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A parallel anisotropic block-based adaptive mesh refinement (AMR) algorithm is proposed 
for the prediction of physically complex flow problems having disparate spatial and 
temporal scales and exhibiting highly anisotropic features on three-dimensional multi-
block body-fitted hexahedral meshes with non-uniform grid blocks. The proposed AMR 
scheme makes use of a binary tree hierarchical data structure to permit anisotropic 
refinement of grid blocks in a preferred coordinate direction as dictated by appropriately 
selected physics-based refinement criteria. The anisotropic coarsening of the grid blocks 
in a manner that is independent of the refinement history allows the mesh to rapidly re-
adapt for evolving unsteady flow applications. Moreover, the proposed anisotropic AMR 
scheme adopts a non-uniform representation of the cells within each block by directly 
using the neighboring cells as the ghost cells, even at a grid resolution change. This affords 
a number of computational advantages especially related to evaluating the solution in the 
ghost cells as well as to ensuring flux conservation at block interfaces. A modified upwind-
based finite-volume spatial discretization scheme is applied in conjunction with the AMR 
scheme to the solution of Euler and Navier-Stokes equations for inviscid and viscous 
compressible gaseous flows. Steady-state and time-varying flow problems are considered 
on anisotropic adapted meshes. The potential flexibility and efficiency of the proposed 
enhanced anisotropic AMR scheme are demonstrated for the simulation of a number of 
representative flows of varying complexity.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

As computational fluid dynamics (CFD) has evolved and its application has become more widespread in various fields 
of science and engineering, multi-scale problems involving increasingly complex flow physics very often coupled with com-
plicated flow geometries arise. Typically, these flow problems are difficult to solve due to numerical stiffness arising from 
disparate spatial and temporal scales and a requirement for the solution of additional sub-physics equations and/or math-
ematical models. Specific classes of multi-scale flows exhibiting these complex flow features include: (i) turbulent flows 
around complex geometries; (ii) chemically reacting flows, especially combustion; (iii) electrically conductive flows; and (iv)
micro-scale flows.
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One way to decrease the computational burden when solving multi-scale physically-complex flows without simplifying 
the physics and still maintaining solution accuracy is to use adaptive mesh refinement (AMR). By increasing the number of 
cells making up the computational grid only in those areas of the domain that require increased resolution while keeping 
other regions unchanged, solution-dependent AMR algorithms can adapt the mesh for treating disparate spatial scales while 
reducing significantly the extreme demands on computing resources. Grids that automatically adapt to the solution of 
the governing equations have proven to be very effective in treating problems with disparate length scales, providing the 
required spatial resolution while minimizing memory and storage requirements [1–10].

Hierarchical-based mesh adaptation schemes can be classified into one of two broad categories depending on the mesh 
partitioning/refinement algorithm used: either cell-based or block-structured AMR. Cell-based AMR methods selectively re-
fine the individual computational cells of a mesh and typically results in fewer number of additional cells or mesh points. 
The newly introduced refined cells perfectly overlap of the original parent, or coarse cell. Storage of the cell connectivity is 
typically maintained using a hierarchical tree data structure. In three space dimensions, an octree data structure is typically 
used for isotropic refinement of each refined coarse cell, where there are eight new fine cells created. Alternatively, a binary 
tree structure can be used for anisotropic refinement in which two, four, or eight new fine cells are created and overlap the 
original coarse cell. Berger and Leveque [11], De Zeeuw and Powell [12,13], Powell et al. [14], Coirier and Powell [15,16], 
Aftosmis et al. [4,7], and Murman et al. [17] are examples of cell-based AMR methods developed for a Cartesian initial mesh 
with an efficient parallelized cut-cell approach for handling of complex geometries not aligned with the mesh.

Typically, these cell-based AMR methods can suffer from varying cell quality in regions near solid walls and boundaries 
where high-quality cells are desired for viscous computations and the discretization of elliptic operators on Cartesian cut 
cells can be challenging [18]. Moreover, cut-cell approaches may introduce additional computational complexity as many 
intersections with geometry must be computed. Nevertheless, very efficient schemes for the latter have been devised and 
fully three-dimensional meshes around extremely complex objects can be generated automatically and routinely [4,7,19]. It 
is also noted that the storage of element connectivity in cell-based AMR techniques generally requires larger data structures 
and the computation of connectivity, exchanging solution information, and parallelization is generally more complex than 
the alternative block-structured AMR methods, as will be discussed below. Despite these drawbacks, successful anisotropic 
implementations of cell-based AMR methods have also been achieved for two-dimensional (2D) unsteady flows [20], using 
an immersed boundary approach [21,22], as well as for three-dimensional (3D) laminar aerodynamics flows [23].

The second family of AMR methods is the block-structured AMR techniques and they may be divided into two sub-
categories: patch-based and block-based AMR methods. The former creates regular patches of cells that overlap areas of the 
domain that require additional resolution. The first patch-based approach was proposed by Berger and Oliger [1,24] and was 
subsequently extended by Berger [2] and Berger and Colella [3]. In this approach, arbitrarily oriented, rectangular patches of 
cells overlap coarser regions of the mesh. As the mesh hierarchy consists of nested, overlapping grids of increasingly finer 
resolution, a tree data structured is not required to describe the block connectivity in this case [25]. The overall adaptivity of 
the patch-based meshes is not as flexible as the cell-based AMR, but the more regular organization of the solution content 
in memory leads to more efficient and faster code execution. The most well-known patch-based AMR libraries are the 
Chombo [26] and Samrai [27] software libraries. Additionally, the Enzo [28] code is designed for simulations of cosmological 
structured formation, and the Pluto [29], Nirvana [30] and Astrobear [31] software are dedicated to astrophysical problems, 
with the latter making use of a distributed tree data structure and algorithm unlike the other patch-based AMR. A recent 
review of patch-based codes is provided in the survey by Dubey et al. [32]. All of the aforementioned libraries are restricted 
to isotropic refinement strategies; however, Christopher et al. [25] have recently implemented an anisotropic approach to the 
refinement of the patch-based mesh for Chombo, leading to a complex set of procedures involving intermediate patches for 
the exchange of “ghost” cell (“halo” or “guard” cells) information between adjacent patches. The Chombo software has also 
been extended for use with curvilinear or mapped grids and high-order discretization methods in applications to transient, 
compressible, turbulent, reacting and non-reacting fluid flows with complex geometry as described by Guzik et al. [33], Gao 
et al. [34], and Owen et al. [35].

As originally proposed by Quirk [36], Berger and Saltzman [37], and Groth et al. [5,6], block-based AMR is a simplified 
variant of the patch-based AMR scheme. Block-based AMR considers a multi-block grid and refines full non-overlapping grid 
blocks, each containing a fixed number of cells. Similar to cell-based AMR, blocks are typically refined to produce offspring 
and the refinement history is stored within a tree-based data structure. The main difference in this case is that the smallest 
divisible element of the grid is the block and not the cell. As with patch-based methods, the block-based AMR strategy is 
not as optimal from a refinement perspective as cell-based methods and can produce some local over-refinement of the 
mesh, this negative aspect is generally outweighed by the efficient use of computational resources when communicating 
solution information between neighboring computational elements, refining, updating connectivity, and tracking refinement 
history, for blocks, not for individual cells, particularly for implementations on parallel high-performance computing sys-
tems. The Paramesh [38] and p4est [39] libraries are examples of block-based AMR software tools that consider a hierarchy 
of non-overlapping grids, organized as leaves in either quadtree or octree data structures for 2D and 3D meshes, respectively. 
Some examples of simulation codes using block-based AMR are the MPI-AMRVAC software [40,41], dedicated to hydrody-
namics and magnetohydrodynamics (MHD), the relativistic counterpart of the AMRVAC software, BHAC [42], for solving the 
equations of ideal general-relativistic magnetohydrodynamics and studying astrophysical phenomena such as black holes, 
the Flash [43] code, a multi-physics software tool originally based on Paramesh [38] and recently extended for use with 
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Chombo [26], the SWMF [44] code, dedicated to space weather simulations, and ForestCLAW [45], another example of a 
block-based simulation tool based on the p4est library.

The preceding block-based AMR schemes were largely restricted to multi-block Cartesian mesh. More recently, Groth 
and co-researchers [46,47,9,10,48] have developed a rather flexible block-based AMR scheme allowing automatic solution-
directed mesh adaptation on multi-block body-fitted (curvilinear) meshes consisting of quadrilateral (2D case) and hexa-
hedral computational cells (3D case). This block-based approach has been shown to enable efficient and scalable parallel 
implementations for a variety of flow problems, as well as allow local refinement of body-fitted mesh with anisotropic 
stretching. The latter aids in the treatment of complex flow geometry and flows with thin boundary, shear, and mix-
ing layers and/or discontinuities and shocks. Extensions of the block-based body-fitted AMR approach for the treatment 
of embedded boundaries not aligned with the mesh [49] as well as for cubed-sphere grids [48,50] have also been con-
sidered. The block-based approach for multi-block, body-fitted meshes has been applied to the prediction of a wide 
range of flow problems including multi-phase turbulent core flows in rocket motors [51,46], laminar flames [52,53,10,54], 
turbulent non-premixed flames [47,10], micron-scale flows [55,56], radiative heat transfer [57], and global MHD simula-
tions [48,50].

Variants of the block-based AMR approach for treating more complex geometries with curved boundaries have also been 
considered based on a combination of Chimera-type overlapping grids with AMR. In this approach, overlapping body-fitted 
or curvilinear grids are used with one or more background Cartesian grids which fill computational domain. Boden and 
Toro [58] and Henshaw et al. [59–61] have shown that AMR on overlapping grids can provide an efficient approach for 
solving problems with multiple space and time scales for complex geometry. Challenges for this variant of block-based 
AMR approaches are associated with determining and/or re-evaluating block connectivity as well as blocks hidden follow-
ing mesh refinement (this information must be re-computed and stored) and interpolation of solution quantities between 
different base grids and/or between grids with different levels to ensure accurate results and global conservation properties 
of the discretization solution. Additionally, hybrid patch/block-based AMR approaches have also been considered. Holst and 
Keppens [62] applied a hybrid approach to general curvilinear coordinate systems, modifying the full tree data structure to 
allow for incomplete block refinement and incorporate ideas from patch-based strategies. However, the mixed hierarchical 
data structure can complicate the neighbor search algorithm. Holst and Keppens [62] compared the three AMR strategies, 
i.e., patch-based, tree block-based, and hybrid patch/block-based methods, and their findings suggest that a block-based 
AMR approach is the most efficient, in terms of the execution speed for the same solution accuracy.

The cell-based and block-structure approaches mentioned above were all largely restricted to isotropic refinement of 
the mesh; that is, where the mesh is coarsened or refined equally in all coordinate directions. While such strategies have 
shown success in reducing computational costs, further savings can be afforded by AMR strategies based on the anisotropic 
refinement of the mesh, i.e., where the mesh is coarsened or refined in a preferred direction [63–66]. Anisotropic AMR 
methods can reduce further the cost of CFD simulations by allowing the creation of high-aspect-ratio cells aligned with 
solution content requiring higher resolution in a preferred direction (e.g., for flow regions with thin shear and boundary 
layers as well as shocks) while still having larger cells in regions with lower resolution requirements and this can be 
accomplished without a priori knowledge of the solution and/or pre-prescribed grid point clustering. For problems involving 
shock waves and or thin boundary layers which are strongly aligned with a coordinate direction of the grid and for meshes 
involving more than 5-6 levels of refinement, the reduction in the mesh size can be considerable and easily more than 
95% as shown previously by Zhang and Groth [63,64] in 2D cases. Even for multi-scale flows in which the anisotropic AMR 
reverts to isotropic AMR in some regions because the solution variation is not strongly aligned with the grid coordinate 
directions, reductions in the mesh size can be substantial. For 2D cases, 50% reductions were achieved in many cases and 
mesh-size reductions were estimated to be 50–75% or more for equivalent 3D problems [63,64].

