa-

tion (6.13). A wide range of time-marching schemes including explicit (explicit Euler, Runge-

Kutta, or Adams-Bashforth) and implicit (implicit Euler, Trapezoidal, multi-step Runge-Kutta,

Newton-Krylov-Schwarz (NKS)) [267, 268, 269] methods can be adopted. In the present the-

sis, an explicit two-stage Runge-Kutta time marching scheme has been used. This scheme is a

second-order accurate temporal scheme which is consistent with the discretization scheme used

herein in terms of solution accuracy.

The time step of this explicit scheme is limited by the Courant-Freidrichs-Lewy (CFL) condi-

tion [267], viscous von Neumann stability [270], and chemical time-step which is estimated as

the inverse of the maximum diagonal of the chemical source term Jacobian, ∂S
∂U ,

∆t = min

(
CFL

∆l

|⃗̃u|+ ǎ
,
α

2

∆l2

max(ν̌, νt)
, ξmax

(
∂S

∂U

)−1
)
, (6.42)

where ∆l is the cell-face length of a cell, ǎ is speed of sound, and α and ξ are scaling factors.

In the above equation, variable with (̌ ) are evaluated in terms of LES resolved quantities.



Chapter 6. Parallel Finite-Volume Scheme 70

6.4 Block-Based Adaptive Mesh Refinement

Adaptive mesh refinement (AMR) is a powerful tool for treating problems with disparate spa-

tial scales, providing adequate spatial mesh resolution while minimizing computational costs.

Although AMR has not been employed for the simulations described in the present thesis, the

LES algorithms used herein have been fully coupled with the AMR. So a brief explanation of

the method is given in this section.

The existing AMR approaches are generally divided into path-based [271, 272], cell-based [273,

274, 275], and block-based [276, 277, 278, 279, 249, 251, 250, 280] mesh refinements, depending

on the data structure and partitioning algorithm. In the present work, the three-dimensional

block-based AMR scheme has been implemented by Gao [252] and Northrup [280]. In this

method, pre-defined blocks (parent blocks) are subdivided into self-similar sub-blocks (children

blocks), which consist of the same number of cells as their parent blocks. Therefore, the mesh

adaptation is done by dividing and coarsening the blocks. The refinement or coarsening are con-

ducted by physics-based refinement criteria, such as density or temperature gradient, gradient

of species mass fraction, or velocity of the flow field. The connectivity of the solution blocks

are maintained using octree data structure. This data structure traces the refinement level and

blocks connectivity during the mesh refinement process. Solution information is transferred be-

tween neighbouring blocks via additional layer of overlapping “ghost” cells at each block. This

information is exchanged between blocks at each time step.

6.5 Parallel Implementation via Domain Decomposition

A block-based data structure has been developed for the three-dimensional body-fitted hexahe-

dral computational mesh of interest. Parallel implementation is done by domain decomposition

using the C++ programming language and the message passing interface (MPI) library [281].

In this procedure, the original domain is divided into a number of body-fitted blocks, and then

the solution blocks are assigned to different processors, with more than one block allowed on

each processor. Inter-processor communication is associated with block interfaces and is done

through a layer of overlapping ghost cells which contain solution values form adjacent blocks.

The information is exchanged between the ghost cells of adjacent blocks at each time step. Re-

fer to the thesis of Gao [252] for further details of the parallel implementation of the present

solution algorithm.
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Simulation Results

In this chapter, LES solutions obtained using the five different SFS combustion models intro-

duced in the previous chapters are discussed and compared to experimental data for laboratory-

scale axisymmetric Bunsen-type premixed turbulent methane-air flames. The chapter begins

with a brief summary of the experimental configuration for the flames and LES setup. The vali-

dation of the turbulence field and energy spectrum characteristics is then performed for the case

of decaying homogeneous isotropic turbulence in a box, followed by summary of flame conditions

and turbulence scales for the premixed flames considered in this study. LES results for both

algebraic- and transport-equation variants of the FSD flamelet approach are then presented and

compared to those obtained using the PCM-FPI model. This is followed by an examination

of LES predictions for two different presumed PDFs for the reaction progress variable in the

PCM-FPI approach: the β-PDF, and the MLF-PDF. The tabulated chemical data and the pre-

dicted LES solutions are compared for these two PDFs for the turbulent premixed Bunsen-flame

configuration. In the next section, numerical results for the CSE approach are discussed and the

performance of this non-flamelet-based model is compared to the PCM-FPI flamelet technique.

Overall, a total of six different laboratory-scale flames are considered for various turbulence

intensities and equivalence ratios, corresponding to conditions ranging from the upper limit of

the flamelet regime to well within the thin reaction zones regime, for lean and stoichiometric

flames. All of the simulation results are first presented using the nominal value of upstream tur-

bulence intensity reported by the experiments. However, this value is believed to be somewhat

under-estimated. Therefore, results were also obtained and are described for a modified value of

the upstream turbulence intensity. The findings of an associated mesh resolution study are also

discussed. Lastly, the LES results for all of the SFS models are compared and their weaknesses

and strengths are outlined and discussed.

71
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7.1 Turbulent Premixed Burner Setup and Measurements

As part of the assessment of the combustion models for premixed flames, LES predictions are

considered for several laboratory-scale Bunsen-type turbulent premixed methane-air flames ex-

amined previously in the experimental research by Yuen and Gülder [3]. A schematic of the

experimental setup for this configuration is depicted in Figure 7.1. The burner is an axisym-

metric Bunsen-type burner with an inner nozzle diameter of 11.2 mm. The reactant mixture

is at the temperature of 300 K. The Bunsen burner is equipped with annular pilot flame that

attaches the main flame to the burner rim and stabilizes it under different turbulent conditions.

The turbulence was generated in the burner by sets of perforated plates located upstream of the

burner nozzle. The upstream location of these plates corresponds to three times the diameter

of the nozzle. Instantaneous flame front images were captured using planar Rayleigh scattering

with a resolution of 45 µm/pixel. The Rayleigh scattering images were converted into tem-

perature fields by Yuen and Gülder [3], and then post-processed to attain instantaneous and

time-averaged two-dimensional distributions of the temperature gradient and progress variable

based on temperature. Additional 2D maps of the FSD were computed using the method devel-

oped by Shepherd [282]. Distributions of the FSD and 2D flame curvature were also determined.

A total of 300 experimental images were used in post-processing of the experimental data for

each flame. As the spatial resolution of the Rayleigh scattering measurements is finer that the

mesh resolution of the LES simulations considered herein, to allow a fair comparison of ex-

perimental results to the time-averaged LES predictions, the experimental images were filtered

using a top-hat filter with a characteristic size equal to the LES filter width as first proposed

by Hernández Pérez et al. [37]. In addition, the instantaneous velocity field was also measured

in the experiments using particle image velocimetry (PIV) technique.

7.2 LES Setup

For all of the LES simulations, a cylindrical multi-block computational domain with a diameter

of 0.05 m and a height of 0.1 m or 0.15 m (depending on the case) was employed with a grid

consisting of 1,638,400 or 2,457,600 body-fitted hexahedral cells, respectively. The smaller of

the two meshes is depicted in Figure 7.2. Also finer and coarser mesh resolutions are considered

for the shorter domain with a height of 0.1 m, for mesh resolution studies. A finer mesh which

consists of 6,553,600 cells and two coarser meshes with 204,800 and 409,600 computational cells

are considered for this purpose. The results of the mesh resolution study are presented at the

end of the current chapter. The default LES filter width to grid spacing ratio is 2 for all flame

simulations.
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Figure 7.1: Schematic of the experimental setup for the premixed Bunsen-type burner studied by
Yuen and Gülder [3].

The finite-volume scheme of Chapter 6 was used to obtain unsteady solutions for the Favre-

filtered Navier-Stokes equations in each case. For the turbulent inflow at the exit of the nozzle,

a uniform (flat-top) mean inflow profile of reactants (different value for each flame) is superim-

posed onto a turbulent field that is convected into the computational domain, using a “frozen”

turbulence assumption following Taylor’s hypothesis [283]. The homogeneous isotropic turbu-

lent field at the inflow was pre-generated using the procedure of Rogallo [284] along with the

model spectra of Haworth and Poinsot [285] and Pope [4]. This isotropic homogeneous field

matches values of turbulence intensity, u′, and integral length scale, Λ, from the experiments.

The turbulent fluctuations are continuously injected into the domain through the nozzle’s inlet.

A subsonic inflow boundary condition was used for the axial inflow boundary, with the velocity

field specified as described above, and subsonic outflow boundary condition with a fixed pressure

was applied for the axial and radial outflow boundaries. The pilot flame was approximated by

a uniform inflow of combustion products surrounding the inlet inflow at a velocity of 16.81 m/s

in all cases.
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Figure 7.2: Cylindrical computational domain and mesh consisting 1,638,400 cells used in the LES
predictions of the turbulent premixed Bunsen flames superimposed on instantaneous contours of tem-
perature. Only blocks are shown on the slice planes.

7.3 Validation of the Turbulent Kinetic Energy Spectrum

Before performing the simulations of the turbulent premixed flames, it was first deemed neces-

sary to validate the behaviour of the LES solution procedure for a non-reactive problem: the

decay of isotropic homogeneous turbulence. For these preliminary simulations, two criteria were

considered:

• Firstly, the computed turbulent kinetic energy spectrum should contain a well-identified

portion of the curve with a slope of −5/3 to recover the Kolmogorov’s −5/3 spectrum

associated with the inertia sub-region, which follows from Kolmogorov’s second similarity

hypothesis [286].

