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Abstract

The performance of the modified laminar flamelet probability density function (MLF-PDF) is studied
as a presumed PDF for the PCM-FPI combustion model in LES. PCM-FPI is a low-cost flamelet model
for turbulence–chemistry interactions in premixed and partially-premixed flames. The MLF-PDF couples
the FPI tabulated detailed chemistry model with large eddy simulation. The performance of this PDF was
examined before in an a priori analysis with DNS data [13] and in RANS simulations of laboratory-scale
burners [14]. In this work, this PDF is first compared to the actual experimental PDF. Then it is demon-
strated that the MLF-PDF recovers the filtered laminar flame speed which is an important factor when
turbulence scales are larger than the flame thickness and are mostly resolved in the grid scale. Finally, this
PDF is used in LES of a turbulent premixed bunsen flame. The mean radial distributions of temperature, a
few major species and two radical species mass fractions are compared with experimental data. The results
show that this new PDF is a viable option for the statistics of sub-grid scale progress variable fluctuations.
� 2012 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction and background

In large eddy simulation (LES) of turbulent
reacting flows, the rate-controlling processes – par-
ticularly most chemical reactions – happen at
unresolved scales. As a result, turbulent combus-
tion modelling in LES is still a modelling chal-
lenge. A variety of combustion models have been
1540-7489/$ - see front matter � 2012 The Combustion Instit
http://dx.doi.org/10.1016/j.proci.2012.06.177

⇑ Corresponding author. Fax: +1 604 822 2403.
E-mail address: salehima@interchange.ubc.ca (M.

Mahdi Salehi).
proposed for LES of turbulent premixed flames.
Apart from the linear eddy model, other LES com-
bustion models have generally been adopted from
similar RANS models [1]. For turbulent flames in
the flamelet regime, several flamelet models are
available in either the progress variable or G-equa-
tion form. Presumed conditional moments (PCM)
[2] and flame surface density (FSD) models [3]
utilize a transport equation for filtered progress
variable to characterized the state of combustion.
G-equation models are based on solving a trans-
port equation for a filtered level set function G [4].
ute. Published by Elsevier Inc. All rights reserved.
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The transported PDF model [5] and condi-
tional moment closure (CMC) [6] are combustion
models that are not limited to the flamelet regime.
However, they are computationally expensive
compared to the flamelet models and have their
own modelling challenges. Givi [7] extended the
transported PDF model from RANS to a com-
bustion model for LES by introducing the idea
of a filtered density function (FDF). The first
LES combustion model based on the CMC
hypothesis was proposed by Bushe and Steiner
[8]. The transported PDF model has been
extended to LES of premixed combustion [9]
while the CMC has not yet been used as a com-
bustion model for LES of premixed flames.

Flamelet models are easier to implement and
computationally less expensive compared to trans-
ported PDF and CMC combustion models. The
performance of flamelet models is satisfactory in
the flamelet regime – an important practical
regime, particularly for premixed flames. Hence,
different variants of flamelet models have been
used in commercial and academic simulation
tools. In this work the presumed conditional
moments (PCM) combustion model is used
[2,10]. This model is predominantly used in com-
bination with a flame prolongation of intrinsic
low dimensional manifold (FPI) [11] or flamelet
generated manifold (FGM) [12]. The model
requires a presumed probability density function
(PDF) of reaction progress variable for coupling
between turbulence and chemistry. The modified
laminar flamelet PDF (MLF-PDF) has proved
to be a better presumed PDF model compared
to the widely-used b-PDF in an a priori analysis
using DNS data [13] and in RANS simulation of
a laboratory-scale burner [14]. In this work, the
MLF-PDF and the b-PDF are used in large eddy
simulation of a turbulent premixed Bunsen burner
and the results are compared with experiments.
Also, it is demonstrated that this new PDF better
represents the actual experimental PDF compared
to the b-PDF.
2. Formulation