All of the patch- and block-based AMR approaches described above also have in common the use of ghost cells to 
store information for the exchange of solution content between adjacent or neighboring patches or blocks. The size of a 
patch or block in terms of the number of cells in each logical or coordinate direction is extended by a surrounding layer 
of ghost cells, all at the same level of refinement as that of the core cells for the patch or block, with the ghost cells 
overlapping the neighboring patches or blocks. This results in an overall enlarged uniform local block or unit that contains 
cells associated with the patch or block of interest as well as those of adjacent patches or blocks needed for the update 
of the solution. Standard multigrid-type restriction and prolongation operators are required and used to evaluate or “fill” 
the solution in the ghost cells of neighboring patches or blocks with resolution changes [6,46,9,32,25]. For an isotropic 
methodology, this can force the message passing to occur in a particular order [64,25]. The finer ghost cells have to be filled 
before the coarser ghost cells with the restriction occurring prior to the prolongation. For an anisotropic methodology with 
cells not permitted to span a neighboring cell, the ghost cell filling becomes quite complicated. An iterative combination 
of restriction and prolongation can be implemented as considered by Zhang and Groth [64] or a temporary new common 
fine grid can be computed on each side of the block boundary before switching back to the original mesh as in [25]. 
While doable for standard second-order schemes on both 2D and 3D meshes, the uniform representation of the cells within 
each extended patch or block introduces a number of possible computational inefficiencies. Furthermore, for finite-volume 
solution methods, a flux correction strategy is required to maintain the flux conservation properties of the scheme at 
patch or block interfaces with resolution changes [6,46,9,32,25]. Additionally, the complications associated with filling of 
the ghost cells and correcting the interface fluxes make the implementation of an anisotropic structured AMR scheme for 
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use in conjunction with a high-order spatial discretization method, such as the high-order finite-volume scheme recently 
developed by Ivan et al. [67,50], Susanto et al. [68], and Charest et al. [69], particularly problematic.

With the preceding in mind, an enhanced and affordable anisotropic block-based AMR scheme is proposed and described. 
The proposed approach represents a modified extension of 2D anisotropic AMR of Zhang and Groth [63,64] to the 3D case. 
As opposed to using a uniform treatment of the core and ghost cells within a block, the proposed 3D block-based AMR 
scheme adopts a non-uniform representation of the grid blocks by directly using the adjacent or neighboring cells as the 
ghost cells, even for those with different levels of refinement as found at mesh resolution changes. This both eliminates the 
need for the restriction and prolongation of solution information to fill the ghost cells and avoids the requirement for the 
conservative flux corrections at the block interfaces. The proposed anisotropic AMR scheme is therefore more tractable and, 
without extra cost, well-suited for use with high-order spatial discretization schemes, as has been shown recently by Freret 
et al. [70,71]. The proposed 3D AMR scheme uses a binary tree hierarchical data structure to permit anisotropic refinement 
of the grid blocks in a preferred coordinate direction as dictated by appropriately selected physics-based refinement criteria. 
For the proposed algorithm to be efficiently applied to time-varying flow problems, the AMR procedure allows for mesh 
coarsening, in addition to refinement, while contributing very little overhead to the overall computational complexity of the 
problem solution. Furthermore, the anisotropic coarsening of the grid blocks is carried out in a fashion that is independent 
of the refinement history thereby permitting the mesh to rapidly adapt to the evolving unsteady flow.

To illustrate the performance of the proposed anisotropic block-based AMR scheme with non-uniform grid block treat-
ment, the approach is applied herein, in conjunction with a second-order finite-volume scheme, to the solution of the 
Euler and Navier-Stokes equations for inviscid and viscous compressible gaseous flows for a number of representative flow 
problems. The remainder of the paper is then organized as follows. The finite-volume spatial discretization scheme and the 
application of the solution methodology to both steady-state and time-varying problems are described in Section 2. The 
non-uniform cell block treatment and its use within the finite-volume scheme are discussed in Section 3. The extension and 
description of the anisotropic AMR scheme for three-dimensional computational domains are studied in Section 4. Finally, 
numerical results are provided in Section 5 for a number of inviscid and viscous flows to demonstrate the potential of the 
proposed enhanced anisotropic AMR scheme.

2. Finite-volume scheme

The proposed anisotropic block-based AMR scheme is applied herein to the solution of Euler and Navier-Stokes equations 
governing inviscid and viscous compressible three-dimensional flows of a polytropic gas. For viscous applications considered 
herein, the flow Reynolds numbers are restricted to ensure that the flows remain laminar. Applications to turbulent flows 
and any associated additional modeling of any unresolved solution content are not considered herein. The latter will be the 
subject of future follow-on studies.

2.1. Conservation equations for three-dimensional gaseous flows

The conservation form of the governing equations for a compressible polytropic gas, either inviscid or viscous, can be 
written as

∂U

∂t
+ �∇ · �F = 0 , (1)

where U is the vector of conserved solution variables and �F is the solution flux dyad. For a three dimensional Cartesian 
coordinate system, U is given by

U = [ρ,ρu,ρv,ρw,ρe]T , (2)

where ρ is the gas density, u, v , w are the components of the velocity vector in the x, y, z directions, e = p/(ρ(γ −
1)) + u2/2 is the specific total energy, p = ρRT is the gas pressure, T is the gas temperature, R is the ideal gas constant, 
and γ is the ratio of specific heats and h = e + p/ρ is the specific enthalpy. The corresponding solution flux dyad, �F, is 
given by �F = [Fh − Fv , Gh − Gv , Gh − Gv ] where Fh , Gh , Hh are the inviscid or hyperbolic flux vectors associated with 
the x, y, z coordinate directions, respectively, and Fv , Gv , Hv are the corresponding viscous flux vectors in the x, y, and z
coordinate directions, respectively. Definitions of the latter are given elsewhere. Please refer to, for example, the textbooks 
by Schlichting and Gersten [72] or Hirsch [73].

2.2. Upwind-based spatial discretization scheme

The high-resolution upwind-based finite-volume scheme applied herein follows from the application of the integral form 
of the conservation equations described above to a hexahedral computational cell and results in the following semi-discrete 
form of the governing equations:

dUi

dt
= − 1

V i

N f∑ �Fi,m · �ni,m Ai,m = −Ri , (3)

m=1
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where Ui is the volume-averaged value of the conserved solution vector for cell, i, V i is the volume of cell i, �Fi,m , �ni,m and 
Ai,m denotes the solution flux, outward pointing unit normal, and area for the mth face of cell i, respectively. The integer 
value, N f , represents the number of faces for the cell and, for a non-adapted or uniform-resolution mesh, N f = 6 with 
m ∈ {W , E, S, N, B, T } corresponding to the six faces (west, east, south, north, bottom and top) of a hexahedral cell. Each 
cell, i, is contained within a single structured grid block. The complete multi-block body-fitted mesh is then composed of 
a number of these structured grid blocks and a general unstructured connectivity is permitted between the grid blocks 
making up the original non-adapted or unmodified mesh [9].

In the upwind-based finite-volume scheme, limited linear least-squares solution reconstruction [74,9] and Riemann-
solver based flux functions are used in combination with the standard mid-point quadrature rule in the evaluation of the 
surface integrals of the numerical fluxes appearing in (3). The limiters of Barth and Jespersen [75] and Venkatakrishnan [76]
are both considered here to ensure monotonicity of the solution reconstruction. Either the so-called HLLE flux function [77,
78] or Roe linearized approximate Riemann solver [79] is used in the evaluation of the inviscid solution fluxes at the faces 
of the cell. The viscous solution fluxes are not upwinded and determined using a centrally-weighted scheme based on a 
diamond-path Green-Gauss integration procedure for the evaluation of the average value of solution gradients at each cell 
interface [9,80,54].

2.3. Time-marching schemes

The semi-discrete from of (3) represents a system of coupled, non-linear, first-order, ordinary differential equations 
(ODEs) for the cell-averaged quantities, Ui . For solution of unsteady problems related to the Euler equations considered 
herein, a standard, second-order accurate, two-stage, explicit, Runge-Kutta, time-marching scheme [81] is used to evolve 
the solution of (3) forward in time while, for the steady-state or time-invariant problems pertaining to the Euler equa-
tions, the multi-stage optimally smoothing schemes due to van Leer et al. [82,83] with local time-stepping are used. A 
fully-implicit time-marching scheme, based on Newton’s method, is used for the rapid and efficient solution of the steady-
state problems related to the Navier-Stokes equations. The latter follows the algorithm previously developed by Groth 
and co-workers [84,57,54] which has been well adapted for performing CFD simulations on large multi-processor paral-
lel clusters. The implementation of the implicit time-marching scheme is based on a Jacobian-free inexact Newton method 
coupled with an iterative Krylov subspace linear solver. The generalized minimal residual (GMRES) algorithm of Saad and 
co-workers [85–88] is used to solve the resulting large sparse non-symmetric system of linear equations at each Newton 
step and a combination of an additive Schwarz global preconditioner and a block incomplete lower-upper local precondi-
tioner is used to speed-up convergence. Additionally, the implicit Euler startup procedure of Mulder and Van Leer [89] with 
successive evolution/relaxation (SER) is used to improve the global convergence of the Newton method. Further details of 
the Newton method for steady viscous flows are provided elsewhere [84,57,54].

3. Non-uniform representation of grid blocks

The finite-volume scheme described in the previous section is applied to the hexahedral computational cells of a multi-
block body-fitted mesh in which the complete grid is composed of a number of structured sub-blocks. Each of these 
structured blocks of the mesh consists of Ni × N j × Nk hexahedral cells where Ni , N j , and Nk are even, but not neces-
sarily equal, integer values. To allow solution information transfer between neighboring sub-blocks, each of the structured 
uniform grid blocks is extended by a number of ghost cell layers, Ng (taken to be 2 here), while still preserving the mesh 
resolution of the neighboring blocks. For adjacent grid blocks with and without resolution changes (the latter can occur in 
the case of mesh adaptation), this results in an extended non-uniform sub-block composed of a single interior block con-
taining the core computational cells of the grid block and a minimum of at least 26 block boundary elements (one for each 6 
faces, 12 edges and 8 corners in the case of no resolution changes between neighboring blocks) and a maximum of at most 
56 block boundary elements (4 neighbors per face, 2 per edge and 1 per corner in the case of an adapted computational 
mesh). Examples of two such non-uniform blocks are depicted in Fig. 1 for Ni = 8, N j = 8, Nk = 8, and Ng = 2. On the right 
of this figure, a grid block with 26 boundary elements is shown corresponding to the non-adapted case while, on the left, a 
grid block with 28 boundary elements is shown corresponding to a mesh with a resolution change at one of the faces and 
edges of the block. Hence, a single non-uniform grid block is then represented logically by a minimum of at least 27 3D 
arrays of storage in memory and by a maximum of at most 57 3D arrays containing the solution and geometry information 
for the block and its adjacent neighbors. The storage array for the single core block will have dimensions Ni × N j × Nk , 
while the storage for the boundary elements will be reduced in size and depend on the value of N g .

Two major advantages arise from the proposed non-uniform treatment of the grid blocks making up an adapted multi-
block body-fitted mesh. First of all, the usual prolongation and restriction procedures are no longer required to determine 
the solution content in the ghost cells at grid blocks with resolution changes. Instead, in the proposed implementation, the 
ghost cell solution information is directly evaluated by injection of the solution from the cells of the neighboring blocks. 
Secondly, the additional procedures for correcting the solution flux at non-conforming grid-block faces with resolutions 
changes in order to maintain the discrete conservation properties of the finite-volume scheme, as typically required in 
other block-based AMR implementations [38,29,32,9,65,25] are no longer required. Flux conservation is naturally handled 
by the proposed modifications to the finite-volume method which account for the ghost cells of the boundary elements 
5
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Fig. 1. Illustration of non-uniform block structure used in representing the multi-block body-fitted mesh within the proposed block-based AMR scheme 
showing a sub-block 26 boundary elements corresponding to the non-adapted case (left) as well as a grid block with 28 boundary elements corresponding 
to mesh with a resolution change at one of the faces and edges of the block (right).

now possibly being at different levels of resolution from the core cells within the grid block in the case of adapted mesh as 
described in Section 3.1 to follow. Additionally, a direct consequence of these two desirable features of the proposed non-
uniform grid-block treatment is that the message passing procedure used to exchange the solution content between adjacent 
blocks, and thereby fill the ghost cells, can now be performed without any preferred ordering of the messages based the 
change in the level of refinement between neighboring blocks. On the other hand, the procedures for the evaluation of the 
numerical fluxes and piecewise solution reconstruction becomes slightly more complicated for some of the hexahedral cells 
located at an interior boundary of the block. In particular, the proposed spatial discretization scheme must be modified to 
allow for the non-uniform nature of the grid and the possible presence of so-called “non-conforming faces” and “hanging” 
nodes. The proposed modifications to the flux evaluation and solution reconstruction procedures are discussed in the next 
two sections.