• Previous experimental data suggest that the intensity of homogeneous isotropic turbulence

decays according to a power law with exponents varying from 1 to 1.4 with an approximate

mean value of 1.25 [287, 288, 289, 290]. Hence, a second criteria for validation of the LES

results for homogeneous isotropic turbulence decay herein was to establish the correct rate
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Λ λT η u′

mm mm mm m/s
1.790 0.460 0.02935 2.92

Table 7.1: Turbulence parameters for decaying isotropic turbulence in a box. Λ, λT, η, and u′ are the
integral length scale, Taylor microscale, Kolmogorov length scale, and turbulent intensity, respectively.

of decay, i.e. that it is proportional to t−1.25.

As discussed earlier for the Bunsen flames, the initial homogeneous isotropic turbulent flow

field was obtained using the procedure of Rogallo [284] combined with the model spectrum of

Pope [4]. The spectrum was initialized in a periodic box of 0.01×0.01×0.01 m and two meshes

were considered: a fine mesh containing 1283 cells; and a coarse mesh with 643 cells. The same

filter width was used for both meshes which resulted in filter width to grid size ratios (FGR)

of 4 and 2, respectively. Relevant turbulent parameters for the initial turbulent field considered

in this section are summarized in Table 7.1. The particular case considered was selected to

have similar parameters to one of the Bunsen flames in the experimental data-sets of Yuen and

Gülder [291]. In the table, Λ, λT and η are the integral length scale, Taylor microscale and

Kolmogorov length scale, respectively. The corresponding turbulent Reynolds number for this

case is 324.

The initial energy spectrum and turbulent kinetic energy spectra for the decay of the isotropic

homogeneous fields as predicted by the LES solutions after 1 ms and 5 ms are shown in Fig-

ure 7.3. Clearly, as time progresses, the resolved turbulent kinetic energy decays and the slope

in the inertial subrange would seem to obey the Kolmogorov −5/3 law. This region expands as

turbulence decays further. For the coarser mesh, the inertial subrange having a slope of −5/3

is more difficult to identify although the filter width is the same. This can be due to the choice

of FGR [63]. As mentioned earlier, in the current case, FGR values of 4 and 2 are considered

for fine and coarse meshes, respectively. According to Ghosal [292], for a second order scheme,

FGR ≥ 4 in order to have a significant subfilter scale terms compared to the numerical er-

ror, which may explain the difficulty observed in maintaining the Kolmogorov −5/3 law on the

coarser mesh. Nevertheless, a FGR value of 2 is also widely used in many LES studies.

Figure 7.4 shows the total, k, and SFS, k∆, turbulent kinetic energy versus time for the isotropic

homogeneous decay problem obtained using the k-equation turbulence model with Yoshizawa’s

relation [92]. Initially, both the total and SFS values of turbulent kinetic energy remain constant,

following by an increase in the SFS and a decline in the total turbulent kinetic energy. This

indicates a transfer of energy from resolved to SFS eddies. At around 0.6ms, both resolved

and SFS values of turbulent kinetic energy start to decay at a rate of t−1.25 in agreement
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Figure 7.3: Turbulent kinetic energy spectra of isotropic turbulence at 1ms and 5ms on 643 (FGR=2)
and 1283 mesh (FGR=4) using initial spectrum of Pope [4].

with experimental observations. When the asymptotic decay rate is obtained, around 83% of

turbulent kinetic energy is resolved by the grid. While certainly not conclusive, the present

results for the decay of isotropic turbulence help to provide confidence in the proposed LES

technique. The interested reader is referred to the theses of Lin [203] and Hernández-Pérez [148]

for additional verification and validation of the present LES solution method.

7.4 Flames of Interest

In the present computational study, four of the experimental flames studied by Yuen and

Gülder [3] are considered: two stoichiometric methane-air premixed flames, with relative turbu-

lence intensities of u′/sL = 3.3 (flame H), and u′/sL = 7.25 (flame I), and two lean methane-air

premixed flames with an equivalence ratio of ϕ = 0.7 and relative turbulence intensities of

u′/sL = 6.62 (flame M), and u′/sL = 14.53 (flame N). In order to further explore the influence

of turbulence on turbulent premixed flames, two additional stoichiometric turbulent premixed

flames (ϕ=1) are also simulated which were not considered in the experimental work: flame J

with relative turbulence intensity of u′/sL = 14.37 and flame K with relative turbulence inten-

sity of u′/sL = 24.1. The turbulence scales and flow conditions for all six of these flames are

summarized in Table 7.2, where U is the mean velocity of the reactants at the exit plane of the
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Figure 7.4: Decay of turbulent kinetic energy on a 643 mesh.

Flame ϕ Λ λT η u′ sL δL u′/sL Λ/δL U

CH4-Air mm mm mm m/s m/s mm m/s
H 1.0 1.635 0.442 0.05174 1.33 0.403 0.05 3.3 32.7 17.59
I 1.0 1.790 0.460 0.02935 2.92 0.403 0.05 7.25 35.8 15.58
J 1.0 1.790 0.460 0.02935 5.79 0.403 0.05 14.37 35.8 15.58
K 1.0 1.790 0.460 0.02935 9.71 0.403 0.05 24.1 35.8 15.58
M 0.7 1.635 0.442 0.05174 1.33 0.201 0.11 6.62 14.86 17.59
N 0.7 1.790 0.460 0.02935 2.92 0.201 0.11 14.53 16.27 15.58

Table 7.2: Summary of turbulence scales and flame conditions for the six Bunsen-type premixed
flames considered herein. Parameters ϕ, Λ, λT, η, and u′ are the mixture equivalence ratio, integral
length scale, Taylor microscale, Kolmogorov length scale, and turbulent intensity, respectively. U is
the reactants mean velocity and sL and δL are the laminar flame speed and laminar flame thickness,
respectively.

burner.

The location of the six premixed flames of interest on the standard regime diagram are shown

in Figure 7.5. All of the flames lie either near the upper limit of the flamelet regime or well

within the thin-reaction zones region of the premixed flame regime diagram [6, 26, 60]. Note

that flamelet-based combustion models are expected to be valid within both the wrinkled and

corrugated flamelet regimes; however, the validity of the flamelet assumption beyond the wrin-

kled and corrugated flamelet zones and into the thin reaction zones regime remains an open

question in combustion science.
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Figure 7.5: Premixed flame regime diagram showing positions of the premixed flames H, I, J, K, M,
and N.

7.5 Comparison of Algebraic and Transported FSD Models

In this section, a comparative study is performed of the LES predictions of the algebraic- and

transport-equation variants of the FSD flamelet approach so as to investigate the importance

of non-equilibrium transport of the flame surface density by the turbulence. Numerical results

for all six flames summarized in Table 7.2 are considered.

7.5.1 Predicted Instantaneous Flame Fronts

Three-dimensional views of the predicted instantaneous flame surface for cases I and N are

shown in Figure 7.6, in which the flame surface is represented by the c̃T =0.5 iso-surface. The

iso-surfaces were evaluated at a simulation time of t=9 ms, at which point the simulated flames

had reached a quasi-steady state with a fixed average flame height. Isolated pockets of unburnt

reactants can be identified higher in the flames. In general, the simulated flames exhibit a highly

wrinkled surface with the scale of wrinkling becoming larger near the flame tips. The algebraic

and transported FSD model solutions are generally in close agreement with each other for heights

of up to nearly 2.5-3 cm above the burner rim. Further downstream, the differences become

increasingly important. In particular, the predicted flame height for the algebraic FSD model is
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considerably less than that for the other model, indicating a much higher overall burning rate.

While not shown, these trends were also observed in all other cases considered herein.

Predicted instantaneous contours of the flow-field temperature in the y-z plane for flame I at a

simulation time of t=9 ms is shown in Figure 7.7 (a and b) along with filtered instantaneous

experimental measurements of temperature (c). The latter was obtained with a filter having

a width equal to that of the computations. Note that only the upper portion of the flame is

depicted in the experimental image, since the experimental Rayleigh scattering measurements

were only available at heights above 0.045 m from the nozzle inlet, due to interference effects from

the burner. From the figure, it would seem that the numerical simulations are able to reproduce,

at least qualitatively, key features of the experimental flame front. Again, the predicted flame

height for the algebraic model is considerably shorter than that observed in the experiment.

7.5.2 Predicted Time-Averaged Flame Structure

Further comparisons of the predicted structure of the Bunsen flame for flame I are depicted in

Figure 7.8, where planar cross sections of the time-averaged temperature field, T̄ , are shown.

About 20 instantaneous distributions of the predicted temperature separated by 0.25 ms time

intervals were averaged to obtain the two-dimensional results for the time-averaged temperature.

The broader flame structure of the transported FSD model flame is fairly evident in the figure

and, again, the predicted flame of the algebraic FSD model is considerably shorter than that of

the transported FSD model. While results for the other five flames are not shown, the features

of the time-averaged flame structure for these flames exhibit similar quantitative properties.

7.5.3 Predicted Flame Surface Density and Curvature

To extract the flame surface density from the experimental data, the Rayleigh scattering images

are processed to obtain progress variable fields based on temperature (Equation (3.1)). The 2D

maps of the FSD are computed by using the method developed by Shepherd [282], applying to the

filtered experimental data. In this method, instantaneous flame front edges are superimposed

onto the averaged c̄T map to calculate the length over area ratio for a given c̄T. The same

procedure was then applied to 2D slices of the resolved temperature field obtained from the

LES simulations.