In large eddy simulation the three-dimensional
unsteady large scale features of the flow field are
captured and the small scales are filtered. Defining
G(x) as a spatially-invariant low-pass filter func-
tion, the resolved portion of every quantity /
can be expressed as:

�/ðx; tÞ ¼
Z

V
/ðx0; tÞGðx� x0Þdx0 ð1Þ

where �/ is the filtered quantity. A density-weight-
ing or Favre-filtering can also be defined as
~/ ¼ q/=�q. The transport equations for the large
scale quantities can be obtained by applying the
above filtering operation to the governing equa-
tions of a reacting flow. The filtered conservation
equation for mass fraction of species k assuming
constant diffusivity is as follows:
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ð�q~ui

eY kÞ¼
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eY k

@xi

 !
�@�sk
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where, �q is the filtered mixture density, eY k is the
mass fraction of species k, t is time, xi is the spatial
coordinate in i-direction, ~ui is the filtered velocity
in i-direction, D is the molecular diffusivity,
�sk ¼ �qðguiY k � eui

eY kÞ is the unresolved turbulent
scalar flux and _xk is the filtered chemical reaction
source term. The filtered chemical reaction source
term is the result of interactions between chemical
reactions and the sub-grid scale turbulence fluctu-
ations. This interaction in the PCM-FPI flamelet
model is reflected through a model for the filtered
probability density function (also known as FDF
[7]) of a reaction progress variable. The filtered
PDF of reaction progress variable c(x, t) is defined
as [15]:

P ðc�; x; tÞ �
Z

V
d½c� � cðx0; tÞ�Gðx� x0Þdx0 ð3Þ

where d is the Dirac delta function. The condi-
tional filtered value of every quantity /(x, t) can
also be defined knowing the PDF:

/ðx; tÞjc� �
R

V /ðx0; tÞd½c� � cðx0; tÞ�Gðx� x0Þdx0

P ðc�; x; tÞ
ð4Þ

If the above equation is expressed for the chemical
reaction source term and is integrated in the pro-
gress variable space, the following expression is
obtained:

_xkðx; tÞ ¼
Z 1

0

_xkðx; tÞjc�P ðc�; x; tÞdc� ð5Þ

In the PCM-FPI combustion model the condi-
tional averages are assumed to be the laminar
flamelet values. These values come from the FPI
chemistry model. In the FPI chemistry model an
unstrained steady one-dimensional laminar pre-
mixed flame is obtained using detailed chemistry.
The chemical reaction source terms and species
mass fractions are then tabulated as a function
of a progress variable c� ¼ Y c=Y eq

c where
Y c ¼ Y CO2

þ Y CO is chosen in this study [2]. The
PCM-FPI combustion model requires a presumed
functional form for the filtered PDF. This func-
tion is formed knowing the filtered progress vari-
able ~c and sub-grid scale variance of the reaction
progress variable ~cv � ecc � ~c~c at each point. This
parameter can be normalized with maximum pos-
sible variance and is called segregation factor
Sc ¼ ~cv=ð~cð1� ~cÞÞ. Based on these assumptions



Fig. 1. Four possible shapes for the modified laminar
flamelet PDF for lean methane–air premixed flame. Sc is
the segregation factor Sc ¼ ~cv=ð~cð1� ~cÞÞ.
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Fig. 2. Filtered laminar flame speed for different filter
sizes using b-PDF and MLF-PDF.
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the chemical reaction source term at each point in
space and time (x, t) is:

_xk �
Z 1

0

_xkðc�ÞFPIP ðc�; ~c;~cvÞdc� ð6Þ

The above integration can be done a priori and _xk

can be stored in a table as a function of ~c and ~cv.

2.1. Presumed PDF model

The b-function has been used as a PDF model
for PCM-FPI combustion model [16,17]. How-
ever, this PDF is used primarily because it can
recover the limits of extremely high and extremely
low variance. While it has been used very success-
fully in non-premixed combustion, in premixed
combustion, it over-predicts the progress variable
chemical reaction source term and does not
always give satisfactory results for premixed com-
bustion [13,14,18–20].

