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The solution of Riemann problems for the one-dimensional Euler equations with polytropic
gases usually involves a numerical iterative solution procedure, and more efficient Riemann
solvers can reduce computational times and costs by factors of up to 25, Riemann solvers that
have been used in past computational fluid dynamics, those that are used in current numerical
work, and a new and more efficient one reported in this paper are all assessed in terms of
their relative computational performance. This assessment includes the type of shock and
rarefaction-wave equations, iterative procedures, and initial guesses used by Godunov,
Chorin, Van Leer, Smoller, and others. Various aspects of the Riemann problem and its
solution for unsteady flows are also discussed in terms of the pressure-velocity diagram, both
for completeness and to add some new practical insights for improving computer codes.
© 1988 Academic Press, Inc.

1. INTRODUCTION

Riemann problems and related solution procedures were first introduced into
computational fluid dynamics by Godunov [1-37, in his special finite-difference
methods for solving one- and two-dimensional unsteady inviscid gas flows. Glimm
[4] later employed Riemann problems in conjunction with a new random sampling
procedure as a theoretical tool to derive existence proofs for all time for weak
solutions of hyperbolic systems of conservation laws. The existence and uniqueness
of solutions for general Riemann problems with arbitrary initial data has been the
subject of intensive study (e.g., see [5-77]).

The initial study of Glimm [4] and later work by Moler and Smoller 8]
stimulated Chorin [9, 10] to make Glimm’s method into a practical computational
tool for solving problems in gas dynamics. Various improvements to Glimm’s
method were subsequently made by others such as Sod [11], Roe [127, Colella
[13], Colella and Glaz [14], and Gottlieb [157], and this technique is now well
known' as the random-choice method (RCM). The RCM makes extensive use of
Riemann solvers and has been used successfully to solve a number of practical
problems in gas dynamics [11, 16-20], underwater explosions [21, 227, and special
problems retated to two-phase flow of petroleum in underground reservoirs [237.
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The increased usage of Riemann solvers in various numerical solution schemes of
computational fluid dynamics has stimulated the demand for more efficient iterative
solution procedures, in order to reduce the often excessive computational times and
costs. Although some previous work has been done on approximate Riemann
solvers [1-3, 12, 14], this study presents an assessment of the relative performance
of a collection of exact Riemann solvers which are appropriate for solving one- and
two-dimensional unsteady flows of thermally and calorically perfect gases
(polytropic). Furthermore, a new and more efficient solver is given and also
assessed. These results should help researchers and engineers choose a suitable
Riemann solver for their computer codes.

An introduction to the Riemann problem for the specific case of unsteady one-
dimensional flows of perfect gases is presented in Section 2, including a description
of its solution based on the pressure—velocity diagram. This is a prerequisite to the
presentation of the different Riemann solvers appearing in Section 3 and the
assessment of these solvers which follows in Section 4.

2. RIEMANN PROBLEM

For one-dimensional nonstationary flows the state U of a perfect gas is specified
completely by three dependent variables and two constants that are particular to
the type of gas. Three convenient dependent variables are the pressure p, density p,
and flow velocity u, and two fairly convenient constants are the ratio of the specific
heats y and gas constant R. From these variables and constants all of the other
state properties may be obtained. For example, the temperature T may be obtained
from the equation of state (p=pRT) and the sound speed a follows from its
definition (a®>=7yRT=yp/p). Hence, the state U may be completely defined by
(p, p, u, 7, R), or alternately (p, a, u, y, R).

Now consider two discrete initial states U(x,, ¢;) and U(x,,,, ;) at adjacent
nodes at time level ¢; of the discretized numerical grid depicted in Fig. 1. The initial
value or Riemann problem may then be expressed as
Ulx,, t;) if x<x;+Q(x;—x,14),

is j

Ultiyrn ) i x> x4+ Q06— %1, 1), 1)

Ulx, t)) = {

where Q is a number between 0 and 1 that fixes the location of the discontinuity
between these two states. The initial data U(x, ¢;) is therefore piecewise constant; it
equals either U(x,, t;) or U(x;,, t;) depending on the particular location of the
discontinuity between the two nodes

With increasing time beyond #; the discontinuity between the two initial states
will break into leftward and rlghtward moving waves which are separated by a
contact surface [1-11]. Each wave can be either a shock or a rarefaction wave
depending on the initial data, and the available combinations produce four unique
wave patterns which are self-similar (i.e., depend on x/tr only). These patterns are
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Fic. 1. Initial plecewise constant data U(x, t) for a Riemann problem on a nonstaggered grid.

depicted in Fig. 2. It should be noted that a fifth wave pattern is also possible, and
this pattern is the particular case when a vacuum exists between two contact
surfaces, all of which occur between two rarefaction waves [3]. This is also shown
in Fig. 2. Although this last case is of theoretical interest only [5, 247, because it is
the limit of the perfect gas equations at zero pressure and temperature, it can never
be realized in practice. Real-gas effects such as molecular vibration, particle
covolume and gas liquifaction would violate the assumption of a perfect gas and
also prevent such an ideal vacuum from developing in reality.