Distributions of the 2D FSD values as a function of the progress variable, c̄T, as extracted

from the simulations for four of the flames, are compared directly to similarly processed filtered

experimental results in Figure 7.9. It can be seen from the figure that, in general, all of the FSD

profiles obtained from the LES simulations are in good agreement with experimental results
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and that despite some quantitative discrepancies, at least qualitatively reproduce the observed

trends. The results for the algebraic and transported FSD models are surprisingly similar and it

is difficult to discern significant differences in the predictions. In all of the profiles, the maximum

value for the FSD is located at c̄T ≃ 0.5. Moreover, the peak FSD values obtained from the

simulations are slightly higher than the experimental ones.

The 2D flame curvature is also extracted from instantaneous filtered experimental images and

slices of the predicted LES temperature. For each experimental image or LES numerical snap-

shot, instantaneous values of curvature are calculated along the flame front at c̃T = 0.5. For

each curvature, these values are grouped using all the available snapshots in order to form the

PDF of curvature. PDFs of flame curvature based on the filtered experimental images and the

two FSD models are shown in Figure 7.10. It is evident from the figure that all of the flame

curvature PDFs display a Gaussian-type shape centered about zero, with the LES distributions

being slightly narrower than the experimental results. Overall, the distributions of curvature

for both FSD models are remarkably similar and agree well with filtered experimental results.

7.5.4 Predicted Flame Heights

In order to measure the flame height, two-dimensional profiles of time-averaged temperature

are obtained using about 20 instantaneous distributions of the predicted temperature separated

by 0.25 ms time intervals. These solution snapshots are selected starting at time after which

the predicted global burning rate for the flame had achieved a quasi-steady value. A progress

variable , cT, was then defined based on this time-averaged temperature field (Equation (3.1)),

and the iso-contours for c̄T=0.5 are identified. The latter provided an estimate of the predicted

flame height.

Predictions of the average map of c̄T = 0.5, corresponding to the average flame envelope for

algebraic and transported FSD models for flames H, I, M, and N are compared with the map

obtained from the Rayleigh scattering images in Figure 7.11. It is apparent from the figures that

overall, the two FSD combustion models yield flame heights that agree reasonably well with the

experimental values in most cases. The experimental flame heights for the stoichiometric flames

(i.e. H and I) are 8.5 cm and 6.0 cm, respectively, and the LES modelling with transported FSD

predicts flame heights of about 10 cm and 6 cm for these two flames. For the lean flames (M and

N), the transported FSD model over-predicts the flame heights as compared to the experimental

values. The LES results for the algebraic FSD are somewhat inferior to the transported model.

In particular, the algebraic model quantitatively under-predicts the average flame height by a

considerable margin for the stoichiometric flames, while providing improved predictions for the

lean flames. In general, the algebraic model would seem to under-predict the flame height and
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in comparison to the transported FSD model, it was found that the algebraic model yields much

shorter flames for lower turbulence intensities, but as the turbulence intensity increases, the two

models yield increasingly similar predictions of flame height.

Note that the general over-prediction of flame height by the transported FSD model for most

cases can be due to the under-estimated value of the inlet turbulence intensity, which is the

source of the turbulence for the entire domain. For all Bunsen flames studied in this section,

the value of u′ at the burner centreline is taken to be the inlet turbulence intensity as measured

in the experiments. However, this value is in reality not uniform and is expected to be lower

than the actual turbulence intensity in the near wall regions at the burner exit, as it ignores

the regions of higher turbulence intensity which results from the increased shear stresses and

the presence of the boundary layer. This issue will be considered in Section 7.8 of the current

study, where additional results based on the modified value of the inlet turbulence intensity will

be presented for two flames.

7.5.5 Predicted Turbulent Burning Rates

The differences in predicted flame heights of the two FSD models is directly related to the overall

or total predicted turbulent burning rates. The overall or total predicted turbulent burning rate

may be calculated in terms of the integrated FSD as follows

sT
sL

∝
∫
V
ρ̄Σ̃dV , (7.1)

where the integration is performed over the entire computational domain.

Figure 7.12 shows a comparison of the predicted quasi-steady normalized turbulent burning

rates for the six premixed flames to estimated values of the burning rates and integrated flame

surface area obtained by Yuen and Gülder [3] from analyses of the mean flame brush. It is

evident from the figure that the LES predictions of burning rate for both FSD models show a

gradual increase as a function of turbulence intensity, but this increase is somewhat below the

experimentally measured values, as is the overall burning rate. The burning rates predicted by

the two FSD models are qualitatively quite similar, but the overall burning rate of the algebraic

model is about 1.4 times higher than that of the transported FSD model. Since the two FSD

models invoke the flamelet assumption of Damköhler, the predicted burning rates are expected

to agree well with the measurements of flame area for lower turbulence intensities and this would

seem to be supported by the comparisons.
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7.5.6 Predicted Flame Heights Using a Tuned Value for Boger et al. Model

Coefficient

As mentioned in Section 3.1.1, a constant value of
√

6/π, as suggested by Boger et al. [38], is

used as the model parameter, a, for the algebraic model of FSD in this study. In this section,

the effect of this coefficient is investigated for the four flames of interest. The Boger model

coefficient has been tuned for flame N so that the predicted LES flame height matches closely

the experimental value. For this purpose, a value of
√

6/π/3.5 was used for a. The other three

flames we re-simulated with this adjusted value to investigate whether or not tuning the value

of the coefficient can improve the results of all FSD predictions for different cases in terms of

flame height.

Figure 7.13 shows comparison of the flame heights for flames H, I, M, and N based on c̄T=0.5

contour of time-averaged progress variable map for algebraic FSD model of Boger et al. using

default and tuned model coefficients. The predictions are also compared with the map obtained

from the Rayleigh scattering images. As it can be seen from the figure, even though tuning the

coefficient produces good results for flame N, this improved accuracy is not maintained for the

LES predictions of other flames. The predicted flame heights for flames H, I and M, although

somewhat improved, still do not match with the experimental heights. The discrepancies in

flame height are also not consistent across flames; the algebraic FSD model with tuned coefficient

over-estimates the predicted flame height for flame M while the height is under-estimated for

the other two flames (H and I). These results suggest that, although some improvements can be

achieved through a judicious choice of a; there does not appear to be a universal value for all

flames.

7.6 LES Results for PCM-FPI Approach and Comparison of

PDF Models

In this section, the performance of two different presumed PDFs for the PCM-FPI combustion

model in LES is examined: a β-PDF, and a modified laminar flamelet PDF (MLF-PDF). These

PDFs are first compared in terms of tabulated quantities in the FPI chemistry database. Then

they are studied for LES of a freely propagating premixed methane-air flame in a box. Finally,

the PDFs are used in LES of turbulent premixed Bunsen flames. As was demonstrated in

Section 4.3, in contrast to β-PDF, the MLF-PDF recovers the filtered laminar flame speed.

This is an important property, especially when the turbulence scales are larger than the flame

thickness, and when SFS wrinkling is resolved. In this section, the ability of each PDF to

respect this condition is examined in LES of turbulent premixed Bunsen flames. At the end
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ϕ Λ λT η u′ sL δL u′/sL Λ/δL
mm mm mm m/s m/s mm

0.7 1.790 0.460 0.02935 2.92 0.201 0.11 14.53 16.27

Table 7.3: Summary of turbulence scales and flow conditions for the freely propagating flame in a
box. Parameters ϕ, Λ, λT, η, u′, sL and δL are the mixture equivalence ratio, integral length scale,
Taylor microscale, Kolmogorov length scale, turbulent intensity, laminar flame speed and laminar flame
thickness, respectively.

of the section, comparative results of PCM-FPI to the FSD model in terms of predicted flame

heights are also presented and discussed.

7.6.1 PDF Comparisons of Tabulated Quantities

The tabulated values for the MLF-PDF database are compared with β-PDF in Figures 7.14,

7.15 and 7.16. Figure 7.14 indicates that the values of ˜̇ωYc are similar for both PDFs. For

higher segregation factors (equivalent to non-dimensionalized variance), the difference between

the two PDFs is less distinct (see Figures 7.14 and 7.16). Figure 7.15(a) indicates that for the

major species, the choice of β-PDF or the MLF-PDF does not significantly affect the tabulated

quantities, but the differences become more apparent for minor species such as H (Figure 7.15(c))

and OH (Figure 7.16 ). These results also agree with the observation of Domingo et al. [41],

who indicated that the prediction of OH is sensitive to the shape of the PDF.

7.6.2 PDF Comparisons for a Freely Propagating Flame

In order to compare further the effect of the two different PDFs, LES solutions of a freely

propagating premixed methane-air flame are studied in a decaying isotropic and homogeneous

turbulent field, using the PCM-FPI approach with both β-PDF and MLF-PDF. The flame is

initialized as a planar laminar premixed flame within a box with dimensions of 0.01 × 0.01 ×
0.01 m. The grid consists of 128 cells in the flame cross-sectional direction and 64 cells in the two

other directions. A homogeneous isotropic turbulent flow field is superimposed using Rogallo’s

turbulence initialization procedure [284] and the model spectrum proposed by Pope [4]. The

prescribed boundary conditions at the six faces of the cube are as follows: subsonic inflow and

outflow in two directions normal to the initialized laminar flame sheet, and periodic for the

four other faces. The various turbulence parameters for the premixed flame of interest are

summarized in Table 7.3. As mentioned in the previous sections, the turbulence intensity for

this case is such that the flame lies in the thin reaction zones regime of turbulent premixed

combustion diagram [2].