3.1. Numerical flux evaluation

The evaluation of the solution residual, Ri , of (3) requires the integration via quadrature of the solution fluxes through 
the faces of each computational cell which, in turn, necessitates the evaluation of the numerical fluxes at the centroid of 
each face element for the cell. In the proposed non-uniform block treatment, the number of face elements, N f , for the cell 
varies depending on the local refinement of the adapted mesh and, in particular, depends on the relative location of the cell 
within the grid block and relative refinement level of the associated ghost cells. For all interior core cells that are not located 
on the boundary of the grid block, the cell connectivity with its neighbors is then fully conforming and N f = 6. Conversely, 
for core cells located at a block boundary and whose surface area includes a portion of the grid block boundary, N f ≥ 6 in 
general and the number of face elements depends on resolution of the neighboring ghost cells sharing the face relative to 
the cell. As will be discussed, the maximum change or difference in refinement levels for each coordinate direction between 
adjacent blocks is restricted in the proposed block-based AMR scheme to be one such that the cell resolution ratio is at most 
2:1 between core and ghost cells. At the block boundary, the value of N f can therefore range from a minimum of N f = 6
(i.e., for a cell with fully conforming neighbors and no resolution change or for the case where the resolution of the neighbor 
ghost cells is coarser and at a lower level of refinement) up to a maximum of N f = 15 (i.e., N f = 3 × 1 + 3 × 4 = 15 for a 
core cell located at the corner of a block with three faces all associated with non-conforming ghost cells with hanging nodes 
arising from the isotropic refinement of the neighboring blocks to a higher level of refinement). There are three different 
basic possible configurations or face connectivities for a core cell with its neighbors, depending on the ghost cell geometry. 
These three connectivity types are depicted in Fig. 2. For fully anisotropic refinement of the grid block, the resolution of the 
core and ghost cells in each of the computational coordinate directions are not necessarily the same and are independent 
of each other. As a consequence, there are then up to nine (9) different combinations of resolution change at the block 
boundaries between the core cells and their adjacent ghost cells yielding one of these three possible face connectivities 
(face connectivity type “A”, “B”, or “C”) as summarized in Table 1.

Referring to Fig. 2, face connectivity type A involves a core cell that is at an equal or higher level of refinement in 
both face normal coordinate directions compared to its neighboring ghost cell, as depicted in Fig. 2(a). In this case all of 
the terms required for evaluation of the solution of (3) are known and Ri can be computed directly without any additional 
assumptions or modifications. Face connectivity type B is an example of multiple non-conforming ghost cells at higher levels 
6
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Table 1
Summary of the 9 different combinations of resolution 
change at the block boundaries between a interior core cell 
at refinement level lξ and lη and their adjacent ghost cells 
yielding one of three possible face connectivity types: A, B, 
or C, where lξ and lη are refinement levels associated with 
the two directions normal to the face.

Interior Cell Ghost Cell Connectivity

Refinement Level Refinement Level Type

lξ , lη lξ , lη A

lξ , lη lξ +1, lη B

lξ , lη lξ , lη+1 B

lξ , lη lξ +1, lη+1 B

lξ , lη lξ -1, lη A

lξ , lη lξ , lη-1 A

lξ , lη lξ -1, lη-1 A

lξ , lη lξ +1, lη-1 C

lξ , lη lξ -1, lη+1 C

Fig. 2. Schematic diagram illustrating the three different types of face connectivities possible at the interface between a core interior cell and the adjacent 
neighboring ghost cells depending on the relative level of refinement between the cells.

of refinement in both face normal coordinate direction as shown in Fig. 2(b). In this case, the flux �Fi,m through the mth face 
of cell i is taken to be the sum of all ghost faces, Ng = 4, having face areas, Ag , with 

⋃
g∈Ng

Ag = Ai,m such that

�Fi,m · �ni,m Ai,m = −
Ng∑

g=1

�Fi,m,g · �ng Ag, (4)

where �Fi,m,g is the flux through the adjacent ghost cell, g , with face area, A g . Finally, face connectivity type C involves two 
cells with two opposite grid resolution changes in the two face normal directions as shown in Fig. 2(c). For this case, Ng = 2
and surface areas Ai,m,g of the ghost cells are defined such that

⋃
g∈Ng

Ai,m,g = Ai,m with Ai,m,g = (
Ag ∩ Ai,m

)
. (5)

Normal vectors �ni,g of these new faces are computed and finally, for a particular face m, �Fi,m is given by

�Fi,m · �ni,m Ai,m =
2∑

g=1

�Fi,m,g · �ni,g Ai,m,g . (6)

3.2. Solution reconstruction

As noted previously, piecewise limited linear polynomial interpolation is used in the reconstruction of the solution within 
each computational cell of the non-uniform grid blocks such that the spatial variation of any component of the solution, 
u(�x), in cell, i, is represented as
7
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Fig. 3. Examples of four possible different stencils associated with an interior core cell (shaded in dark blue) adjacent to a grid-block edge that include 
ghost cells of the neighboring blocks for a regular non-degenerate logically Cartesian mesh (a, b, c) and a cubed-sphere grid (d). (For interpretation of the 
colors in the figure(s), the reader is referred to the web version of this article.)

ui(�x) = ui + �i �∇ui · (�x − �xi
)

, (7)

where ui is the mean or average value of the solution for cell i, �xi = (xi, yi, zi) is the centroid of cell i, and �i is a slope-
limiting function that takes a value between 0 and 1 for each variable to ensure that no new maxima or minima are 
introduced. The solution gradients, ∇ui , for cell, i, in (7) is reconstructed using the N nearest neighbors via a least squares 
approach that minimizes the second-order accurate error for the fit given by

ε2
i =

N∑
k=1

ε2
ik =

N∑
k=1

[
uk − ui − �∇ui · (�xk − �xi

)]2
, (8)

where uk is the value of the solution variable at the centroid of the nearest neighboring cell, k, with k ∈ [1, N]
The number of neighbors, N , used in the reconstruction procedure for the cell defines the reconstruction stencil for the 

cell and this stencil is not fixed here and depends on the geometry and topology of the adapted mesh and adjacent cells. 
The neighbors within the first layer of surrounding cells for core cell i within the unstructured grid block are always used 
here to define the stencil, no matter the mesh topology. For all interior core cells not adjacent to the boundary or edge 
of the grid, which then by construction have neighboring cells all at the same resolution, the stencil is equivalent to that 
for a uniform mesh and N = 26. Conversely, Fig. 3 provides examples of the different stencils that are possible for a given 
cell of interest (shaded in dark blue) located close to a block edge for which the stencils now include cells from adjacent 
neighboring blocks. For all ghost cells at the same resolution as the interior cells (i.e., the uniform case), N = 26 neighbors 
are again included as shown in Fig. 3(a). Additionally, N = 26 for ghost cells which are either at an equal or lower level 
of mesh refinement (i.e., coarser mesh) as depicted in Fig. 3(b). Fig. 3(c) depicts a stencil in which the ghost cells are all 
at higher level of refinement (i.e., finer mesh). In this case, the number of neighbors for the reconstruction stencil is then 
N = 65. The minimum number of neighbors in a reconstruction stencil results from a multi-block cubed-sphere grid [48,50]
that presents both corner and edge degeneracies in the grid block structure. For this stencil, N = 23, as is shown in Fig. 3(d). 
For all four of these configurations, there is always a sufficient number neighbors such that Eq. (8) remains over-determined. 
It is also worth mentioning that solution of the least-square problem of Eq. (8) ensures the exact reconstruction of a linear 
function and second-order spatial accuracy, even for non-uniform mesh spacing, as shown in Section 5.2.3 and previously 
by Freret et al. [71] and Ivan et al. [48].

4. Anisotropic block-based AMR scheme

In the proposed anisotropic block-based AMR scheme, mesh adaptation is accomplished by refining and coarsening 
existing grid blocks in a preferred logical coordinate direction. In an analogous fashion to conventional isotropic block-based 
AMR methods, each refinement produces new blocks called “children” from a “parent” block via a division process in which 
the parent block is split into two children in a direction specified by the prescribed solution-dependent refinement criteria 
and the resulting child block has the same number of interior core cells as the parent. This process effectively doubles the 
local resolution of mesh in the preferred direction of interest, producing a grid with anisotropic resolution. The children 
can be refined further in subsequent adaptation of the mesh and the refinement process can be reversed in regions that 
are deemed over-resolved whereby two, four, or eight child blocks are coarsened or re-merged into a single parent block. 
A flexible hierarchical binary tree data structure is used for tracking block connectivity and mesh refinement history, based 
on an extension to the octree data structure adopted by Gao and Groth [9]. Please refer to Fig. 4.

Similar to the tree data structure of Gao and Groth [9], the proposed binary tree structure allows for multiple root 
blocks representing the initial non-adapted multi-block mesh and these root grid blocks may have a general unstructured 
connectivity. Each node of the binary tree is either an active computational grid block or references two child nodes, 
corresponding to the refinement of the original grid block in one of the three logical coordinate directions. At every node, 
the refinement level for each coordinate direction, and the coordinate direction in which the block is refined are all stored. 
This refinement level information is used when flagging blocks to refine or coarsen and aids in efficient searching for nearest 
8
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Fig. 4. Example of a 3D multi-block Cartesian mesh obtained after several levels anisotropic AMR of the mesh and the corresponding binary tree used to 
track both the connectivity and refinement of the non-uniform grid blocks making up the mesh. The dashed arrows represent a division of the grid blocks 
in the x-coordinate direction, dotted arrows correspond to a division or split in the y-coordinate direction, and solid arrows are associated with a split in 
z-coordinate direction. Each filled ellipsoid represents a node in the tree and the actual grid blocks are represented by the last node or leaves of the binary 
tree. The peach colored nodes are not computational blocks (they are used to track the connectivity between blocks) and the other colored nodes represent 
computational blocks with each color associated with a different grid block.

Algorithm 1 Anisotropic Block-Based AMR Scheme for 3D Body-Fitted Hexahedral Meshes.
1: Flagging of Grid Blocks. Based on directional solution-dependent refinement criteria, blocks are flagged for refinement, coarsening, or to maintain their 

current resolution;

2: Conflict Checking. The refinement flags are subsequently modified to remove AMR conflicts and ensure the rules for refinement and coarsening of grid 
blocks are not violated;

3: Determination of Newly Created Grid Blocks. All blocks flagged to refine, are refined in the flagged direction(s), all blocks flagged to coarsen, are coarsened 
in the flagged direction(s) and the binary tree is updated to reflect the refinements;

4: Connectivity Rearrangement. Binary tree is modified to ensure parents of all blocks flagged coarsen are split in the appropriate direction;

5: Determination of Grid-Block Connectivity. Solution block connectivity or neighbor information is re-computed and stored for each block;

6: Message Passing of Information Between Adjacent Grid Blocks. Solution and geometry information are shared between adjacent blocks through MPI proce-
dures.

neighbors to the block. Additional block sector information for each coordinate direction is also stored for each tree node, 
indicating which logical half of the parent block the child block occupies.

Fig. 4 depicts an example of a 3D multi-block hexahedral AMR mesh consisting of solution blocks at various levels of 
refinement and the corresponding binary tree data structure. In the particular case shown, the grid is a regular Cartesian 
mesh, but more general multi-block body-fitted grids can be treated as well. The last nodes or leaves of the binary tree 
correspond to the actual computational grid blocks. In this example, block A is obtained after refinement of the initial mesh 
consisting of a single root block in the x-coordinate direction followed by a refinement in the y-coordinate direction. Hence, 
the refinement level is given by the triplet (1, 1, 0). Its sector information (E, N, N/A) indicates that block A occupies a East, 
North section at level (1, 1, 0), with N/A meaning undefined. Other active computational blocks, including blocks B and C, 
result from further anisotropic refinement of the mesh.

A skeletal summary of the proposed anisotropic AMR scheme is provided in Algorithm 1, which can be seen to consist 
of 6 sequential stages or steps. The anisotropic AMR scheme here is similar in many respects to the previous approach of 
Zhang and Groth [63,64] for 2D flows; however, the use of non-uniform representation of the grid blocks as described above 
and the additional complexities associated with the extension of the algorithm from 2D to 3D result in significant deviations 
from this previous 2D anisotropic scheme. In what follows, each stage or component of the proposed anisotropic AMR for 
3D multi-block body-fitted hexahedral meshes is described, with emphasis on those components that have been extended 
or modified to deal with 3D computational domains.
9
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Algorithm 2 Blocks flagging in ξ direction.
1: Fξ = N = Nξ

2: if max
i∈N

εi,ξ < thresholdcoarse then

3: Fξ = C = Cξ

4: else if max
i∈N

εi,ξ > thresholdref ine then

5: Fξ = R = Rξ

6: end if

4.1. Flagging of grid blocks

The first step of the anisotropic AMR procedure is to assign three separate refinement flags, Fξ , Fη , and Fζ , for each 
direction for each block, indicating whether or not the block should be refined, R, coarsened, C, or remain unchanged N, 
in each coordinate direction. To determine these flags, one or more refinement criteria can be used. The most effective 
refinement criteria are based on solution error measures tied to solution outputs or functionals of interest which not only 
provide direct indications to whether the solution features in local regions are sufficiently resolved, but also the coordinate 
direction in which the solution is under-resolved as proposed by Becker et al. [90,91], Venditti and Darmofal [92–94], 
Narechania et al. [95] and references therein. Somewhat less sophisticated refinement criteria based on flow physics and 
features and structure of the flow are considered in this work. The latter are attractive due to their relative simplicity 
and efficiency and have been shown to effective in treating a range of multi-scale flow problems having disparate spatial 
scales [46,47,9,10,48].