Bray et al. proposed a laminar flamelet-based
PDF:

Pðc�Þ ¼ Adðc�Þ þ B
jrc�j þ Cdð1� c�Þ ð7Þ

where |$c*| is calculated from an one-dimensional
unstrained laminar premixed flame. A, B and C
are unknown constants that are calculated know-
ing the mean and variance of the progress variable
and the constraint that

R 1

0 P ðc�Þdc� ¼ 1. This PDF
is applicable only for relatively high variance val-
ues [14]. In order to overcome this limitation, Jin
et al. [13] proposed dropping one d(c*) and clip-
ping the Bray PDF at c�1 > 0 or at c�2 < 1 or drop-
ping both Dirac delta functions and clipping the
Bray PDF at both c�1 > 0 and c�2 < 1, depending
on the variance and mean. Therefore, four differ-
ent general shapes for the PDF become possible
which cover the entire range of realizable values
of mean and variance, as shown in Fig. 1. In each
case three unknowns must be calculated from the
mean, variance and the constraint thatR 1

0
P ðc�Þdc� ¼ 1. This modified PDF – called the

modified laminar flamelet PDF (MLF-PDF) – is
affected by changes to the chemical kinetic mech-
anism and how these affect the shape of the lami-
nar premixed flame [13].

2.2. Presumed PDF models versus experimental
PDF

The experimental data of Sweeney et al. [21] is
available to generate PDFs of progress variable.
In this experiment a lean turbulent premixed
methane–air flame is formed in a slot burner at
equivalence ratio of 0.73. Figure 3 compares the
experimental PDF, MLF-PDF and the b-PDF
at two different locations. This figure shows that
the MLF-PDF is a better presumed PDF model
compared to the b-PDF.
2.3. Filtered laminar flame speed

Fiorina et al. [19] have studied the ability of the
b-PDF to recover the filtered laminar flame speed.
This is of particular importance when all the
turbulence scales are captured in the grid scale
and there is no sub-grid scale wrinkling. In this
case, the filtered flame speed SD is equal to the
laminar flame speed Sl. In a canonical case of a
steady one-dimensional laminar premixed flame
the following equation is valid:

quSl
dc
dn
¼ d

dn
qD dc

dn

� �
þ _xcðnÞ ð8Þ

where qu is the density of unburned gases, q is the
mixture density, c is the progress variable and n is
the spatial coordinate. After filtering Eq. (8) with
a Gaussian filter of size D and integrating this
equation and the filtered version, the following
relation is valid [19]:
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Fig. 3. Experimental and presumed PDFs of the progress variable. (a) ~c ¼ 0:03 and ~cv ¼ 0:01, (b) ~c ¼ 0:4 and ~cv ¼ 0:12.
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quSD¼
Z þ1

�1
_xcðnÞdn¼

Z þ1

�1
_xcðnÞdn¼quSl ð9Þ

The filtered laminar flame speed SD can be calcu-
lated for different filter sizes D using the b-PDF
and the MLF-PDF. As pointed out in [19] the
b-PDF does not satisfy Eq. (9). This is shown in
Fig. 2. This figure also shows that the MLF-
PDF satisfies Eq. (9) with relatively good accu-
racy, which suggests that the MLF-PDF ought
to perform better in LES calculations of premixed
turbulent flames in the flamelet regime.

2.4. LES SGS closures

In the PCM-FPI combustion model, two trans-
port equations for ~c and ~cv are solved in addition
to the continuity, momentum and energy equa-
tions. The transport equation for ~c is similar to
Eq. (12). In this work a k-equation SGS model
is used where one transport equation is solved
for sub-grid scale turbulent kinetic energy [22].
The SGS turbulent kinetic energy is used to model
the turbulent viscosity and the Reynolds stress
tensor is obtained through the eddy-viscosity
hypothesis. The unresolved turbulent scalar flux
in Eq. (12) is closed using a gradient assumption:

�sk ¼ �qðguiY k � eui
eY kÞ � �q

mT

ScT

@ eY k

@xi
ð10Þ

where ScT is a turbulent Schmidt number and mT is
the SGS turbulent viscosity. Equation (10) is not
valid when counter-gradient diffusion occurs.
However, �sk is small in LES compared to RANS,
because in LES the large scale portion of the tur-
bulent scalar flux is captured. Also, as the grid res-
olution increases, the uncertainty in modelling this
term decreases in LES [23]. Moreover, counter-
gradient diffusion does not happen when the Bray
number is less than one.