Three-dimensional views of the predicted instantaneous flame surface identified by isosurface
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of reaction progress variable at c̃T =0.5 and t = 1.5ms are shown in Figure 7.17. These LES

simulations are performed using PCM-FPI with β-PDF and MLF-PDF. The LES results show a

highly wrinkled flame with the larger scale of wrinkles at the tips of the flame. As demonstrated

in Figure 7.17, both PDFs predict very similar flame structures with almost no clear difference

in the flame shape and wrinkling between the two flames.

Figure 7.18 shows the comparison of burning rates for the cases using β-PDF and MLF-PDF.

The expression for the calculation of turbulent burning rate in the PCM-FPI model is given by

ST =
1

ρ̄uỸ
eq
c LyLz

∫
V

˜̇ωYcdV , (7.2)

where Ly and Lz are domain dimensions in the y and z directions, respectively. It is seen that

β-PDF produces a slightly higher burning rate than MLF-PDF. This is in agreement with the

findings of Vicquelin et al. [191] and Fiorina et al. [190] that application of the β-PDF over-

estimates the propagation speed of the filtered progress variable. It is also supported by the

findings for the filtered laminar flame discussed in Chapter 4.

To compare further the LES results from β-PDF and MLF-PDF, the distributions of the reaction

progress variable in the y-z plane are plotted in Figure 7.19. On the planes closer to the

reactants (7.19(a)) and products (7.19(d)), both PDFs have same distributions. However, inside

the flame brush, the β-PDF predicts higher values of local maximum as c∗ approaches 1 (7.19(b)

and 7.19(c)), which is likely due to the higher burning rates predicted by the β-PDF.

Figures 7.20, 7.21 and 7.22 show the predicted contours of species mass fractions for the turbu-

lent premixed flame in the x-z plane and at y = 0. Comparison of Figures 7.20(a) and 7.20(b)

for the predicted CO2 mass fraction clarifies that the choice of PDF does not have a strong

influence on the mass fraction of major species. This was also seen in the comparison of tab-

ulated data for one-dimensional laminar methane-air flames (see Figures 7.15(a) and 7.15(b)).

However, the H2 and H mass fraction in Figures 7.21(a), 7.21(b), 7.22(a) and 7.22(b) clearly

illustrate the stronger influence of the PDF type on the prediction of minor species which agrees

with Domingo et al. [41] and was also seen in the comparisons of the tabulated data (refer back

to Figures 7.15(c) and 7.16).
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(a) Algebraic FSD, flame I (b) Transported FSD, flame I

(c) Algebraic FSD, flame N (d) Transported FSD, flame N

Figure 7.6: Instantaneous iso-surfaces of the filtered progress variable, c̃=0.5, at t=9 ms after the
initiation of the simulations for flames I and N for algebraic FSD model of Boger et al. and transported
FSD model of Hawkes and Cant.
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(a) Algebraic FSD (b) Transported FSD (c) Experiment

Figure 7.7: Predicted contours of the temperature at y-z plane for stoichiometric flame with u′/sL =
7.25 (flame I) at t=9 ms after the initiation of the simulations of the premixed Bunsen flame for algebraic
FSD model of Boger et al. (a), transported FSD model of Hawkes and Cant (b), and instantaneous
filtered temperature from experimental data (c).

(a) Algebraic FSD (b) Transported FSD

Figure 7.8: Predicted time-averaged temperature field, T̄ , for stoichiometric flame with u′/sL = 7.25
(flame I) obtained using algebraic (a) and transported FSD (b) models.
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Figure 7.9: Distribution of two-dimensional flame surface density extracted from filtered experimental
images and FSD LES results based on instantaneous planar distributions of temperature.
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Figure 7.10: Probability density functions of 2D flame curvature corresponding to a progress variable
c̄T=0.5, using filtered experimental data and FSD LES results.
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Figure 7.11: Estimated averaged flame envelope for algebraic and transported FSD models based on
c̄T=0.5 contour of time-averaged progress variable map.
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Figure 7.12: Comparison of predicted and measured values of the normalized turbulent burning rates
as a function of turbulence intensity for lean and stoichiometric premixed Bunsen flames.
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Figure 7.13: Estimated averaged flame envelope based on c̄T=0.5 contour of time-averaged progress
variable map for algebraic variant of Boger et al.’s FSD model, using default and tuned model coefficient
values.
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(a) Sc = 0.255 (b) Sc = 0.492

(c) Sc = 0.933

Figure 7.14: Comparison of tabulated ˜̇ωYc for β-PDF and MLF-PDF for a mixture of methane-air at
ϕ = 0.7 for three different segregation factors.
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(a) (b)

(c)

Figure 7.15: Tabulated mass fraction comparisons for β-PDF and MLF-PDF for a mixture of
methane-air at ϕ = 0.7 and Sc = 0.492.
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(a) Sc = 0.255

(b) Sc = 0.492

Figure 7.16: Tabulated ỸOH comparisons for β-PDF and MLF-PDF for a mixture of methane-air at
ϕ = 0.7 and different segregation factors.
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(a) β-PDF (b) MLF-PDF

Figure 7.17: Isosurface of reaction progress variable, c̃T=0.5, for the propagating flame at t = 1.5ms
using PCM-FPI with β-PDF and MLF-PDF.

Figure 7.18: Comparison of turbulent burning rates for PCM-FPI approach using β-PDF and MLF-
PDF for a propagating flame in a box.
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(a) x = −0.00125m (b) x = 0.00125m

(c) x = 0.002m (d) x = 0.003m

Figure 7.19: Distribution of reaction progress variable on y-z plains for cases with β-PDF and MLF-
PDF at t = 1ms.
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(a) β-PDF (b) MLF-PDF

Figure 7.20: Contours of CO2 mass fraction in the x-z plain and at y = 0 for cases with β-PDF and
MLF-PDF at t = 1ms.

(a) β-PDF (b) MLF-PDF

Figure 7.21: Contours of H2 mass fraction in the x-z plain and at y = 0 for cases with β-PDF and
MLF-PDF at t = 1ms.
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(a) β-PDF (b) MLF-PDF

Figure 7.22: Contours of H mass fraction in the x-z plain and at y = 0 for cases with β-PDF and
MLF-PDF at t = 1ms.
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(a) β-PDF (b) β-PDF (c) MLF-PDF (d) MLF-PDF

Figure 7.23: Instantaneous flame isosurface c̃ = 0.5 and contours of temperature on a plane at
t = 7ms after the initiation of the simulation for flame N using PCM-FPI approach.

7.6.3 PDF Comparisons for Bunsen-Type Turbulent Premixed Flames

Predicted Instantaneous Flame Fronts

LES results for flame N in Table 7.2 were obtained using both the β-PDF and MLF-PDF with

the PCM-FPI model. Three-dimensional views of the predicted instantaneous flame surfaces

are given in Figures 7.23(a) and 7.23(c) for a simulated time of t = 7ms, when the flame has

a quasi-steady structure. The visualization of the flame surface is provided by the c̃ = 0.5 iso-

surface. Figures 7.23(b) and 7.23(d) show contours of instantaneous temperature for the same

flame on a x-z plane. The initially planar flame near the inlet shows considerable development

with downstream distance. It can be seen that the flame is well wrinkled and the shape of the

flame is mostly convex towards the combustion products. Comparison of the LES results for the

two PDFs shows that use of the β-PDF as opposed to the MLF-PDF does not affect significantly

the overall shape of the flame.

Predicted Flame Heights

Figure 7.24 shows the contours of average c̄T =0.5 from the simulations with PCM-FPI using

β-PDF and MLF-PDF, and the averaged map obtained from the Rayleigh scattering images

of experimental data for flames I and N. It can be seen that at least, qualitatively, there is

a good agreement between the predicted and experimental results in case of flame height and

the overall shape of the flame. For both flames, the MLF-PDF predicts higher flame heights
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Figure 7.24: Estimated averaged flame envelope based on c̄T=0.5 contour of time-averaged progress
variable map for PCM-FPI approach using β-PDF and MLF-PDF for flames I and N.

compared to the β-PDF. This is confirmed by comparison of turbulent burning rate in the

predicted LES results in Section 7.6.3, where the burning rate for β-PDF is shown to be higher

than the MLF-PDF.

In case of flame N, the difference in heights is small, and overall the two PDFs produce very

similar predictions. This discrepancy is more distinct for flame I where the β-PDF seems to

under-predict the flame height. This can be explained by the results of Section 4.3, where it

was demonstrated via Figure 4.3 that the two PDFs are expected to behave similarly when the

filter width to flame thickness ratio, ∆/δL, is small. When this ratio increases, the β-PDF was

shown to over-predict the filtered laminar flame speed. This fact can be justified by the results

displayed here in Figure 7.24 for flames I and N, having the same inlet turbulence intensity and

two different equivalence ratio values. For the stoichiometric case of flame I, the laminar flame

thickness is lower than that of the lean mixture (flame N). Since the grid and filter width are

identical in both flames, it can be concluded that in general, ∆/δL for flame I is higher than

flame N, which leads to greater separation between LES results using the β-PDF and MLF-PDF.