Physics-based criteria are generally based on heuristic measures of the solution, which can depend on either primitive 
or conserved solution quantities, may involve expressions derived from these variables. The heuristic refinement measures 
are usually scaled by the volume of the cell and normalized by the magnitude of the solution variables involved. For an 
anisotropic AMR, separate refinement indicators and criteria are required for each logical coordinate direction of the grid. 
In this study, gradients of density, pressure, and velocity magnitude are used to direct the anisotropic AMR. For cell, i, 
expressions for the directional refinement criteria based on the gradient are as follows:

εi,ξ = 1

ui

( �∇ui · 
�xξ

)
, εi,η = 1

ui

( �∇ui · 
�xη

)
, εi,ζ = 1

ui

( �∇ui · 
�xζ

)
, (9)

where 
�xξ , 
�xη and 
�xζ are the vector difference between the mid points of the faces of cell i in the ξ , η, and ζ directions, 
respectively, and ui represents the quantity of interest (i.e., density, pressure, or velocity magnitude).

The refinement criteria defined in (9) are evaluated for every cell, i, in each block and the maximum value over all of 
the cells for each direction in a given block is taken to be the value of the refinement criteria for the block. Using this 
maximum value and user specified thresholds for both refinement or coarsening, a given block is then flagged to be refined 
(R), coarsened (C), or to undergo no change (N) as summarized in Algorithm 2 above.

4.2. Conflict checking

The conflict checking procedure essentially revises the list of refinement flags as defined in Section 4.1 to eliminate any 
cases of refinement or coarsening that are non-permissible. Refinement or coarsening is deemed to be not permissible for 
the following four reasons: (i) the AMR will introduce resolution changes of more than a factor of two between adjacent 
blocks; (ii) the refinement level of a block will exceed user-defined maximum or minimum refinement levels; (iii) a block 
flagged for coarsening does not have a sibling that is also flagged for coarsening or after refinement the sibling/neighbor 
is not at the same refinement level; and (iv) an invalid binary tree connectivity results if the refinement or coarsening is 
allowed to proceed. In what follows, the treatment of these four non-admissible cases are now reviewed in detail.

First of all, maintaining a maximum difference in the refinement levels of adjacent blocks is done to ensure a smooth 
transition from refined areas to coarser areas of the mesh, both to make the implementation of the algorithm less complex 
as well as to avoid potential issues such as numerical accuracy and instabilities. Known as the 2:1 balance, this ratio is 
commonly enforced in virtually all AMR schemes [96]. Inadmissible AMR associated with this 2:1 balance are the most 
straightforward conflicts to resolve and involve only the determination of the difference in the refinement levels of adjacent 
blocks. The three proposed refinement flags of a block Fξ , Fη , Fζ have to be compared to those of its nearest neighbors. 
If a conflict is found, a preference for refinement is always given over coarsening. Thus, a block is only coarsened if it does 
not impact the ability of other blocks to be refined.

Secondly, the conflict checking procedure ensures that the new refinement level, ld , for the block does not exceed user-
defined maximum and minimum values for refinement, lmax and lmin, respectively, in each direction. This step in the conflict 
checking is also relatively simple to enforce by merely setting ld = min(max(ld, lmin), lmax) where d corresponds to the logical 
coordinate directions ξ, η or ζ .

The third step in the conflict checking procedure ensures that a block flagged to coarsen in a particular coordinate 
direction has an adjacent neighbor that is also flagged for coarsening in that direction. This is referred to as a first sibling 
10
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Fig. 5. Example of conflicts resolved through (a) the first sibling check and (b) and (c) via second sibling checks.

check and Fig. 5(a) shows a situation where a block is prohibited from undergoing coarsening since it has no neighbor 
flagged to coarsen in the same direction. Once it has been established that both blocks are flagged to coarsen in the same 
direction, one also has to check that both blocks will be at the same refinement level in the directions other than the 
coarsening direction, before the blocks can be coarsened. An example of this so-called second sibling check is given in 
Fig. 5(b) and Fig. 5(c). In Fig. 5(b), two neighboring blocks are at the same level of refinement in the ξ and ζ directions. 
Both are flagged to coarsen in the ξ direction with Fξ = Cξ . Since they have the same level of refinement in that direction, 
coarsening is allowed. In the ζ direction, one is flagged to refined with Fζ = Rζ and its neighbor is flagged to remain 
unchanged with Fζ = Nζ . This leads to a conflict which is solved by re-setting the value of the refinement flag from Nζ to 
Rζ . Fig. 5(c) is an example of a conflict that arises even if two neighboring blocks have the same flags, Cξ and Nζ for the 
ξ and ζ directions, respectively. Since one block is finer in the ζ direction, coarsening is not permitted. Since refinement is 
always preferred, the flag of the coarser block in ζ is modified to be Rζ such that, after the current refinement in ζ , the 
neighboring blocks will then be at the same level in the ζ direction.

The fourth and final conflict to be resolved is the possibility that the AMR block configuration cannot be represented by 
a binary tree. This conflict arises only in 3D configurations. The invalid binary trees can result even if all other conflicts have 
been resolved and are typically the most complex conflict scenarios to resolve. These cases are detected by first ascending 
the binary tree until a common ancestor node or bridge is reached that is split in the direction of coarsening. Next, all 
blocks located on the path from the bridge to the searching block are recorded. If any two descendants are at a lower 
refinement level in both computational directions other than the coarsening direction, the block is prevented from being 
coarsened.

The overall procedure outlined above is repeated several times until no new conflicts are created by the modifications 
of the refinement flags. Even though there is no formal proof of convergence for the proposed conflict-checking algorithm, 
heuristic experiments have shown that no more than three or four repeated passes of the algorithm are required in practice 
for termination of the process. At the end of the procedure, the grid blocks are updated according to the modified flags.

An example of a sequence of block refinements and coarsenings that results in a block configuration that is not able 
to be represented by a binary tree data structure is depicted in Fig. 6. In this example, blocks A and B are flagged to be 
coarsened in the η logical coordinate direction. This check consists in looking for the common node ancestor which is the 
root. Descending from the root to block B, it is apparent that block E is at a lower level in the ξ direction and from the 
root to block A, block C is at a lower level in the ζ direction. Thus, blocks A and B are prevented from coarsening in the η
direction and a new flag Fη = Nη is set for both grid blocks.

4.3. Determination of newly created grid blocks

Once all conflict checkings have been resolved and a revised list of flags has been obtained, the third step of the proposed 
AMR scheme is to actually proceed with the coarsening and refinement of all of the flagged grid blocks. By definition, the 
binary tree data structure supports refinement of grid blocks in just a single coordinate direction at a time, e.g., each 
block has only two children and, therefore, each instance anisotropic AMR is performed, a scheme could be developed to 
select a single refinement or coarsening direction for simplicity. However, such a procedure has been identified to be ill-
suited for application to unsteady flow problems as discussed by Zhang and Groth [63,64], producing “deadlock” situations 
where blocks cannot be coarsened even after the flow features driving the refinement are no longer present. Therefore, it 
is necessary to adopt a more flexible approach allowing grid blocks to both refine and coarsen in all flagged directions in a 
single step. Furthermore, as the second sibling check requires neighboring blocks flagged to coarsen to have the same level 
of refinement in the directions other than the coarsening direction, the refinement process is done before the coarsening 
procedure.
11
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Fig. 6. Illustration of an anisotropic multi-block mesh where blocks A and B are flagged for coarsening in the η direction. If the coarsening occurs, the block 
topology could not be represented by a binary tree anymore. The dashed arrows represent a split in the ξ direction, dotted arrows correspond to a split in 
η direction, and solid arrows are for a split in the ζ direction. Each color represents a block. The grid blocks make up the leaves of the binary tree and the 
peach colored ovals are nodes of the binary tree.

For refinement of the grid, there are seven possible combinations of grid block refinement that can result during a single 
step refinement: refinement in one direction only (Rξ , Rη , or Rζ ), refinement in two directions, (Rξ and Rη; Rη and Rζ ; 
or Rξ and Rζ ), and refinement in all directions (Rξ , Rη , and Rζ ). For each of these combinations of refinement flags, the 
computational cells of the new grid blocks are first determined and then the binary tree is updated to reflect the modified 
grid topology. To compute the physical locations of the nodes representing the computational cells of the newly allocated 
refined grid blocks, either a simple mid-point or grid metrics-based approach can be applied. In the mid-point method, new 
nodes are inserted into the grid based on the average of the node locations defining each edge, face, or volume of the cell. 
For refinement in a single direction, each grid cell is divided in half in the direction of refinement, doubling the number of 
cells. For refinement in two (resp. three) directions, each grid cell is divided into four (resp. eight) cells in the refinement 
directions.

Mesh refinement based on the mid-point strategy is simple and accurate enough for Cartesian mesh configurations 
as described in Section 5.2.1 of the numerical results. However, such an approach cannot accurately preserve grid-line 
curvature or clustering as considered in the simulations shown in Sections 5.2.3 and 5.2.4. For such meshes, grid metrics 
based approach is used similar to that proposed by Gao and Groth [97,9] for 3D isotropic AMR and Zhang and Groth [63,64]
for 2D anisotropic AMR. In this case, the refined node locations, �x(ξ + δξ , η + δη, ζ + δζ ), are computed in terms of the 
coarse nodes using the second order Taylor expansion given by

�x(ξ + δξ ,η + δη, ζ + δζ ) = �x(ξ,η, ζ ) + δξ ∂ξ �x + δη∂η�x + δζ∂ζ �x + 1

2
(δ2

ξ ∂2
ξ �x

+ 2δξ δη∂2
ξη�x + δ2

η∂2
η�x + 2δξ δζ ∂2

ξζ �x + δ2
ζ ∂2

ζ �x + 2δηδζ ∂
2
ηζ �x) +O

(
δ3
ξ , δ3

η, δ3
ζ

)
, (10)

where �x (ξ,η, ζ ) is the location in physical space that is mapped from the computational space (ξ,η, ζ ) by means of the 
metrics of the coordinate transformation. The first- and second-order partial derivatives associated with the coordinate 
transformation are approximated using second order centered differences for the block interior nodes and third order for-
ward or backward differences for the nodes residing on the block boundaries.

The actual solution information from a parent block to a child block in the refinement process is transferred via pro-
longation. In the current study, a lower-accuracy solution prolongation procedure is adopted in which the cell-averaged 
conserved solution of the parent coarse cells, Uc, is assigned directly to the cell-averaged values of the overlapping sibling 
fine cells, Uf , i.e.,

Uf = Uc . (11)

Following the creation of the new grid blocks, the binary tree is updated to reflect the grid block refinements.
Coarsening of the AMR mesh is handled a similar single step procedure, allowing grid blocks to coarsen in multiple 

coordinate directions in just one step. The value of the conserved solution vector in the new coarse cell, Uc, is then evaluated 
via a restriction procedure in terms of the area-weighted average of the overlapping fine cell solutions given by

Uc = 1

V c

Nf∈c∑
Un V n , (12)
n=1
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Fig. 7. Illustration of one-step connectivity rearrangement: (left) multi-block domain with blocks A and B flagged for coarsening in the ξ direction which 
do not share a common parent, (right) binary tree showing the connectivity rearrangement required to allow A and B to share the same parent.

where Un and V n are the fine cell average solution and volume, V c is the coarse cell volume, and Nf∈c is the number of fine 
cells overlapping the coarse cell. Note that the computation of the node locations of the coarse grid mesh is straightforward 
and is simply achieved by merely removing every second grid node in the coordinate direction(s) flagged for coarsening.

4.4. Connectivity rearrangement

As pointed out by Ham [20], use of a hierarchical data structure leads to a disadvantage for anisotropic AMR. Coarsening 
is not always permitted unless it is the exact reverse of the last mesh refinement procedure, implying that two blocks 
flagged to coarsen must have a common parent. Not allowing this more general type of coarsening greatly reduces the 
flexibility and efficiency of anisotropic AMR, especially for unsteady simulations. To overcome this limitation, a connectivity 
rearrangement algorithm has also been developed herein and is now described.

Zhang and Groth [63,64] observed that while the refined mesh is unique, the corresponding binary tree is not. Connec-
tivity rearrangement can therefore be used to re-form the binary tree refinement history in order to allow blocks that are 
flagged for coarsening to have the same parent. This connectivity rearrangement works by ascending the binary tree and 
identifying a common ancestor node refined in the coarsening direction. This node is defined as the bridge. If the grandpar-
ent is the bridge, then the refinement direction of the bridge is swapped with the refinement direction of the parent blocks 
and the grandchildren of the bridge are swapped between the two children of the bridge. If the grandparent is not the 
bridge, then connectivity rearrangement is called recursively for the parents of the blocks to be coarsened until the bridge 
is found. The split direction is then propagated down the tree to the desired location, allowing grid coarsening. An example 
of this proposed single-step connectivity rearrangement is shown in Fig. 7.