The transport equation for ~cv after using the
gradient diffusion assumption for unresolved sca-
lar fluxes with a single Schmidt number is as fol-
lows [2]:
@

@t
ð�q~cvÞ þ
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@xi
ð�q~ui~cvÞ ¼
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�qD @~cv
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@xi

@~c
@xi

� 2�svc
þ 2ð _xcc� _xc~cÞ ð11Þ

where _xc is the filtered chemical reaction source
term in the progress variable transport equation;
_xcc is also unclosed and is computed by integrat-
ing over the filtered PDF and stored; �svc

is the
SGS scalar dissipation rate and can be modelled
using a linear relaxation:

�svc ¼ �q
mT

ScT

~cv

D2
ð12Þ

where D is the filter scale.
3. Implementation

The chemistry library was generated by solving
a one-dimensional unstrained laminar premixed
flame calculated with Cantera [24]. GRI-MECH
3.0 [25] detailed chemistry mechanism is used to
obtain the chemistry library. Continuity, momen-
tum and energy equations are solved along with a
transport equation for the SGS turbulent kinetic
energy. Two additional transport equations are
solved for the filtered and SGS fluctuation of reac-
tion progress variable. Species mass fractions are
tracked by solving transport equations. The chem-
ical reaction source-terms for species transport
equations are reconstructed from the species mass
fractions read in the PCM-FPI look-up table [10].
These transport equations are solved using a com-
pressible density-based approach available in the
CFFC code [26]. In this code, the temporal deriv-
atives are solved using a second-order Runge–
Kutta scheme and spatial derivatives are solved
via a second-order finite volume approach. The
inviscid fluxes are calculated using limited
linear reconstruction and a Reimann-solver-based
flux calculation approach. Viscous fluxes are
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Fig. 4. Instantaneous contours of density for flame F3.
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computed via a hybrid average gradient-diamond
path. The details of the computational approach
can be found in [26]. A multi-block hexahedral
mesh is used and all the computations are done
in parallel using a domain decomposition
approach with MPI.

The premixed Bunsen flame of Chen et al. [27]
is simulated in this work. In this burner the stoi-
chiometric mixture of methane and air enters as
a central cold jet at different Reynolds numbers.
This central jet is surrounded by hot pilot prod-
ucts of a methane–air flame at the same equiva-
lence ratio for stabilization. This geometry is
modelled with over 1.6 million hexahedral compu-
tational cells and is run on 128 processors. Almost
93% of the turbulent kinetic energy is resolved on
the grid scale. Also, the grid resolution in the reac-
tion zone is between 2 and 10 times bigger than
the unstrained laminar flame thickness. In this
study flame F3 of this burner is simulated which
has a mean inlet velocity of 30 m/s. The inlet
velocity comes from a precursor LES simulation
of a periodic pipe with L/D = 20. For this flame
the Bray number is less than one [14]; hence, the
gradient diffusion assumption should be valid.
4. Results and discussion

The simulations are run with the initialization
of a cylinder of reactants inside a domain other-
wise filled with products. Each simulation is run
until the total heat release in the domain achieves
a statistically stationary condition. Statistics are
collected thereafter. Figure 4 shows the instanta-
neous contours of density field for the turbulent
premixed Bunsen flame.