This can also be seen in Figure 7.25 where the location of ∆/δL is marked for both flames I and

N. Moreover, the apparent over-prediction of the flame height in these simulations is also caused

by the effect of under-estimated inlet turbulence intensity compared to the actual experimental

value as previously mentioned in Section 7.5.4.
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Figure 7.25: Filtered laminar flame speed for different filter widths using the β-PDF and the MLF-
PDF. Location of ∆/δL for flames I and N is marked on the figure.

Predicted Flame Surface Density and Curvature

The two-dimensional maps of FSD extracted from the simulations and experiments are shown

and compared in Figure 7.26 for flames I and N. There is good agreement between the predicted

calculations using LES with both PDFs and the experiments, especially for flame N. It can be

seen that the MLF-PDF predicts slightly lower FSD values than the β-PDF. This difference

is more evident for flame I, as expected, since the β-PDF is shown to over-predict the flame

burning rate and consequently the flame surface density.

Comparison of the measured and predicted PDFs of flame front curvature corresponding to a

progress variable c̄T = 0.5 is shown in Figure 7.27. It is apparent from the figure that PDFs

calculated from the filtered experimental data and predicted results are symmetric and have

Gaussian-like distributions. Both LES predictions show narrower PDFs as compared to the

filtered experimental results. The curvature PDFs obtained using PCM-FPI with the β-PDF and

MLF-PDF do not exhibit distinct differences, especially in the case of flame N. This similarity

is consistent with the previous results (see Figure 7.24), since the overall shapes of the flames



Chapter 7. Simulation Results 102

Mean Progress Variable

F
S

D
 (

1/
m

m
)

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

PCM-FPI-MLF
PCM-FPI-Beta
Experiment-Filtered

(a) Flame I

Mean Progress Variable

F
S

D
 (

1/
m

m
)

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

PCM-FPI-MLF
PCM-FPI-Beta
Experiment-Filtered

(b) Flame N

Figure 7.26: Distribution of two-dimensional flame surface density extracted from experimental im-
ages and LES results based on instantaneous planar distributions of temperature for flames I and N.
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Figure 7.27: Probability density function of 2D flame curvature corresponding to a progress variable
c̄T=0.5 for flames I and N.

are not influenced significantly by the type of PDF.

Predicted Turbulent Burning Rate

The differences in predicted flame heights resulting from the use of the two PDFs is directly

related to the overall predicted turbulent burning rates. The turbulent burning rate may be
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Figure 7.28: Comparison of predicted normalized turbulent burning rate for flame I using PCM-FPI
approach with β-PDF and MLF-PDF.

calculated in terms of the integrated reaction rate as follows,

sT =
1

ρ̄uỸ
eq
c A

∫
V

˜̇ωYcdV , (7.3)

where A is the laminar flame surface area. The integration is performed over the entire compu-

tational domain to determine a global burning rate.

Figure 7.28 shows the comparison of burning rates for the PCM-FPI approach obtained using

the β-PDF and MLF-PDF for flame I. It is apparent that β-PDF produces a higher burning

rate than the MLF-PDF. This agrees with Vicquelin et al. [191], Fiorina et al. [190] and also

is consistent with discussion in Section 4.3 that using a β-PDF over-estimates the propagation

speed of the filtered progress variable. As was shown in Section 4.3 of this thesis and is supported

by the present results, the MLF-PDF predicts more realistic filtered laminar flame speeds and

therefore corresponding by more accurate overall turbulent burning rates.

7.6.4 Comparison to FSD Models

Figure 7.29 compares the PCM-FPI flame height results using the presumed β-PDF, the trans-

ported FSD predictions of the previous sections, and the experimental observations. Overall,

there is a close agreement between predicted PCM-FPI and FSD solutions. There is a general
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Figure 7.29: Estimated averaged flame envelope for PCM-FPI and transported FSD models based
on c̄T=0.5 contour of time-averaged progress variable map.

over-estimation of the flame height for most cases which can be due to the under-estimated value

of inlet turbulence intensity used for the simulations as mentioned in Section 7.5.4. Also using

a better presumed PDF as an alternative approach to the β-PDF will improve the PCM-FPI

predictions. This matter will be investigated in more detail later in the chapter.

7.7 LES Results for the CSE Approach

The performance and predictive capability of the CSE approach for LES of turbulent premixed

Bunsen flames using MLF-PDF are investigated for flames I and N of Table 7.2. The numerical

results presented here represent the first application of CSE approach to LES of premixed flames.

Since the CSE model involves the solution of a non-linear inverse problem that a priori is not

clear will produce non-divergent predictions, it is of interest to see how well this approach can

yield results that are comparable to those of the flamelet solutions. As will be shown, stable

LES solutions are possible with the CSE model and in some cases, the predictions are possibly

better than the flamelet-based model solutions. The predictions of the CSE model are compared

to those of a more traditional flamelet-based approach, the PCM-FPI model, in the following

sections.

For the CSE model, the grid was decomposed to create 800 ensembles, each with 2,048 cells,

that were used in the solution of the inverse problem for the conditionally-filtered progress

variable. These ensembles are fixed disc-shaped sectors located at different distances from
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the nozzle, perpendicular to the flow direction. It is known that for a steady, axisymmetric

jet flame, the cross-sectional variations of the conditional filtered progress variables are not

significant [44, 293, 294]. Thus the conditionally-filtered variables only change as a function of

the distance from the burner exit, which will be shown later in the LES results.

7.7.1 Conditionally-Filtered Progress Variable

Prior to considering the comparisons of the CSE model predictions to experiment, it is instruc-

tive to examine the results of the CSE inversion process for flames I and N. The predicted

instantaneous distributions of the conditionally-filtered progress variable, c2|c∗, within some of

the 800 ensembles for these flames are shown in Figure 7.30. For the ensembles located lower

in the flame (non-dimensional height, z/D, is small where z is the height above the burner), it

is evident that the conditional averages, c2|c∗, deviate considerably from the flamelet solution

whereas, higher up in the flame, the conditionally-filtered progress variable converges to the

flamelet solution. This is likely due to the fact that the turbulence in the burner was generated

using a grid and such turbulence decays downstream of the grid [4, 295]. Furthermore, mean

stretch rate can be estimated by u′/λT, where λT is the Taylor microscale [296]. The mean

stretch rate, u′/λT, is proportional to the square root of turbulent kinetic energy dissipation,

ϵ [297, 4]. This dissipation rate decreases in a grid turbulence [4]. So it can be concluded that

u′/λT and consequently, the turbulent stretching reduces with axial distance from the burner

exit. While the actual conditional averages were not measured in the experiment, this type of

behaviour, where the conditional averages tend to a straight line for high turbulence intensi-

ties, was observed in a recent DNS study of premixed flame in the distributed reaction zone

regime [298]. This interpretation of the CSE results can be further justified by considering the

predicted solutions for strained laminar flamelets in a opposed-jet counter-flow burner config-

uration for a lean (ϕ = 0.7) methane-air mixture as shown in Figure 7.31. It is clear that the

strained flamelet solutions deviate from that of the unstrained flamelet with increasing strain

rate and approach a straight-line profile in a similar fashion to that of the predictions for the

conditional averages described above.

7.7.2 Predicted Flame Surface Density and Curvature

Distributions of 2D flame surface density and PDFs of 2D flame front curvature corresponding

to the progress variable of c̃T = 0.5 as extracted from experimental Rayleigh images and LES

results based on instantaneous planar distributions of temperature for flame I are depicted in

Figure 7.32. Large eddy simulation results for the CSE approach along with the PCM-FPI model

using two different PDFs are presented. While not shown, similar results were obtained for flame
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Figure 7.30: Predicted distributions of the conditionally-filtered progress variable, c2|c∗, within the
ensembles for flames I and N at t=9 ms; solid lines are the CSE model results as a function of the non-
dimensional height in the flame, z/D, and the symbols represent the fundamental unstrained laminar
flamelet solution.

N. The first important conclusion from Figure 7.32 is that the LES numerical predictions using

the CSE approach for turbulent premixed flames is stable and can produce reasonably physical
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Figure 7.31: Strained laminar flamelet solutions for a lean (ϕ = 0.7) methane-air mixture showing c2
versus c as a function of strain rate, S, in an opposed-jet counter-flow burner configuration.

results that matches well with the experimental observations.

In Figure 7.32(a), the CSE and PCM-FPI approaches appear to be able to reproduce quite

accurately the profiles for the FSD for flame I, whereas slightly larger errors are observable in

the PCM-FPI predictions obtained using the presumed β-PDF.

The 2D flame front curvature profiles in Figure 7.32(b) also seem reasonably well predicted by

the various combustion models, which is quite positive, but slightly larger errors are noticeable

in the curvature predicted by the CSE method. Overall, the predicted distributions of 2D

curvature for all models are similar.

7.7.3 Predicted Flame Heights

Figure 7.33 compares the estimated averaged flame envelope on iso-contour of c̄T=0.5 for flames

I and N. The predicted LES solutions from CSE and PCM-FPI using the two different PDFs

and profiles extracted from averaged experimental data are shown. The results of the figure

show a close agreement between CSE and PCM-FPI with MLF-PDF in terms of flame height

prediction. This agreement is slightly stronger for flame N with the lean mixture. As justified
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Figure 7.32: Distributions of 2D FSD and PDFs of 2D flame front curvature corresponding to a value
for the progress variable of c̃T=0.5 as extracted from experimental data and LES results for flame I.

in Section 7.6.3, the PCM-FPI approach using the β-PDF under-estimates the flame height for

flame I and predicts results which are far from the two other models. This discrepancy is less

noticeable for flame N due to its higher laminar flame thickness and consequently lower ∆/δL.