Unique to 3D anisotropic AMR and therefore not treated in the 2D anisotropic approach of Zhang and Groth [63,64], a 
more complex situation can arise in which blocks flagged for coarsening do not share a common parent and additionally, 
the parents are at different levels of refinement. To resolve this more complex connectivity problem, a two-step connectivity 
rearrangement procedure is then proposed here. This two-step procedure consists of a first stage which re-forms the binary 
tree in order to force the parents to have the same refinement levels. This step is referred as an intermediate rearrangement. 
In a second stage, the single-step connectivity rearrangement described above is then applied to arrive at a re-order tree 
permitting coarsening. The intermediate rearrangement process can be generalized and summarized as follows for two 
blocks, A and B, flagged for coarsening with parents at different refinement levels:

1. ascend the tree from block A until a bridge is found with the same split direction as the parent of block B;
2. cross the bridge and descend the tree toward block A until the block descended to is at the same level as block A in at 

least one direction;
3. if the block descended to has no children and is at a lower refinement level than A in any direction, start from step 1 

with block B switched with block A;
4. if the descended block is at a higher refinement level than block A, perform another intermediate rearrangement with 

the descended block in the direction of the higher refinement level; and finally,
5. rearrange the connectivity of block A and the descended neighbor to force blocks A and B to have parents at equal 

refinement levels.

An example of the two-step connectivity rearrangement is provided in Fig. 8. First, a single-step connectivity rearrange-
ment is attempted to allow blocks A and B to coarsen. This rearrangement fails because the refinement levels of the parents 
are different. Next, an intermediate connectivity rearrangement is completed to force the parents of blocks A and B to share 
the same refinement levels. Following the intermediate rearrangement, a single-step connectivity rearrangement is per-
formed to create a common parent for blocks A and B. While the intermediate connectivity rearrangement adds additional 
logic to the coarsening process, the impact on computational cost is minimal as connectivity rearrangement only occurs 
during coarsening and only for the blocks requiring coarsening. Once the conflict checking procedure has been performed 
and the binary tree updated, the coarsened grid blocks with updated solution information can be determined based on the 
refinement/coarsening flags.
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Fig. 8. Illustration of two-step connectivity rearrangement: blocks A and B arise from parent blocks that are at different levels, causing the one-step 
rearrangement to fail. Following the intermediate rearrangement, the connectivity of blocks A and B can be rearranged via the single-step rearrangement 
procedure.

Fig. 9. Example of a neighbor search in the direction (ξ, −η, 0) for the grid block shown in green to the neighboring block shown in red. Paths B1 and B2

represent the bridges.

4.5. Determination of grid-block connectivity

Following each step in the adaptation of the mesh, the connectivity between the grid blocks is updated and stored so 
that solution information can be transferred readily between adjacent/neighboring blocks in the mesh. An efficient and fast 
computation of the connectivity information is carried out here by taking advantage of the binary tree structure. In partic-
ular, nearest neighbors may be found by following the stored refinement history. The grid-block connectivity computation 
algorithm adopted and further developed here is based on the efficient strategy of Zhang and Groth [63,64] proposed for 
2D anisotropic AMR scheme. The latter follows the tree-based neighbor search algorithms proposed by De Zeeuw [13] and 
Coirier [18].

A neighbor search begins by ascending the binary tree toward the root node until a parent is found that is refined in 
the search direction. This parent block is defined as the bridge, which is a common ancestor of the searching block and the 
neighbor block. If the root node is reached before finding a bridge, the neighbor block either does not exist or belongs to a 
different root of the binary tree. In the case of the latter, the precomputed connectivity of the multiple root blocks is used 
to find the appropriate root block of the neighbor. Once the bridge is identified, the tree descension process is initiated.

First, a descending direction is found based on the block’s sector information and split direction. For example, a block 
that is an east sector of its parent and is searching for an east neighbor will have a western descending direction in the ξ
direction from the east child of the bridge. The tree is descended until an intermediate node in the tree is reached that is 
at the same level as the searching block in a direction other than the searching direction. For a face neighbor search, this 
node is descended further to get the individual neighbors. For an edge neighbor search, this searching process is repeated 
recursively in the remaining search direction(s) but this time, the search begins from the intermediate node. Again, once an 
edge node has been descended until it is at the same level as the searching block in a direction other than the searching 
direction, the individual neighbors are found. This process is repeated recursively again for a corner neighbor search in the 
remaining direction starting from the intermediate node of the edge neighbor.

An example of a neighbor block search for the direction (ξ, −η, 0) is illustrated in Fig. 9. Starting from the block high-
lighted in green, the first search looks for a intermediate neighbor in (0, −η, 0). From the green node, the binary tree is 
ascended until a bridge B1 in the η direction is found. The bridge is crossed, arriving at the intermediate node shown in 
blue, corresponding to the block highlighted in blue. This is referred as step 1 in Fig. 9. A next search follows from the 
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intermediate blue node in the ξ direction and the tree is ascended until the bridge, B2, is found. The tree is then descended 
towards the intermediate node and stops when a node or block is reached that is at an equal level to the intermediate 
node in η or ζ . This corresponds to step 2 in Fig. 9. This new node represented in purple in Fig. 9 is called the second 
intermediate node. In step 3, this node is then descended towards the original search block until the edge neighbor shown 
in red is found.

Note that the descending steps may require extra logic when the intermediate node/block is at a lower refinement level 
in a direction other than the searching direction(s). In these cases, it is key that the direction of descent be determined by 
comparing sectors for nodes at the same refinement level. This may require ascending the tree until a node is found at the 
same level, before comparing sector information and determining the descending direction.

4.6. Message passing of information between adjacent grid blocks

At interfaces between blocks, solution information must be exchanged between adjacent blocks and is stored in a layer 
of overlapping cells, called ghost cells. Message passing of the ghost-cell solution content and geometry is performed in an 
asynchronous fashion with gathered wait states and message consolidation. As mentioned in Section 3, due to the introduc-
tion of non-uniform grid blocks, restriction and prolongation of the solution as well as correction of the numerical fluxes 
are not needed at block interfaces in the present anisotropic AMR formulation, no matter the mesh resolution between the 
neighboring grid blocks. Moreover, ordering the message passing so as to send first the messages for coarse blocks and fol-
lowed next by the messages for the fine grid blocks is also not required in the current implementation. These are significant 
simplifications and make the overall message passing of solution information simpler and much more straightforward.

4.7. Dynamic load-balancing

One of the key issues related to the parallel implementation of AMR schemes on high-performance computing archi-
tectures consisting of multiple processors and cores with distributed memory is the dynamic load balancing (DLB) of the 
simulation, which allows large-scale adaptive applications to be run efficiently. DLB can be classified as either scratch-and-
remap or diffusion-based schemes [98]. In scratch-and-remap schemes, the workload is repartitioned from scratch and then 
remapped to the original partition. Diffusion-based schemes employ the neighboring information to redistribute the load 
between adjacent processors such that global balance is achieved by successive migration of workload from overloaded to 
underloaded processors.

Dynamic load balancing of the proposed anisotropic AMR scheme is achieved here via an approach that belongs to the 
class of diffusion-based schemes. The proposed DLB procedure is readily scalable since it only requires local information. In 
particular, it makes use of the multi-block grid structure and a domain decomposition procedure that distributes the grid 
blocks, which are of equal size and therefore associated with essentially equal computational work, as equally as possible 
among the processors. During the adaptive mesh process, the load balance is modified during both the refinement and 
coarsening procedures. During the refinement process, when newly child blocks are created, blocks are taken from a pool 
of available resources and distributed among the processors. When blocks are coarsened, one of the blocks being coarsened 
is assigned to the new coarse grid block and the remaining blocks are returned to the pool of available resources for 
subsequent re-use. The returned blocks are placed at the top of the pool such that they have higher priority and are used 
first in the next set refinements of the mesh. This helps to maintain an even sharing of the computational work across 
processors and reduces load-imbalance. In general, increasing the number of grid blocks via mesh refinement tends to 
improve the distribution of the computational load across the processors whereas mesh coarsening tends to produce greater 
load imbalance. It would therefore be preferable to start first with the coarsening process such that the load imbalance may 
be rectified by the refinement. Unfortunately as outlined in Section 4.3, the refinement process must occur prior to the 
coarsening procedure and any improvements in load balancing offered by refinement is not realized until the next round of 
AMR. In some cases, the proposed diffusion-based algorithm can take many steps to rectify a large load imbalance in the 
computational work. For this reason, the proposed AMR scheme has also been implemented using a so-called scratch-and-
remap strategy for situations in which the load imbalance exceeds a given threshold. The latter consists of a space-filling 
curve or Morton-like-ordering strategy [99] which simplifies the partition problem by mapping the n-dimensional space of 
blocks to a one dimensional space at a relatively low computational cost.

The first phase of the proposed Morton-ordering algorithm is to generate the space filling curve. As also considered by 
Gao et al. [10] and following the ideas of Aftosmis et al. [19], a recursive post-order traversal of the tree data structure is 
used to generate a representation of the space filling curve. The proposed approach for generating the space filling curve 
can be divided into three steps as follows: (1) traversal of first child’s tree; (2) traversal of second child’s tree; and (3) visit 
root nodes.

The second phase of the proposed Morton-ordering DLB procedure is to divide the space filling curve into sub intervals, 
I , each containing the same weighting or number of objects (i.e., grid blocks) so as to achieve an ideal load balancing. As 
the space filling curve is constructed to map physically close elements or adjacent grid blocks near one another on the 
curve, the algorithm will assign physically adjacent or physically close grid block to the same processor to reduce interblock 
communication costs. To illustrate this procedure, Fig. 10 shows the impact of the space filling curve (black line) passing 
through each of the multi-block grid blocks (colored blocks) on the partitioning of the computational mesh associated with 
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Fig. 10. Partitioning of grid blocks of a multi-block hexahedral mesh (a) before and (b) after the application of the Morton-ordering space-filling curve 
yielding a more efficient load balancing of blocks on 8 processors. Grid blocks associated with each processor are represented by a unique color and the 
black line represents the Morton-ordering curve passing through each of the solution blocks of the multi-block mesh.

channel flow over a non-smoothed bump as will be described in Section 5.2.2 to follow. In the figure, each color represents 
a different processor number. Initially the mesh is composed of just eight root blocks and the simulation is carried out on 
eight processors with virtually ideal load balancing. Following seven AMR procedures, the partitioning of the mesh across 
the eight processors is given in Fig. 10(a) using the proposed diffusion-based DLB algorithm. Fig. 10(b) shows the subsequent 
repartitioning of the grid blocks that is achieved using the proposed Morton-ordering procedure, applied for each root. The 
latter generally places the neighboring blocks of a given root on the same processor. Once all of the grid blocks are visited, 
the next root block is considered. The overall resulting distribution of the blocks over the eight processors is well-balanced 
and as much as possible the neighboring blocks are located on the same processor.

4.8. From anisotropic to isotropic AMR scheme

With minimal effort, the proposed anisotropic AMR scheme as defined in Algorithm 1 above can be made to degenerate 
to a fully isotropic AMR algorithm. Just two modifications are required. First, stage 1 is modified such that the refinement 
criteria are no longer directionally based and are such that

εi = 1

ui
|| �∇ui||L2 ,

where ui represents any quantity of interest (density, velocity, vorticity) of cell i. A single unique refinement flag, F , is 
introduced for directing the refinement with Fξ = Fη = Fζ = F where F take values of R, C, or N corresponding to the 
grid block being refined in all three logical coordinate directions, coarsened in all three directions, or remaining unchanged.

The second modification needed to yield an isotropic AMR algorithm concerns the conflict checking procedure (stage 2 
above) which is reduced to just three cases: (i) the AMR will introduce resolution changes of more than a factor of two 
between adjacent blocks; (ii) the refinement level of a block will exceed user-defined maximum or minimum refinement 
levels; and (iii) a block flagged for coarsening does not have all of its seven siblings also flagged for coarsening. The first 
two conflicts are identical to those of the anisotropic refinement case and the resolution of these conflicts are identical 
to the procedures outlined in Section 4.2. The third conflict check requires that grid blocks are allowed to coarsen only if 
the grid block and all of its siblings blocks are flagged for coarsening. If at least one of the sibling is flagged for refine or 
to remain unchanged, coarsening is prevented and the refinement flags for the blocks are modified such that F = N. The 
conflict procedure is finally re-applied to check that these new flags have not introduced new conflicts. Once all conflicts 
have been resolved, stages 3 to 6 of Algorithm 1 are performed.

It is worth mentioning that using a binary-tree structure for isotropic AMR can be somewhat inefficient in terms of data 
storage and memory requirements. In particular, the octree hierarchical tree structure Gao and Groth [9] is a more efficient 
structure when considering just isotropic AMR alone. Indeed, after several isotropic refinements, while the number of leaves 
(active or computational blocks) of the binary tree and the octree data structures is the same, the total number of nodes 
in the tree structure is not. Each isotropic refinement of a single grid block involves 17 nodes for a binary tree and just 9 
nodes for an octree structure. Nevertheless, the isotropic AMR simulations presented in Section 5 using the binary tree are 
considered here only for comparison and validation with the simulations results obtained with newly-proposed anisotropic 
AMR scheme.