The radial profiles of different mean quantities
were measured in the experiments at four axial
locations. Figure 5 shows the comparison between
the experimental results and numerical predictions
for mean temperature. Predictions at the lowest
axial locations x/D = 2.5 are affected by the
uncertainty in the inlet boundary condition for
the pilot stream. This figure shows that the b-
PDF over-predicts the temperature due to
over-estimation of the reaction rates and local
over-heating. The deviations from experiment at
farther downstream locations in both models are
likely due to using a simple model for SGS turbu-
lent kinetic energy. Using a dynamic model may
improve the predictions.

Large-eddy simulation of this flame is also
done by Knudsen and Pitsch [28], Yilmaz et al.
[9] and Wang et al. [29]. The temperature results
in [9,28] are slightly better than this work. A
transported PDF combustion model is used in
[9] which is a better approach compared to the
simple flamelet model employed in this work.
Knudsen and Pitsch [28] adjusted the inlet temper-
ature to account for the uncertainty in the
temperature inlet boundary condition. Also, they
used a dynamic LES model which is better than
k-equation model used in this work. The tempera-
ture results of Wang et al. [29] are not as good as
the results shown in Fig. 5. This is likely due to
using a single step, irreversible chemistry in [29].

Radial profiles of two major species mass frac-
tions are shown in Figs. 6 and 7. These figures
show that the performance of the b-PDF and
the MLF-PDF in predicting the major species
mass fractions are similar. In both case, the
numerical predictions are close to experimental
results. Other reported LES results [28,9,29] have
similar performance in reproducing the experi-
mental results for major species mass fractions.

Figure 8 shows the radial profiles of OH mass
fraction, a radical species that is hard to predict.
This figure shows that both PDFs under-estimate
the OH mass fractions; however, the results of
using the MLF-PDF are closer to the experimen-
tal results. Both methods have a reasonably good
prediction of the CO mass fraction as shown in
Fig. 9. This figure shows that the MLF-PDF pro-
vides a better prediction of the trend in the exper-
imental results at farther downstream locations.
At these locations the CO mass fraction increases,
has a peak at r/D = 0.5 and then decreases. The
MLF-PDF captures this trend while in the b-
PDF results the CO mass fractions remains con-
stant up to r/D = 1.0 before decreasing. Among
other three large-eddy simulations of this burner,
only Yilmaz et al. [9] reported OH and CO mass
fractions. They have a better prediction for OH
while CO results in this work are closer to
experiment.
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Altogether, in this burner both the b-PDF and
the MLF-PDF have good predictions of the spe-
cies mass fractions, but the MLF-PDF results
are slightly better. Unlike the b-PDF, the MLF-
PDF is based on the chemistry and has a much
better prediction of the filtered flame speed as
shown in Section 2.3. Also, The MLF-PDF is
more similar to the experimental PDF compared
to the b-PDF. Therefore, the MLF-PDF is a bet-
ter candidate for the statistical representation of
the reaction progress variable.
5. Concluding remarks

PCM-FPI is a low-cost flamelet model for tur-
bulence–chemistry interactions in a premixed
flame. This model requires a presumed PDF
model for the progress variable. In this work,
the modified laminar flamelet PDF (MLF-PDF)
is compared with the widely-used b-PDF. First,
it is shown that the MLF-PDF better represent
the actual experimental PDF as opposed to the
b-PDF. Then, it is demonstrated that prediction
of the filtered laminar flame speed using the
MLF-PDF is superior to that obtained using the
b-PDF. Both PDF models are then used in
large-eddy simulation of a turbulent premixed
laboratory-scale Bunsen flame. The results with
the MLF-PDF are marginally better compared
to those from the b-PDF. The only penalty in
using the MLF-PDF is associated with assembling
the pre-calculated table, which must be re-done to
account for any changes to the thermochemical
properties of the flame, including changes to the
chemistry or the composition or state of the reac-
tant stream. Otherwise, the computational cost of
using it in LES calculations is equal to that of
using the b-PDF. Clearly, the MLF-PDF should
be the preferred option for presumed PDF model-
ling of turbulent premixed flames.
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