Overall, it would seem that the CSE combustion model is able to predict the correct trend for

flame height in comparison with the experiments. The experimental results in Figure 7.33 reveal

that changing the equivalence ratio from lean to stoichiometric does not produce a appreciable

change in the flame height, a trend that is well predicted by the CSE approach. However, it is

also evident that the CSE approach over-estimates the height for both flames. This is most likely

due to the use of a low value for the prescribed uniform inlet turbulence intensity in the LES.

The actual non-uniform nature of the inflow turbulence could potentially be better represented

by use of a higher value for the uniform value applied in the simulations. Modifying the burner

exit turbulence intensity can improve significantly the performance of CSE and PCM-FPI with

MLF-PDF, as will be demonstrated in the next section.

7.8 LES Results Based on Modified Value of

Turbulence Intensity

The turbulence intensity at the burner exit for both flames I and N in Table 7.2 was reported

to be 2.92 m/s [3]. However, the measured intensity did not take into account the entire inlet

profile. The measurements were limited to a region close to the centreline of the burner. More
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Figure 7.33: Estimated averaged flame envelope for flames I and N based on c̄T = 0.5 contour of
time-averaged progress variable map.

recent experiments performed in the same burner have shown that the turbulence intensity is

not uniform and higher values are found in the shear layer near the burner rim than closer to the

centreline (P. Tamadonfar, personal communication, November 2013). Furthermore, the shape

of the radial distributions of normalized turbulence intensity was found to be virtually identical

for different levels of turbulence intensity. As it is expected that the flames are stabilized in

the regions of higher turbulence near the burner rim [299], the prescribed uniform turbulence

intensity at the inlet in the LES was increased above the nominal reported value in an attempt

to represent more accurately the actual inflow turbulence. The prescribed value for the inflow

turbulence in the LES was taken to be higher than the mid-plane value recorded in the experi-

ments by 75% of the difference between the peak and centreline values. As a result, a value of

3.78 m/s was used for both flames I and N. The LES results presented in the following sections

represent the predictions of the different combustion models obtained using this modified value

of inlet turbulence intensity.

7.8.1 Predicted Instantaneous Flame Fronts

Three-dimensional views of the predicted instantaneous iso-surfaces of the filtered progress vari-

able, c̃T=0.5, obtained using the PCM-FPI with both PDFs and CSE model with MLF-PDF,

for flames I and N are depicted in Figures 7.34 and 7.35, respectively. These plots correspond
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(a) PCM-FPI-Beta (b) PCM-FPI-MLF (c) CSE

Figure 7.34: Instantaneous iso-surfaces of the filtered progress variable, c̃T = 0.5, at t= 9 ms after
the initiation of the simulations for flame I obtained using PCM-FPI with two different PDFs and CSE
combustion models.

to t=9 ms after the initiation of the simulation. At this time, a quasi-steady flame structure

has been achieved for each flame.

A first important observation from the results of Figures 7.34 and 7.35 is that the proposed

formulation of the CSE model for LES is stable and converges to what appear to be physically

reasonable solutions for the flames of interest. The figures also show that isolated pockets of

unburnt reactants can be identified higher in the flames, specially for case I in Figure 7.34. In

general, the simulated flames have highly wrinkled surfaces, with the PCM-FPI model with

β-PDF resulting in visibly greater wrinkling of the flame in both cases as compared to the

CSE model. This difference in levels of wrinkling is less noticeable when using PCM-FPI with

MLF-PDF. The estimated heights of both flames would appear to be greater for the CSE

model predictions as well as PCM-FPI with MLF-PDF as compared to the PCM-FPI approach

using presumed β-PDF, indicative of a higher overall predicted turbulent burning rates for the

latter. Moreover, both SFS models result in slightly shorter flames for the stoichiometric case

(Figure 7.34) compared to the lean flame (Figure 7.35), as was observed in the experiments.
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(a) PCM-FPI-Beta (b) PCM-FPI-MLF (c) CSE

Figure 7.35: Instantaneous iso-surfaces of the filtered progress variable, c̃T = 0.5, at t= 9 ms after
the initiation of the simulations for flame N obtained using PCM-FPI with different PDFs and CSE
combustion models.

7.8.2 Conditionally-Filtered Progress Variable

The predicted instantaneous distributions of the conditionally-filtered progress variable, c2|c∗,
within five chosen ensembles for lean flame N (ϕ=0.7) at t=9 ms are shown in Fig. 7.36. Results

for flame I are similar. The same trends as identified in Section 7.7.1 can be seen here. It is

evident that the conditional averages, c2|c∗, deviate from the flamelet solution for the ensembles

located lower in the flame (non-dimensional height, z/D, is small where z is the height above the

burner) while for ensembles which are located higher up in the flame, the conditionally-filtered

progress variable converges to the flamelet solution.

7.8.3 Predicted Time-averaged Flame Structure

Further comparisons of the predicted structure of the Bunsen flames obtained using each of

the two models are shown in Figures 7.37 and 7.38, where planar cross sections of the time-

averaged temperature field, T̄ , are shown. About 20 instantaneous distributions of the predicted

temperature separated by 0.25 ms time intervals were averaged to obtain the 2D results for the

time-averaged temperature. The longer structure of the lean mixture flame is fairly evident in
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Figure 7.36: Predicted distributions of the conditionally-filtered progress variable, c2|c∗, within the
ensembles for lean flame N (ϕ = 0.7) at t = 9 ms; lines are the CSE model results as a function of
the non-dimensional height in the flame, z/D, and the symbols represent the fundamental unstrained
laminar flamelet solution.

the figure and, again, it is clear that the PCM-FPI model with presumed β-PDF yields shorter

flames than that of the CSE approach.

7.8.4 Predicted Flame Surface Density and Curvature

Distributions of the 2D FSD as a function of the progress variable, c̄T, as extracted from the

Rayleigh measurements for the two flames, are compared directly to the similarly processed

LES solutions in Figure 7.39(a) for the stoichiometric flame, I, and Figure 7.39(b) for the lean

flame, N. Comparisons of the measured and predicted PDFs of the 2D flame front curvature

corresponding to a progress variable c̄T=0.5 are also given in Figures 7.39(c) and 7.39(d) for

these flames. Numerical results for the CSE approach with MLF-PDF and PCM-FPI model

using the β-PDF and MLF-PDF are all shown.

From Figures 7.39(a) and 7.39(b), one can see that, in general, the predicted distributions

of FSD agree well with the experimental results and, despite some quantitative discrepancies,

at least qualitatively reproduce the observed trends. However, the peak FSD value obtained

from the CSE simulation is slightly under-estimated compared to the experiments. In all of the
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(a) PCM-FPI-Beta (b) PCM-FPI-MLF (c) CSE

Figure 7.37: Predicted time-averaged temperature field, T̄ , for flame I obtained using PCM-FPI
approach with two different PDFs and the CSE model.

(a) PCM-FPI-Beta (b) PCM-FPI-MLF (c) CSE

Figure 7.38: Predicted time-averaged temperature field, T̄ , for flame N obtained using PCM-FPI
approach with two different PDFs and the CSE model.

profiles, the maximum value for the FSD is around c̄T = 0.5. The results of the figures also

provide further support for the decreased flame wrinkling in the LES solutions with the CSE

model as compared to that of the PCM-FPI model. Moreover, comparison of FSD profiles for
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Figure 7.39: Distributions of 2D FSD and PDFs of 2D flame front curvature corresponding to a value
for the progress variable of c̃T = 0.5 as extracted from experimental Rayleigh images and LES results
based on instantaneous planar distributions of temperature for flames I and N.

two PCM-FPI approaches shows a generally better performance of the MLF-PDF over the more

commonly-used β-PDF, which supports the previous realizations in the present study.

From the comparisons of the measured and predicted PDFs of Figure 7.39(c) and Figure 7.39(d),

it is apparent that both the experimental and numerical PDFs are symmetric about zero and

have Gaussian-type distributions. While the curvature PDFs obtained from the LES predictions

are somewhat narrower as compared to those for the experiments, due to the filtered nature of
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Figure 7.40: Estimated averaged flame envelope for flames I and N based on c̄T = 0.5 contour of
time-averaged progress variable map.

the LES solutions and the possible lack of grid resolution for high curvature content, overall

the predicted distributions of curvature for both combustion models are remarkably similar and

agree well with the filtered experimental results.

7.8.5 Predicted Flame Heights

Predictions of the average map of c̄T=0.5, representing the average flame envelope, for PCM-

FPI and CSE models are compared with the similar map obtained from the Rayleigh scattering

images in Figure 7.40. Results for both flames I and N are given. The maps are indicative

of the overall flame heights. It is apparent from the results that, overall, the two combustion

models yield flame heights that agree reasonably well with the experimental values in both cases,

particularly given that the uncertainties in the accurate specification of the upstream turbulence

discussed previously is estimated to translate to a 10% uncertainty in flame height predictions.

The flame height predictions of all three approaches for flame N are very close to each other.