5. Numerical results and discussion

In order to evaluate the proposed anisotropic non-uniform block-based AMR approach presented in Sections 3 and 4, 
predictions of the anisotropic AMR scheme are compared to numerical solutions obtained using both uniform and isotrop-
ically refined AMR meshes. Both inviscid and viscous compressible gaseous flows are considered here. Where possible, the 
numerical predictions are also assessed via comparison to available analytical solutions.
16



L. Freret, M. Williamschen and C.P.T. Groth Journal of Computational Physics 458 (2022) 111092
Fig. 11. Comparison of the block-based load imbalance (top), and cell-based load imbalance (bottom) evaluated after each AMR cycle for the unsteady 
shock-cube problem described in Section 5.2.1 for 8, 16, 40 and 80 processors.

5.1. Performance of the anisotropic AMR scheme

Prior to considering the numerical result for specific flow problems, some measures of the efficiency of proposed 
anisotropic AMR scheme are first discussed. A common metric for characterizing computational load balance in parallel 
simulations is the percent imbalance metric, λ, given by [100]:

λ =
(

Lmax

L
− 1

)
× 100, (13)

where Lmax is the maximum load on any process and L is the mean load over all computational processors. The percent 
imbalance measures the severity of load imbalance with a lower value of the imbalance indicating a better distribution of 
the computational workload across the available processors. As described in Section 4.7, the proposed diffusion-based and 
Morton-ordering DLB schemes for the anisotropic AMR scheme attempt to distribute as equally as possible the grid blocks 
amongst the available processors. The imbalance of the DLB scheme is evaluated within two variables: λB and λC which 
are obtained from (13) with the load L representing, the number of grid blocks and the number of computational cells, 
respectively. Because of the non-uniform nature of the blocks, the block-based measure of imbalance, λB , is a somewhat 
less accurate or coarser evaluation of the DLB scheme while the cell-based measure of imbalance, λC , is more accurate. The 
value of λC is expected to be higher than λB but since we can not act on the amount of ghost cells per block, only λB is 
used in the DLB scheme for controlling the switch from the diffusion-based DLB approach to the scratch-and-remap strategy 
of the Morton-ordering method.

The unsteady shock-cube simulation described in detail in Section 5.2.1 is considered here in evaluating the proposed 
DLB strategy. Imbalances λB and λC , evaluated after each stage of the anisotropic AMR are depicted in Fig. 11(top) and 
Fig. 11(bottom) respectively. Imbalances were evaluated using 8, 16, 40 and 80 processors and circles highlight the imbal-
ance obtained before the space filling curve which is applied when the imbalance metrics exceeds 15% (i.e., λB > 15%). 
Note that, as for the isotropic block-based AMR schemes of Groth and co-researchers [46,47,9,10,48], the ratio of com-
munication costs to computational work is relatively low for the proposed scheme and thus the anisotropic AMR scheme 
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affords efficient and scalable implementations for large-scale flow problems involving the use of tens of thousands of pro-
cessors, provided that the problem size is sufficiently large and there are on the order of 10–50 local grid blocks per 
processor.

As can be seen in Fig. 11, the imbalance of the proposed AMR is generally less than 15% for 8, 16 and 40 processors and 
as expected, λB < λC throughout the unsteady simulation. The space-filling curve algorithm is applied only once when using 
8 processors and only three times for 16 and 40 processors. When 80 processors are used, the space-filling curve is applied 
9 times. The imbalance ratios increase as the number of processors increases. This is reasonable because it is more likely 
that there are fewer blocks per processor and a slight deviation from the mean, L, represents a higher imbalance percent. 
At the beginning of the simulation, the total number of blocks is around 2,000 which means that the number of blocks per 
processor is around 250, 125, 50 and 25 for 8, 16, 40 and 80 processors, respectively. The total number of blocks increases as 
the simulation progresses in time and after 200 AMR cycles, the number of blocks is around 4,000, which means that there 
are approximately 500, 250, 100 and 50 local blocks per processor for 8, 16, 40 and 80 processors, respectively. After the 
200 AMR cycles, the space-filling curve is applied only once in the case of 80 processors. These findings show that to obtain 
a good load-balance from the diffusion-based approach, around 10–50 blocks are required on each processor. Furthermore, 
the load imbalance can be further controlled and maintained by periodic application of the space-filling curve procedure. 
Note that, after each application of the space-filling curve scheme, the imbalance depicted in Fig. 11 drops below 2–3% with 
on the order of 50 blocks per processor.

To complete the DLB performance study, it is interesting to evaluate the computational time associated with the 
anisotropic AMR scheme itself compared to the computational time for solving the governing equations via the proposed 
finite-volume scheme. This comparison will of course depend on the problem and nature of the simulation. For the unsteady 
shock-cube simulation described in Section 5.2.1, the AMR procedure is applied every 15 time steps to allow accurate track-
ing of the shock wave. In this case, the computational time for the anisotropic AMR represents just 6%, 8%, and 12% of 
the overall total simulation time when using 8, 16, and 64 processors, respectively. For the steady channel-flow simulation 
of Section 5.2.2, 256 processors were used and the AMR procedure was applied 6 consecutive times after fully converged 
solutions were obtained on each refined mesh. The computational time for the AMR in this steady case then represents just 
0.3% of the total computational effort.

5.2. Numerical results for the Euler equations

Numerical results for several inviscid flow problems governed by the Euler equations will now be discussed. Results are 
described for an unsteady three-dimensional shock-cube problem and steady-state supersonic channel flow with a bump. 
Results obtained using a cubed-sphere mesh [48,50] are also presented for a steady supersonic radial outflow problem 
and steady supersonic flow past a sphere. The numerical results for all four of these inviscid flow cases were obtained 
using the explicit time-marching schemes of Section 2.3 and, in each case, the anisotropic refinement criteria was based on 
the density gradient. Additionally, an accuracy assessment is performed for this supersonic radial flow problem. The flow 
problems have been chosen to show the potential of the proposed 3D anisotropic AMR algorithm for significantly reducing 
computational complexity and to demonstrate the validity of the algorithm for solving both steady-state and time-varying 
problems. Comparing the results with 3D isotropic AMR illustrates the potential benefits of the anisotropic approach in 
terms of computational cost savings.

5.2.1. Unsteady shock-cube flow
A so-called shock-cube flow problem is first examined and provides an excellent evaluation of the proposed anisotropic 

block-based AMR algorithm for unsteady inviscid 3D flows, requiring high mesh resolution to capture accurately non-linear 
wave interactions and effective mesh adaptivity to the deal with the unsteady nature of the solution. Due to the highly 
anisotropic nature of the proposed shock-cube problem considered here, it also provides a very good evaluation of the 
capabilities of the anisotropic AMR scheme. The initial conditions for the shock-cube problem examined here are taken to 
be standard atmospheric conditions ρ = 1.225 kg/m3, p = 101325 Pa, �V = 0 m/s, and γ = 1.4 for x < 0, y < 0, and z < 0
and eight times standard atmospheric density and ten times standard atmospheric pressure elsewhere within cube of unit 
size with −1/2 ≤ x ≤ 1/2, −1/2 ≤ y ≤ 1/2, and −1/2 ≤ z ≤ 1/2. Reflection boundary conditions are imposed on all six 
boundaries of the computational domain and the second-order, two-stage, Runge-Kutta, time-marching scheme was used to 
integrate the solution forward in time.

Prior to the initiation of the simulation, an initial mesh containing a single grid block consisting 8 × 8 × 8 = 512 com-
putational cells was refined based on the initial solution six times, with the initial solution re-imposed each time, in order 
to arrive at an initial mesh that accurately resolved the discontinuity between the two initial flow states. A maximum re-
finement level of seven was assigned for the simulation. Following this initial refinement of the mesh, the anisotropic AMR 
scheme was applied every 15 time-steps until a maximum simulation time of t = 0.75 ms was reached. The corresponding 
anisotropic adapted grid blocks and predicted density contours for simulated times t = [0.05, 0.25, 0.75] ms are shown in 
Fig. 12.

The numerical predictions of the anisotropic AMR scheme are compared in Fig. 13 to those obtained using both a uniform 
mesh and the related isotropic AMR scheme detailed in Section 4.8 using the same initial conditions and parameters. 
Throughout the simulation, it can be seen that anisotropic AMR tracks the complex evolving solution well. At t = 0.05
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Fig. 12. Predicted distribution of the gas density (kg/m3) at three different simulated times t = [0.05, 0.25, 0.75] ms obtained using an anisotropic AMR 
scheme.

ms, there are large anisotropic features in the solution which are efficiently represented by the anisotropic AMR using 
blocks with high aspect ratio cells, resulting in a reduction of 85% in the size of the mesh in terms of the number of cells 
compared to that of the equivalent isotropic AMR solution (same level of refinement, virtually equivalent accuracy). As time 
evolves, the predicted unsteady wave solutions become less aligned with the grid line orientation of the computational 
blocks and the anisotropic AMR method results in a more isotropically refined mesh in some regions of the flow. Even 
though the regions for anisotropic refinement are reduced, the anisotropic procedure still offers a mesh size reduction of 
53% compared to the isotropic approach at t = 0.25 ms. Finally, at t = 0.75 ms, the solution has moved further from being 
aligned with the mesh. Nevertheless, the proposed anisotropic refinement scheme still achieves a 45% reduction in the 
overall size of the mesh. Note additionally that the anisotropic and isotropic AMR predictions of the shock-cube problem 
are also both compared in Fig. 13 to the numerical solution obtained using a fixed uniform mesh based on seven uniform 
refinements of the original initial mesh. The latter was composed of a total number of 262,144 grid blocks and 134 million 
cells. In comparison, the anisotropic mesh contains just 1,260 blocks and 0.645 million cells at t = 0.05 ms and 5,079 
blocks and 2.6 million cells at t = 0.75 ms. Additionally, the predicted density profiles along the diagonal of the domain, 
[(−1/2, −1/2, −1/2), (1/2, 1/2, 1/2)], at time t = [0.05, 0.25, 0.75] ms are also compared in the figure and there is very 
good agreement between the anisotropic and uniform mesh predictions, illustrating the rather large computational savings 
offered by the anisotropic AMR approach for this unsteady flow problem.

5.2.2. Steady supersonic channel flow past a bump
In order to demonstrate the applicability of the proposed anisotropic AMR to the solution of steady inviscid flow prob-

lems, supersonic flow over a smooth bump in a fully 3D channel is considered next. The supersonic channel flow problem 
consists of a rectangular cross-section channel of dimension [5.5 m × 2 m × 1 m] with a smoothed circular bump along 
the bottom wall of the channel section. Air with a flow Mach number of M = 1.4 and at standard atmospheric density and 
pressure conditions of ρ = 1.225 kg/m3 and p = 101.325 kPa, respectively, enters the channel through the left boundary 
and exits through the right side of the domain. The ratio of specific heats for the air of γ = 1.4 is assumed.

As the channel flow is two-dimensional in nature, the initial mesh consists of just 8 grid blocks (4 grid blocks along the 
length of the channel, 2 blocks along the height of the channel, and a single block along the out-of-plane direction) with 
each block containing 8 × 8 × 2 cells. Reflection boundary conditions are imposed on the lower boundary containing the 
smooth bump and the top and sides of the channel. The supersonic inflow is fixed at the inlet and constant extrapolation 
boundary conditions are imposed at the outlet boundary of the channel. Numerical solutions were obtained using both 
the proposed anisotropic AMR procedure and the reference isotropic approach. The AMR was limited to a maximum of six 
refinement levels for each of the coordinate directions. Steady-state solutions were obtained by advancing the solution in 
time until a converged time-invariant solution is achieved on each AMR mesh. The multi-stage optimally smoothing scheme 
with local time-stepping and a CFL number of 0.5 was used for the temporal integration.

Fig. 14 provides a summary of the results for the steady supersonic channel flow problem. The final anisotropically 
refined multi-block AMR mesh after 6 levels of mesh refinement, showing the grid blocks (top left panel) is compared to 
the equivalent isotropically refined mesh (top right panel). The predicted flow field density distribution is also shown in 
Fig. 14 (bottom left panel) along with the predicted density profile along y = 1/4 m (bottom right panel of Fig. 14). The 
latter compares the predicted profiles of the anisotropic and isotropic AMR schemes. While excellent agreement can be 
observed between the solutions of the anisotropic and isotropic approaches, the 3D anisotropic AMR procedure does not 
introduce additional resolution and un-needed grid blocks in the out-of-plane direction (the refinement is two dimensional 
in nature and the number of block in this direction remains equal to one) as should be expected for an essentially two-
dimensional flow, whereas the less efficient 3D isotropic approach introduces a large number of grid blocks and cells in 
the out-of-plane direction in order to achieve a similar spatial resolution in the two-dimensional plane of the channel. The 
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Fig. 13. Anisotropic (left) and isotropic (middle) grid blocks making up multi-block computational mesh at three different simulated times t =
[0.05, 0.25, 0.75] ms along with comparisons of the predicted density profile along the diagonal of the cube, [(−1/2, −1/2, −1/2), (1/2, 1/2, 1/2)], ob-
tained using a fixed uniform mesh and the isotropic and anisotropic AMR schemes (right).