For the stoichiometric case (flame I), the agreement between the CSE LES and PCM-FPI with

MLF-PDF predictions and experiment is very good and clearly improved compared to the PCM-

FPI using β-PDF model, which yields a considerably shorter flame. The observed error in the
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prediction of flame height by PCM-FPI β-PDF approach for flame I seems to come from use of

the β-PDF in place of the MLF-PDF as explained in Section 7.6.3. Since flame I has a lower

laminar flame thickness compared to flame N, the ratio of filter width to laminar flame thickness

for this flame is higher than flame N. Consequently, the difference between predicted filtered

flame speed using β-PDF and MLF-PDF is more for flame I than flame N, as has been shown

in Figure 7.25. This describes the higher difference between flame heights predicted by β-PDF

and MLF-PDF for case of flame I compared to flame N.

Overall, it is felt that the CMC-based CSE model is able to represent the observed variations in

flame height (less differences in predicted flame height between stoichiometric and lean flames as

in experiment), yielding taller flames than the flamelet-based model due to the lower predicted

burning rates arising from the regions of high turbulent strain. In general, it can be said that the

CSE model is able to provide solutions which are consistent with the flamelet-based PCM-FPI

model when the modified laminar flamelet presumed PDF is used.

7.8.6 Predicted Turbulent Burning Rate

Figure 7.41 shows the evolution of the normalized turbulent burning rate for the three models in

flame N. It is evident from the figure that LES predictions of burning rate for CSE in the quasi

steady condition are lower than those of the PCM-FPI models. These trends seem to correlate

reasonably well with the observed behaviour in the predicted flame heights of Figure 7.40(b).

While not shown, the same general trends for the overall turbulent burning rate were observed

for the stoichiometric premixed flame considered in this study (flame I).

7.9 Effects of Mesh Resolution

Ensuring that the computational mesh is sufficiently fine to resolve the large scale structure

in the turbulent flow is of particular importance in LES. One rule of thumb or engineering

guideline is that, as a minimum, roughly 80% of the turbulent kinetic energy should be resolved

on the grid for non-reactive flows. For the premixed reactive flows, the flame front must also

be adequately resolved. In order to assess the sensitivity of the current LES predictions to the

mesh resolution, three meshes were considered for flame N in Table 7.2. In addition to the

coarser mesh (1,638,400 cells) described in Section 7.2, LES results for a finer mesh consisting

of 6,553,600 cells and two coarser meshes with 204,800 and 409,600 computational cells were

obtained. The LES results obtained using the PCM-FPI with β-PDF and the FSD model of

Hawkes and Cant are compared in terms of flame heights for these four grids. In all cases,

the filter width to grid spacing ratio is kept fixed and equal to 2. The percentage of turbulent
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Figure 7.41: Comparison of predicted normalized turbulent burning rate for PCM-FPI and CSE
approaches for flame N.

Model
Number of

Cells
Total CPU
Time (min)

FSD

204,800 3.2× 104

409,600 1× 105

1,638,400 2.5× 105

6,553,600 4× 106

PCM-FPI

204,800 5× 104

409,600 1.5× 105

1,638,400 5× 105

6,553,600 9.5× 106

Table 7.4: Computational costs for 1 ms of LES calculations for flame N using both PCM-FPI and
FSD SFS models for different grid resolutions.

kinetic energy that was representable on the grid in the PCM-FPI case, for the four coarser to

finer grids was estimated to be 56%, 73%, 86%, and 94%, respectively.

Figure 7.42 shows plots for the c̄T=0.3 contours and illustrates the impact of the grid resolution
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on the LES predictions of flame height. The corresponding experimentally measured contour

for c̄T = 0.3 is also given in the figure. It is evident that increasing the resolution improves

the predicted LES results, with the finer mesh yielding results for the flame height that agrees

more closely with the experimental observations. As expected, the finer mesh exhibits a more

accurate representation of flame wrinkling for both models, which leads to a higher burning rate

and consequently lower flame height. It should also be noted that since FGR is constant for all

grid resolutions, finer grid represents smaller subfilter scale modelling terms, and consequently

yields results which approach those of a DNS. Furthermore, as the mesh is refined, there is

less reliance on the modelling (the contributions of the SFS models are reduced) and all of the

simulation results tend to converge. The LES results also seem to agree well with experiment

as the mesh is refined.

In order to evaluate more quantitatively, whether the LES predictions converge toward the same

solution and whether these solutions are independent of the grid resolution, the flame heights as

an average map of c̄T=0.3 are plotted as a function of total number of cells in Figure 7.43. It

can be seen that the solution is converging towards a unique value for both PCM-FPI and FSD

models and the model results become very similar as the resolutions increases. The difference

between predicted flame heights in Figure 7.42(c) and Figure 7.42(d) is only about 7%. This

provides justification for the use of the next finest grid instead of the finest grid resolution.

Table 7.4 shows the computational costs for 1 ms of the LES calculations for each mesh. It

can be seen that overall, FSD model of Hawkes and Cant is computationally less expensive

than the PCM-FPI model. As expected, the computational cost remarkably increases for the

finer meshes, as the CPU time for the finest mesh with 6,553,600 cells is about 19 and 16

times higher than the second fine mesh with 1,638,400 cells, for PCM-FPI and FSD models,

respectively. While not shown in the table, the computational cost for the CSE method as

implemented herein is about four times higher than the PCM-FPI approach. The CSE model

is expected to be more costly due to the additional work associated with the solution of the

inverse problem and subsequent evaluations of filtered reaction rates; nevertheless, the present

implementation of CSE did not focus on computational efficiency and is not at all optimal. For

this reason, a meaningful comparison between the computational cost of the various models

is not possible at the present time. A more efficient implementation of the CSE method and

computational cost comparisons to other models are recommended for future studies.

Considering the results from this grid resolution comparisons, and by compromising between ac-

curacy and computational cost, the grid consisting of 1,638,400 computational cells was therefore

selected for performing all of the LES studies reported.
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7.10 Summary of Flame Height Comparisons for All Models

As a final summary of results, average flame envelope plots for iso-contours of c̄T=0.5 using all

models studied in the present work in depicted in Figure 7.44 for both flames I and N. Note that

the modified value of inlet turbulence intensity, u′ = 3.78 m/s, was applied for all approaches.

It is apparent from the figure that both PCM-FPI and CSE models with MLF-PDF exhibit

very good performance for both lean and stoichiometric flames, with a slight over-prediction

of flame height in both cases. While the PCM-FPI with β-PDF predicts flame heights that

match experiments for the lean flame (Figure 7.44(b)), this presumed PDF is unable to produce

accurate results for the stoichiometric case (Figure 7.44(a)). As expected, the algebraic FSD

model of Boger et al. clearly under-estimates the predicted flame heights for both flames, though

discussed earlier, some tuning of algebraic model constant may improve the performance of this

approach. The transported FSD model of Hawkes and Cant seems to be able to predict flame

heights which are not far from the experimental observations, at least in a qualitative manner.

However, comparison of this model for both flames I and N implies that the transported FSD

model is incapable of providing consistent results when compared to the experimental data for

different equivalence ratios.
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Figure 7.42: Estimated averaged flame envelope based on c̄T=0.3 contour of time-averaged progress
variable map, obtained using FSD and PCM-FPI models with different grid resolutions. The percentage
of SFS turbulent kinetic energy, k∆, is also specified on each subfigure’s caption.
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Figure 7.44: Estimated averaged flame envelope for flames I and N based on c̄T = 0.5 contour of
time-averaged progress variable map using all presented models in this research.



Chapter 8

Conclusions and Future Work

This chapter provides a summary of the results presented in the previous chapters and reviews

the main conclusions of the thesis. In addition, the major contributions and recommendations

for future work are provided in the subsequent sections.

8.1 Summary and Conclusions

The present study has involved a detailed comparison and evaluation of five different subfilter-

scale models for turbulence-chemistry interactions in LES of premixed flames. The investiga-

tion focuses on the stability and performance of each approach in comparison with existing

laboratory-scale experimental observations of Bunsen-type premixed turbulent flames. The re-

sults of this study verify CSE modelling approach for LES of premixed flames for the first time

and contribute to better fundamental understanding of the turbulence-chemistry interactions.

8.1.1 Algebraic and Transported FSD Approaches

The present study of SFS models for LES of turbulent premixed methane-air Bunsen flames has

permitted a comparison of algebraic and transported FSD models. This comparison has revealed

that, for flames in the upper flamelet and thin-reaction zones regimes, the algebraic FSD model

of Boger et al. [38] can greatly over-predict the turbulent burning rate, flame height, and flame

area compared with experiment, particularly for the relatively lower turbulence intensity cases.

For the higher-turbulence intensities, the algebraic model predictions are somewhat improved

and some tuning of model constants may be possible for improved results. In contrast, the

transported FSD of Hawkes and Cant [39] provides considerably improved predictions, providing

results that agree both qualitatively and quantitatively with key aspects of the observed flame

structure and behaviour. However, while this approach performs very well for some cases, in

123
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general it seems to be less consistent with experiments as compared to the PCM-FPI and CSE

approaches using MLF-PDF.

8.1.2 Modified Laminar Flamelet PDF Versus β-PDF

LES of Bunsen-type turbulent premixed flames were also carried out using the PCM-FPI ap-

proach with two different presumed probability density functions for the reaction progress vari-

able. The tabulated data and the predicted LES solutions for the freely propagating flame con-

figuration were compared using β-PDF and the modified laminar flamelet PDF (MLF-PDF).

It is also shown that the laminar flame-based PDF of Bray et al. [223] is not applicable in the

present study, where the flame is in the thin reaction zones regime. The tabulated data using

the solution of one-dimensional laminar flame shows higher reaction rates for β-PDF compared

to the MLF-PDF, for high values of segregation factor. This is confirmed by comparison of

turbulent burning rate in the predicted LES results where the burning rate for β-PDF is higher

than the MLF-PDF. For the major species such as CO and CO2 in the lean flame, the two

PDFs did not show any appreciable difference, both for the tabulated data and for the predicted

LES solutions. However, for minor species such as H, H2 and OH, the difference is higher,

especially for high segregation factors. For the Bunsen-type burner configuration, LES results

were obtained using the PCM-FPI approach with both β-PDF and MLF-PDF for lean and sto-

ichiometric flames having the same inlet turbulence intensity. The results show good agreement

with the experimental data. As was also observed for the propagating flame of lean methane-air

mixture, the type of PDF used in the PCM-FPI approach for the lean flame does not seem to

greatly influence the overall shape of the flame. However, the minor species concentration were

found to be more affected by the choice of PDF used in the tabulation procedure. As opposed

to the lean case, the stoichiometric Bunsen flame is more affected by the PDF type. This is due

to the lower laminar flame thickness which results in a higher LES filter width to laminar flame

thickness ratio. It was shown that when this ratio is larger, the β-PDF is unable to produce the

right filtered laminar flame speed and therefore deviates from the MLF-PDF predictions and

experimental data.

8.1.3 CSE Approach for LES of Turbulent Premixed Flames

Additionally, the conditional source-term estimation combustion model was also formulated

for LES of turbulent premixed flames and applied for the first time to the prediction of two

laboratory-scale premixed flames identified to lie within the thin reaction zones regime. The

combustion regime of the chosen configuration is voluntarily chosen outside the flamelet regime

to assess possible improvements of the CSE methodology over the more traditional flamelet
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approach, PCM-FPI. The CSE model was coupled to a 2D-FGM chemistry reduction model

and the MLF-PDF, and the LES predictions of lean and stoichiometric methane-air Bunsen-

type flames were examined. Comparisons were made to available experimental data, as well as

to the predictions of the flamelet-based PCM-FPI combustion model.

The novelty of the present work is in the use of CSE with LES instead of RANS, in a premixed

configuration. A key objective was to show the feasibility of such calculations, in terms of

stability, convergence and precision. The CSE combustion model was found to be stable and

converge to physically meaningful results. The deviations of the CSE predictions from flamelet

behaviour were identified and attributed to regions of high turbulence intensity and strain for

the thin-reaction-zones-regime flames. In general, this approach predicted a less wrinkled flame

with a lower turbulent burning rate and, consequently, a higher flame height compared to the

PCM-FPI model. Overall, it is felt that this CMC-based model is able to re-produce flamelet

solutions and provide predictions that agree both qualitatively and quantitatively with the

observed flame behaviour. In particular, it can incorporate correctly the influence of turbulent

strain on conditionally-filtered quantities and hence burning rate as flame behaviour deviates

from that of a flamelet in the thin reaction zones regime.

To summarize, the CSE modelling technique looks to be encouraging approach for future in-

vestigations. Its suitability for performing accurate LES numerical simulations of turbulent

premixed flames has been established and it may prove to be a useful tool for the design of clean

and efficient combustion systems.

8.2 Original Contributions

The original contributions of this thesis work can be summarized as follows:

• Comparison of algebraic and transported FSD models for LES of premixed flames us-

ing laboratory-scale flame data. This comparison highlighted the importance of non-

equilibrium transport in turbulent premixed flames.

• Investigation of the effect of PDF type on LES predictions of PCM-FPI approach for

Bunsen-type flames in different equivalence ratios. The improved prediction of the laminar

flame speed and consequently the burning rate by the modified laminar flamelet PDF was

shown for LES of turbulent premixed combustion.

• Assessment of the CSE SFS model for LES predictions of turbulent premixed combus-

tion. The first LES predictions of turbulent premixed flames using the CSE method were

performed.
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• Demonstration of the performance of the CSE method in terms of stability, convergence

and performance for LES of premixed flames.

• Head-to-head comparisons of five different SFS models for turbulent premixed combustion,

using up to total of six Bunsen-type premixed flames with different equivalence ratios and

turbulence intensities. The results of the comparisons underline the ability of both flamelet

and non-flamelet-based combustion models, used in conjunction with simple and tabulated

chemistry, to predict turbulent premixed combustion.

In addition to the preceding research contributions, the thesis has led to several additional

developments in the computational framework used here in order to achieve the research goals.

These developments include:

• Development of FPI look-up tables using modified laminar flamelet PDF for both premixed

and non-premixed combustion.

• Development of a computational framework for look-up table of 2D-FGM chemistry tabu-

lation technique, based on Cantera solutions for different trajectories, using C++, Fortran

and Python programming languages.

• Implementation of CSE approach for the first time in a LES framework of a turbulent

premixed reactive mixture.

8.3 Recommendations for Future Directions

The new LES combustion modelling approaches examined in this dissertation seem to give rise

to promising new tools for numerical predictions of turbulent premixed flames. In particular,

the MLF-PDF was shown to be a better alternative to a commonly used presumed β-PDF

for both PCM-FPI and CSE techniques. Moreover, the CSE is an approach that can be used

for flames far from the flamelet combustion regime. Nevertheless, the various models deserve

further investigation and additional research should be done to make them ready for applicable

configurations. A number of areas for improvements and further study have been identified

which can be summarized as follows:

• The SFS stresses are modelled here using eddy viscosity assumption with constant co-

efficients. It would be interesting to study the advantage of dynamic models [23] over

constant coefficients models used herein.
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• In this study, the SFS scalar fluxes are modelled using the classical gradient transport

hypothesis. Experimental data, theoretical analysis, and DNS calculations have confirmed

the existence of both gradient and counter-gradient fluxes in turbulent premixed flames

[107, 108, 109, 111, 113]. Thus, it would be important to explore the combustion models

studied herein with SFS scalar fluxes that can incorporate both gradient and counter-

gradient transport effects.

• In the FSD approach, the stretch factor, which accounts for the effects of flame curvature

and strain on the laminar consumption rate, is assumed to be one. While some DNS

calculations measured this value to be close to unity [300, 301], there are other studies

that suggest otherwise [302, 303, 304]. Consideration of this effect would be of interest

for the future research.

• Investigation of the model constants in the algebraic FSD model and their effect on the

LES predictions remains open. Moreover, future research could potentially involve further

comparisons of the algebraic and transported FSD SFS models for premixed flames over

a wider range of turbulence intensities and flame conditions.

• Implementation of a more accurate inflow turbulence modelling so as to taking into account

non-uniform velocity and turbulence intensity profiles should be considered.

• Unfortunately in the present research, experimental data for the species concentrations

was not available. It would be interesting to investigate the ability of the CSE 2D-FGM

model in prediction of species mass fractions concentration, since this model may have

some advantages over the other approaches.

• In the present research, the applicability of the CSE model is investigated for premixed

systems. However, many practical combustion systems operate in variable equivalence

ratio and partially premixed mode. The extension of this model to incorporate partially-

premixed combustion would be a necessary step towards its more practical implementation.

• Besides accuracy, numerical efficiency is an important aspect of numerical simulations.

As was discussed in the thesis, the CSE model as implemented herein is computationally

more expensive than the flamelet-based models. Future research could focus on improving

the efficiency of CSE approach in a LES framework. For example, the current version of

the code performs the integral inversion process locally on each processor. This procedure

can be parallelized in order to speed up the process. Currently, the code is not scalable to

higher numbers of processors as there might not be enough reactive points in the ensembles

to solve the inverse problem. An optimum and scalable approach needs to be investigated

and implemented for the CSE method.
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• Interesting questions such as the effect of number of discretization ensembles and their

location in the domain on CSE performance must still be answered.

• The reduced chemistry approach used herein is a flamelet-based technique. This limits

the ability of CSE to be fully presented as a non-flamelet-based model. In order to further

investigate the performance of CSE for flames outside the flamelet combustion regime,

it is recommended to use other chemistry reduction techniques as a replacement for the

2D-FGM tabulated chemistry database.

• In general, further testing is required to address the advantage of CSE over PCM-FPI

approach. This study examined the CSE model for laboratory-scale Bunsen flames. Fur-

ther questions such as the performance of CSE for more complicated turbulent flow fields,

for instance, bluff-body stabilized burners and swirl burners would be interesting topics

for future research. The latter has an important application since the swirling reactive

flows are used for flame stabilization and increased mixing in many combustion cham-

bers [305]. In addition, CSE should be evaluated for wider range of turbulence intensities

and equivalence ratios.

• Future developments of the proposed finite-volume framework for combustion using CSE

could also focus on improving the time integration efficiency. Parallel implicit time march-

ing schemes based on Newton-Krylov-Schwarz (NKS) algorithm could be applied instead

of the rather simple explicit time marching used in the present study [280].

• A combined high-order central essentially non-oscillatory (CENO) [306] and AMR [280]

approaches can be considered for CSE LES of premixed flames. These techniques will

enable the treatment of more complex geometries and reduce the computational cost of

the simulation. In addition, the use of high-order explicit commutative LES filters [63]

with the high-order discretization schemes should be explored.
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