3D isotropic AMR schemes results in a computational mesh consisting of 47,223 blocks and more than 6 million cells. In 
contrast, the anisotropic AMR scheme results in a multi-block grid consisting of only 1,255 blocks and 160,640 cells (i.e., the 
mesh is reduced by more than 97%). In terms of computational time, 256 processors were used with a total computational 
time of 170 minutes to obtain the anisotropic AMR simulation results while 2,048 processors were needed with more than 
12 hours of computational time to obtain the isotropic AMR predictions.
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Fig. 14. Predictions of M = 1.4 steady supersonic channel flow past a bump showing the final anisotropic AMR mesh (top left, 1,255 grid blocks, 160,640 
cells) after 6 levels of AMR compared to the equivalent isotropic AMR mesh (top right, 47,223 grid blocks, 6 million cells) as well as the predicted density 
distribution of the anisotropic AMR scheme (bottom left) and a comparison of the predicted density profiles along the line y = 1/4 m provided by the 
anisotropic and isotropic AMR schemes (bottom right).

5.2.3. Steady supersonic spherical outflow
The application the proposed anisotropic AMR to the solution of steady inviscid flow problems is further examined here 

by considering steady supersonic spherical outflow on a 3D cubed-sphere mesh for which there exists an analytical solu-
tion. The spherical computational domain for the problem is represented by the cubed-sphere multi-block mesh originally 
proposed by Ronchi et al. [101] and more recently implemented within an isotropic block-based AMR approach by Ivan et 
al. [48,50]. The initial or baseline cubed-sphere multi-block mesh consists of six sectors or root grid blocks connected with 
edges degeneracies, forming an inner hollow sphere and an outer spherical shell. The anisotropic AMR procedure proposed 
herein is readily applicable to cubed-sphere meshes and is therefore examined here.

In this first investigation of the proposed enhanced block-based anisotropic AMR for cubed-sphere meshes, supersonic 
spherical flow of air with γ = 1.4 enters a spherical shell domain at an inner radius of Ri = 1 m and subsequently exits 
the domain at an outer radius of Ro = 4 m. The velocity of the inflowing air is purely radial with a radial component, Vr , 
subsequently undergoes a supersonic expansion process, and then exits through the outflow sphere surface. The inflow flow 
properties are fixed with a flow density, ρi = 10 kg/m3, radial component of velocity, Vr,i = 4.5 m/s, and pressure, pi = 26
Pa. The analytical solution to this spherical outflow problem is described by Ivan et al. [48] and the solution at any radial 
location, r, satisfies the following equation

C3 − 1

r2 Vr

[(
C2 − V 2

r
) 1

γ −1

] = 0 , (14)

where the constants C2 and C3 depend on the inflow conditions and are given by

C2 = 2γ

γ − 1
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ρi
+ V 2

r,i , C3 = 1(
2γ

γ −1
pi
ρi

1
γ −1

)
R2

i Vr,i

. (15)

The initial multi-block hexahedral mesh for this case consisted of a uniformly refined cubed-sphere mesh with 24 blocks, 
each containing 32 × 32 × 16 cells. Constant extrapolation boundary conditions were applied at the outflow boundary at 
Ro = 4 m. Six cycles or levels of adaptive mesh refinement were then applied for which converged steady solutions were 
obtained on each consecutively adapted mesh using the multi-stage optimally smoothing scheme with local time-stepping. 
Numerical results were obtained for both the newly-proposed anisotropic scheme and the reference isotropic approach.

The predicted flow density and associated cubed-sphere meshes obtained using both the anisotropic and isotropic AMR 
methods on the finest adapted meshes are depicted in the quarter slices of the spherical solution domain shown in 
Figs. 15(a) and 15(b), respectively. It can be observed that the solution varies only in the radial direction for this case 
and that the anisotropic AMR scheme is able to exploit this feature, refining only in the radial direction, while isotropic 
AMR approach tends to refine the mesh in a more uniform fashion. As a result, there is a large reduction of 95% in the total 
cell count for the anisotropically refined cubed-sphere mesh compared to that of the isotropic method. To assess whether 
this large reduction in the total cell count also corresponds to a significant reduction in solution error, the L1 and L2 norms 
of the solution error in density were also determined for each refined mesh, based on the exact analytical solution given 
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Fig. 15. Solutions of the steady supersonic spherical outflow problem showing the predicted distributions of the flow density and grid blocks of the cubed-
sphere meshes on quarter sectors of the spherical domain obtained with the anisotropically and isotropically refined multi-block AMR meshes.

Fig. 16. Solutions of the steady supersonic spherical outflow problem showing the predicted L1 and L2 norms of the solution error in density as a function 
of the number of grid blocks in the cubed-sphere mesh comparing the result for the anisotropically-refined AMR mesh (black solid lines) to those of the 
isotropically-refined AMR mesh (blue dashed lines) as well as uniformly refined mesh (red dashed dotted lines).

above. The resulting error norms for density as a function of the number of grid blocks in the cubed-sphere mesh is pro-
vided in Fig. 16. Results for a uniformly refined mesh are also shown. From this convergence plot it is evident that the third 
anisotropically-refined mesh provides a solution accuracy better than that of the fifth isotropically-refined mesh and has a 
total number of grid blocks that is less than that of first isotropically-refined mesh. This again corresponds to a mesh size 
savings of about 97%. Furthermore, the results of the isotropically-refined cubed-sphere mesh based on the gradient-based 
refinement criteria can be seen to be similar to those of simple uniform refinement.

It should however be noted here that the gradient-based or physics-based methods used to drive the mesh refinement in 
the proposed anisotropic AMR scheme do not necessarily directly respond to errors in the numerical solution and this can 
hamper grid convergence and error control as the mesh refinement proceeds. This is a limitation of the proposed scheme 
and is apparent in the error convergence results of Fig. 16, which indicate a gradual stalling of the anisotropic AMR scheme 
as the refinement proceeds. In particular, the high gradients are purely radial in nature for the outflow problem but are not 
necessarily associated with high solution error (in fact, refinement in the azimuthal direction is required to reduce solution 
errors), eventually resulting in ineffective mesh refinement. While various additional heuristic strategies can be considered 
to remedy this issue, the application of output-based or adjoint-based error estimation techniques based on variational 
principles would enable the use of formal error estimates for directing mesh adaptation [90,91,102,92,93,103,94] and will 
be the subject of future follow-on studies.
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Fig. 17. Initial 5-sector, 15-block, cubed-sphere mesh for M=2 steady supersonic inviscid flow past a sphere.

5.2.4. Steady supersonic flow past a sphere
Steady supersonic inviscid flow past a sphere is considered next, again using cubed-sphere based multi-block meshes. 

The supersonic flow of interest consists of a half sphere of radius of r = 1 m with a far-field boundary at r = 10 m as 
shown in Fig. 17. The cubed-sphere meshes for this test problem were constructed to have only 5 sectors so as to reduce 
the problem size, with 3 blocks stacked in the radial direction for each sector. This resulted in an initial multi-block hexa-
hedral mesh consisting of 15 grid blocks, each containing 10 × 10 × 10 = 1, 000 cells, and a total of 15,000 computational 
cells. The supersonic free-stream air with γ = 1.4 enters the domain through the upstream far-field boundary (i.e., in the 
positive x direction) with p = 101.325 kPa, ρ = 1.225 kg/m3, and M=2 and exits through the downstream far-field outflow 
boundary. Fixed solution values were applied at the upstream far-field inflow boundaries and constant extrapolation bound-
ary conditions were imposed at the downstream outflow boundaries, as the outflow remains supersonic. Standard reflection 
boundary condition were imposed on the surface of the inner sphere. The multi-stage optimal smoothing scheme with local 
time-stepping was again used to obtain steady solutions for this problem and the HLLE approximate Riemann solver was 
used in the numerical evaluation of the solution fluxes.

Fig. 18 shows the predicted solutions of the density and Mach number obtained after 5 cycles/levels of refinement for 
the proposed anisotropic block-based AMR scheme compared to the results of the equivalent isotropic approach. In both 
cases, the adapted mesh is aligned well with the resulting bow shock near the stagnation streamline but loses some of 
this alignment moving away from the center line towards the outer regions of the flow where the bow shock is weaker 
in strength. Nevertheless, the anisotropic AMR scheme again provides a well resolved bow shock yet results in a signifi-
cantly reduced computational mesh for this case (1,625 grid blocks and 1.625 million cells compared to 12,062 grid blocks 
and 12.06 million cells for the isotropic AMR method for an 86% reduction in mesh size) due to far fewer refined blocks 
introduced in the angular directions (the resolutions of the two meshes is similar radially). Moreover, the comparisons of 
the predicted center-line density and Mach number distributions corresponding to the stagnation streamline for the flow 
of Fig. 19, which compares the anisotropically- and isotropically-refined results, indicate that the two sets of results are 
virtually indistinguishable, including the predicted location of the bow shock and post-shock stagnation flow conditions.

5.3. Numerical results for the Navier-Stokes equations

Numerical results for solutions of the Navier-Stokes equations obtained using the implicit time-marching scheme outlined 
in Section 2.3 are now considered. Four different problems are examined: steady laminar boundary-layer flow past a flat 
plate; steady subsonic laminar flow over an airfoil; steady subsonic laminar flow past a circular cylinder; as well as steady 
supersonic laminar flow over an airfoil. Again, the performance of the proposed anisotropic AMR scheme is assessed via 
comparisons to either available analytical solutions or predicted results obtained with the equivalent isotropic AMR scheme 
where helpful. For all Navier-Stokes solutions, a combination of two refinement criteria were used based on the gradients of 
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Fig. 18. Predictions of M=2 steady supersonic inviscid flow past a sphere showing comparisons of the numerical solutions and adapted cubed-sphere grids 
obtained using both the anisotropically-refined and equivalent isotropically-refined AMR strategies (grid blocks are shown outlined in black).

Fig. 19. Comparisons of predicted center-line distributions of the flow density and Mach number associated with the stagnation flow streamline M=2 steady 
supersonic inviscid flow past a sphere obtained using both the anisotropically-refined (straight lines) and equivalent isotropically-refined (symbols) AMR 
strategies.

density and velocity magnitude. When the multiple criteria are used, mesh refinement occurs if one or more criteria meet 
the user-defined thresholds and grid block coarsening takes place only if all criteria satisfy the coarsening thresholds.

5.3.1. Steady subsonic laminar boundary-layer flow past a flat plate
Numerical results for the steady laminar flow past a flat plate are first considered and compared to the classical 

incompressible solution of Blasius [104]. For the case of interest, the free-stream Mach number and Reynolds num-
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Fig. 20. Final anisotropically-refined multi-block computational mesh used in the simulation of M=0.2 and Re=9,318.92 steady subsonic laminar flow over a 
flat plate. The final mesh consists of 17 grid blocks, each containing 32 × 64 × 2 cells, for a total of 69,632 cells.

ber based on plate length (L = 0.002 m) are M∞=0.2 and ReL =9,318.92, respectively. A rectangular prism domain of 
[−2L, 2L] × [0, 2L] × [0, L] was used for obtaining solutions to this problem. The corresponding domain and boundary 
conditions for the flat plate flow are illustrated in Fig. 20. The far-field, sides, and upstream of the plate are treated using 
conventional reflection/slip-flow boundary condition, while at the plate, for x = [0, 2L] and y = 0, standard no-slip boundary 
conditions are enforced. A uniform fixed velocity profile is specified on the inlet plane (x = −2L) and zero-gradient bound-
ary conditions are applied for the fluid velocity on the outlet plane (x = 2L). The pressure is held fixed and equal to the 
freestream value at the outlet. The initial mesh consisted of two blocks of 32 ×64 ×2 cells for a total of 8,192 computational 
cells and a uniform flow of air having the free-stream conditions was assumed for the initial conditions. Two levels of AMR 
refinements were performed and the solution was fully converged on each level of the mesh, including the initial mesh. 
The steady flow solutions were obtained using the inexact Newton’s method described previously for which the Newton 
iterations were stopped when the non-linear residual was reduced by 10 orders of magnitude (i.e., ε = 10−10).

The final computational mesh and mesh block topology obtained using the proposed anisotropic block-based AMR 
scheme are depicted in Fig. 20, which shows the resulting 17 grid blocks (69,632 cells) clustered near the leading edge 
of the plate and plate surface. As for the supersonic inviscid channel flow with a bump, no refinement is performed by 
the anisotropic AMR in the cross-flow direction (z-direction) due to the two-dimensional nature of the flow. The equivalent 
isotropic AMR approach (not shown) results in a similar grid; however, with additional grid blocks in the z-direction and 
a total of 44 blocks (180,224 cells). Even with just two levels of refinement, the anisotropic AMR procedure yields a more 
than 60% reduction in mesh size compared to the isotropic approach.

The predicted distribution of the skin friction coefficient, C f , along the flat plate and the boundary-layer profiles of the 
velocity components, u and v , tangential and normal to the plate, respectively, at x = 0.004 m (Rex = 8,900) are all compared 
to the corresponding results following from the Blasius solution in Fig. 21. In the case of the boundary-layer velocity profiles, 
the non-dimensional boundary-layer velocity components, u/U∞ and θ = v

√
Rex/U∞ , where U∞ is the free-stream velocity 

are shown as a function of the non-dimensional distance from the plate, η = y
√

Rex/x. For this relatively low-speed flow, 
the results of Fig. 21 show excellent agreement between the compressible flow predictions of the fine mesh anisotropic 
AMR solutions and the incompressible-flow Blasius solution for the skin friction coefficient over the entire length of the 
plate and the boundary-layer profiles of both velocity components at the end of the plate.

5.3.2. Steady subsonic laminar flow over an airfoil
Steady subsonic laminar flow over an airfoil is now examined. In particular, a symmetric NACA0012 airfoil at an angle 

of attack of α = 0◦ is considered for which the free-stream Mach and Reynolds number are M∞ = 0.5 and Re=5,000, 
respectively. The chord length is taken to be unity and the far-field boundary is located at about 50 chord lengths away 
from the airfoil surface. No-slip boundary conditions were imposed on the airfoil boundary. The main features of this case 
is the creation of a viscous boundary layer on the airfoil surface and the occurrence of flow separation near the trailing 
edge of the airfoil, resulting in the formation of small re-circulation bubbles on the upper and lower surfaces that extend 
into the near-wake region and present numerical challenges for the accurate numerical prediction of the airfoil drag. This 
airfoil flow was examined in several previous studies [105–108,67,95] and the drag coefficient, Cd, is about 0.055 based on 
the previous simulations of Ivan and Groth [67]. Note that, at zero angle of attack, the lift is expected to be zero for this 
symmetric airfoil.

The initial C-type coarse mesh for the subsonic airfoil flow consisted of two grid blocks along the upper and lower 
surfaces of the airfoil (1 block for each side) of two blocks downstream the airfoil for a total of four grid blocks. Each 
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Fig. 21. Numerical prediction of M=0.2 and Re=9,318.92 steady subsonic laminar flow over a 0.0004 m long flat plate showing comparisons of the computed 
plate skin friction, C f , along the length of the plate (left) and the boundary-layer profiles of the non-dimensional velocity components, u/U∞ and θ =
v
√

Rex/U∞ , at x=0.0004 m (right) obtained using the anisotropic AMR scheme to the Blasius solution.

Fig. 22. Solution of M∞ = 0.5 and Re=5,000 steady subsonic laminar flow over a NACA0012 airfoil showing: (a) the predicted distribution of flow Mach 
number obtained on the final anisotropic AMR mesh having N8 = 1, 009, 664 computational cells and 986 grid blocks (mesh blocks are outlined in black); 
and (b) the reduction of the L2 norm of the solution residual for the total energy as a function of the number of Newton iterations on each of the 
successively refined AMR meshes.

block contained 16 × 16 × 4 = 1, 024 cells and thus the initial mesh contained 4,096 computational cells. The grid lines 
in the tangential direction to the airfoil surface were clustered such that cell aspect ratio near the airfoil surface is about 
five. After obtaining the flow solution on this initial mesh, a sequence of eight successively higher-resolution meshes were 
then generated by applying the proposed anisotropic AMR procedure of Section 4 for which a steady solution was obtained 
on each consecutive mesh using the inexact Newton solution method. The refinement criteria for the AMR was based on 
the gradient of the velocity magnitude. The resulting sequence of nine 3D multi-block AMR meshes involved 4, 12, 26, 44, 
78, 146, 303, 693, and 986 grid blocks and contained total numbers of computational cells of N0 = 4, 096, N1 = 12, 288, 
N2 = 26, 624, N3 = 45, 056, N4 = 79, 872, N5 = 149, 504, N6 = 310, 272, N7 = 709, 632, N8 = 1, 009, 664, respectively.

The anisotropic block-based AMR results for the M∞ = 0.5 and Re=5,000 NACA0012 airfoil flow are summarized in 
Figs. 22 and 23(a), where the predicted distribution of flow Mach number obtained on the final anisotropically-refined 
AMR mesh having N8 = 1, 009, 664 computational cells and mesh topology are both shown along with the reduction of 
the L2 norm of the solution residual for the total energy as a function of the number of Newton iterations illustrating 
solution convergence on each of the successively refined AMR meshes. Fig. 23(a) shows the convergence of the predicted 
drag coefficient, Cd, as a function of the mesh size. From the results shown in the figures, it is evident that anisotropic AMR 
method performs well, providing additional refinement of the mesh in the boundary layer normal to the airfoil surface, with 
emphasis near the leading and trailing edges of the airfoil and without introducing excessive refinement in the tangential 
direction (note that no refinement of the 3D mesh is introduced by the method in the out-of-plane or cross stream direction 
as would be the case of isotropic AMR strategies). In particular, the trailing-edge separation bubbles on the lower and upper 
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Fig. 23. Predicted drag coefficient, Cd, as a function of total number of computational cells for: (a) M∞ = 0.5 and Re=5,000 steady subsonic laminar flow 
over a NACA0012 airfoil; and (b) M∞ = 0.1 and Re=30 steady subsonic laminar flow past a circular cylinder.

Fig. 24. Solution of M∞ = 0.1 and Re=30 steady subsonic laminar flow past a circular cylinder showing: (a) the predicted distribution of flow Mach number 
obtained on the final anisotropic AMR mesh having N5 = 1, 648, 640 computational cells (mesh blocks are outlined in black); and (b) the reduction of the 
L2 norm of the solution residual for the total energy as a function of the number of Newton iterations on each of the successively refined AMR meshes.

surfaces are well resolved. As a result, the predicted drag converges rapidly to a value that approximates well previously 
reported values [67]. It is also evident from Fig. 22(b) that the proposed Newton method is very effective in ensuring rapid 
and fully converged steady solutions of the Navier-Stokes equations on the multi-block anisotropic AMR meshes.

5.3.3. Steady subsonic laminar flow past a circular cylinder
The third viscous flow problem examined herein is that of steady subsonic laminar flow past a circular cylinder. In 

this case, the free-stream Mach and Reynolds number are M∞ = 0.1 and Re=30 and numerical solutions were obtained 
between two concentric cylinders for which the inner and outer cylinder diameters are Di = 0.0001 m and Do = 0.004
m, respectively. No-slip boundary conditions for the flow velocity and adiabatic boundary conditions for temperature were 
imposed on the inner cylinder wall. This laminar viscous flow was also studied previously by Ivan and Groth [67] and the 
coefficient of drag as given by the curve fits of Henderson [109] is Cd = 1.737. An O-type initial grid was applied for the 
cylinder flow with clustering of the grid lines toward the surface of the cylinder. The initial grid contained 256 blocks of 
16 × 16 × 4 cells that is 262,144 computational cells and, similar to the subsonic airfoil case, a sequence of five successively 
higher-resolution meshes were obtained by applying the proposed anisotropic AMR procedure. The resulting sequence of six 
multi-block grids contained N0 = 262, 144, N1 = 344, 064, N2 = 452, 608, N3 = 559, 104, N4 = 802, 816, N5 = 1, 648, 640
computational cells, respectively.

The anisotropic AMR cylinder flow results for the six successively refined meshes are presented in Figs. 23(b) and 24. 
Fig. 23(b) shows the convergence of the predicted drag coefficient, Cd, as a function of the mesh size. Fig. 24 provides the 
predicted Mach number distribution and mesh topology for the finest mesh with N5 = 1, 648, 640 computational cells along 
with the reduction of the solution residual, illustrating the rather good convergence of the Newton method, on each mesh. 
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Fig. 25. Solution of M∞=1.2 and Re=1,000 steady supersonic laminar flow over a NACA0012 airfoil showing: (a) the predicted distribution of flow Mach 
number obtained on the final anisotropic AMR mesh having N8 = 6, 307, 840 computational cells and 6,160 grid blocks (mesh blocks are outlined in 
black); and (b) the reduction of the L2 norm of the solution residual for the total energy as a function of the number of Newton iterations on each of the 
successively refined AMR meshes.

The proposed anisotropic AMR scheme efficiently provides refinement of the computational mesh in the normal direction to 
regions of high shear and flow separation while not introducing un-needed resolution in the transverse directions and, as a 
consequence, the predicted drag coefficient, Cd, appears to rapidly converge to a value close to that expected for this case.

5.3.4. Steady supersonic laminar flow over an airfoil
As a last viscous case, steady supersonic laminar flow over a NACA0012 symmetric airfoil at zero angle of attack (α = 0◦) 

is studied. The free-stream conditions, computational domain, mesh, and boundary conditions are similar to the subsonic 
case described in Section 5.3.2 except that the freestream Mach number and Reynolds number are M∞=1.2 and Re=1,000, 
respectively. This airfoil flow was examined previously by other researchers, including Hartmann and Houston [110] and 
Narechania et al. [95]. As the flow is supersonic, a bow shock is formed upstream of the leading edge of the airfoil and 
two weaker shocks emanate downstream from the trailing edge. As for the subsonic airfoil flow, the initial multi-block 
mesh again contained four grid blocks and consisted of 4,096 computational cells. The proposed anisotropic block-based 
AMR scheme was then used in combination with the finite-volume scheme and inexact Newton solution method to obtain 
a sequence of nine successively refined containing N0 = 4, 096, N1 = 16, 384, N2 = 63, 488, N3 = 182, 272, N4 = 415, 744, 
N5 = 604, 160, N6 = 1, 354, 752, N7 = 2, 856, 960, and N8 = 6, 307, 840 computational cells corresponding to 4, 16, 62, 178, 
406, 590, 1,323, 2,790, and 6,160 grid blocks, respectively.

Fig. 25(a) shows the predicted Mach number distribution and mesh block topology for the supersonic NACA0012 air-
foil flow obtained on the final anisotropically-refined AMR mesh with N8 = 6, 307, 840 computational cells. Additionally, 
Fig. 25(b) depicts the convergence of the Newton method on the sequence of AMR meshes. The results for this case again 
reveal the effectiveness and efficiency of the proposed anisotropic AMR scheme. The anisotropic method captures very well 
both the leading-edge bow shock and trailing-edge shocks, as well as the boundary layers near the airfoil surface without 
introducing un-necessary mesh resolution in directions aligned with the shock waves and shear layers (as would be the 
case for an isotropic approach). Additionally, the proposed Newton method again proves to be effective in ensuring fully 
converged steady solutions of the spatially-discretized governing equations are achieved on the anisotropic AMR grids, even 
for cases with shocks.

6. Conclusions

A new anisotropic block-based AMR scheme based on a novel non-uniform treatment for the grid blocks has been pro-
posed and described for the prediction of 3D compressible gaseous flows. The approach avoids the usual prolongation and 
restriction of solution content and conservative flux corrections commonly adopted in other block-based AMR approaches, 
as are the potential complexities for high-order solution methods [32]. A description of the enhanced heterogeneous non-
conformal treatment for the grid blocks and the related modifications and extensions to the corresponding second-order 
finite-volume spatial discretization scheme have been described in detail. A detailed description of the proposed anisotropic 
block-based AMR scheme has also been provided. Furthermore, the performance and accuracy of the proposed anisotropic 
AMR method has been assessed for a range of 3D inviscid and viscous flow problems described by the Euler and Navier-
Stokes equations of a compressible gas via comparisons to the predictions of the equivalent isotropic AMR approach as 
well as to available analytical results. The proposed 3D anisotropic block-based AMR scheme has been shown to provide 
significantly lower computational complexity while also affording significant reductions in mesh size compared to standard 
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isotropic AMR techniques with comparable accuracy. For flows with highly disparate and anisotropic spatial scales (e.g., 
shocks/discontinuities and shear layers), mesh reductions of 80–95% were realized for cases in which the anisotropy was 
aligned with the coordinate axis and reductions of 50–75% were still achieved for more isotropic situations. Future research 
will involve the further development and application of the proposed 3D anisotropic AMR scheme for use with high-order 
spatial discretization schemes [70,71] in efforts to simulate more efficiently a broader range of multi-scale, physically-
complex, flow phenomena. Additionally, output-based or adjoint-based error estimation techniques [90,91,102,92,93,103,94]
will be considered for directing the anisotropic mesh adaptation.
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