The problem of determining the types of waves, their strengths, and the flow
properties in each region between the waves and contact surface for some particular
set of initial data is called a Riemann problem, and the algorithm for determining
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Fic. 2. Five possible wave patterns in the solution of a Riemann problem, showing shock (§) and
rarefraction (R) waves separated by a contact surface (C). The last one has a vacuum (¥) in the pattern
center.
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the solution to this problem is called a Riemann solver. For the one-dimensional
unsteady Euler equations and a perfect gas the solution of the Riemann problem
always exists, and it requires the determination of six state variables p¥, p¥, uf,
pE, p¥, and u} on the two sides of the contact surface. These unknowns can be
obtained by using the three conservation laws of mass, momentum, and energy and
the equation of state. These laws reduce to the well-known Rankine-Hugoniot
relations across shocks [25] and to the well-known isentropic characteristic
equations across rarefaction waves [25]. These nonlinear and algebraic equations
may be used to jump across the leftward maving wave from the known left state
(p1. Py, uy) to the unknown state (pf, p¥, uf) to the left of the contact surface. The
shock relations are employed if pf¥f >p,, and the rarefaction-wave equations are
used if p¥ < p,. Similarly, the shock and rarefaction-wave equations may be used to
jump across the rightward moving wave from the known right state (p,, p,, 4,) to
the unknown state (p*, p¥, u*) to the right of the contact surface. By employing
p*¥=p¥=pF and u*=uf =u} across the contact surface, the set of equations
describing the Riemann problem may be reduced to a single nonlinear algebraic
equation in one unknown for any particular wave pattern. However, this equation
generally is implicit in the unknown p* or u* and an iterative solution scheme is
required. Different iterative schemes or Riemann solvers will be introduced in the
next section.

The manner in which Riemann problems are incorporated in various computa-
tional methods to solve a complete flow field varies greatly depending on whether
the numerical integration scheme is based on finite differences, finite volumes, or
random samplings. In the specific case of the random-choice method a random
sampling that uses the quasirandom number of Van der Corput [26,27] is
employed to locate the discontinuity, and the wave pattern can be overlaid or
mapped onto a time-distance diagram, as illustrated in Fig. 1. The solution of
whatever part of the wave pattern that overlaps the left or right grid node at the
next time level is then assigned directly to this node, as the approximate solution.
For the case shown in Fig. 1, the state between the shock and contact surface is
assigned to the right node at level ¢;, ;. The pattern can not simultaneously overlap
both the left and right nodes because the Courant-Friedrichs-Lewy time step
criteria will sufficiently limit the size of the time step. This explicit procedure may be
repeated for all other cells on the same time level and cells on subsequent levels, in
order to construct a complete flow-field solution. Additional details of the random
sampling and assignment procedure for a nonstaggered grid with a variable node
spacing and local time stepping have been given previously by Gottlieb [15].

Before presenting different Riemann solvers it is worthwhile examining the
Riemann problem more closely. The solutions for different wave patterns may be
illustrated conveniently on the classical pressure—velocity diagram for solving wave
interaction problems [25, 28]. Let us begin with the states on the left and right
sides of the initial discontinuity; they are known and will be denoted by
(pi,ay, u, v, R and (p,, a,, u,, 7., R,). The left state is shown in the diagram of
Fig. 3 as one point fixed by arbitrary values of p, and u,. Let the right state be
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Five wave pattern regions and boundaries in the pressure-Velocity diagram for the left state

(p1, up). Note that @i, =u; +2a,/(y; — 1), u,=u+2a,/(y,~ 1), tpeyr =ty +2a,/{y,—1).

anywhere else on this diagram. Five curved lines labeled SCN, NCR, NCS, RCN,
and RCVR are the boundaries between the five regions labeled SCS, SCR, RCR,
RCS and RCVCR, and each region corresponds to one of the wave patterns shown
in Fig. 2. The notation should be fairly obvious; RCS denotes a wave pattern with a
rarefaction wave moving to the left and a shock moving to the right, separated by
contact surface. At each boundary one of the waves from the two adjacent patterns
on ¢ither side of the boundary becomes nonexistent or simply degenerates to a
Mach wave. Hence, NCS denotes a wave pattern with no wave or just a Mach
wave travelling to the left and a shock travelling to the right, with a contact surface
between these waves.

The five boundaries may be expressed analytically in closed form for arbitrary left
and right states. Without derivation they are given as follows:

uSCN-—:ul——‘;—:l:%— 1][V‘2;1§—;+”’2;1]% for p,>py, (22)
uNCS:ul_%E;—i_ }iv};f%_*_%}l_]l/z for p,<p,, (2.3)
Uyer= Uy +*/,2ir1 [1 — :%jmwl)/zw:! for p,zp,, (24
Upeny =1+ %2‘_2_11 [1 — i%](“_ 1)/2"”] for p.<p,, (2.5)
Upcyr = Uy +y,?:- ] a, +Vr2— 3 a, for p,=20 (2.6)

The SCN curve rises monotonically from p, and u, to p= oc at u= — oo, whereas

581/78/2-13
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the NCS curve falls continuously from p, and u, is asymptotic to p=0 as u
decreases. The RCN curve decreases monotonically from p, and u, to p=0 at
#,=u,+2a;/(y,—1), whereas the NCR curve rises monotonically from p, and u,
and is asymptotic to u,=u, + 2a,/(y, — 1) as p increases. The RCVR line is vertical
at the flow velocity # -, g, Which is larger than u,. Furthermore, the SCN and
RCN boundaries, as well as the NCS and NCR boundaries, are not only matched
in both pressure and velocity at their junction at the left state (ugey=urenys
Uncs=HUncr), but the first two derivatives dp/du and d’p/du’® are also matched
there. Third and higher derivatives are not matched at this junction point because
entropic changes are introduced by finite-amplitude shocks.

The equations for the boundaries help illustrate that a unique solution always
exists for the Riemann problem for any arbitrary set of initial data defining the left
and right states [3, 5, 6]. In other words, the solution is one of the five patterns
shown in Fig. 2, and their five solution domains are distinct and also cover every
part of the pressure-velocity diagram (without any overlap).

These boundary equations are also beneficial for determining the type of wave
pattern without actually computing the solution of the Riemann problem by some
iterative procedure. For example, let the pressure of the right state be higher than
that of the left state (p, > p,). If u, is less than ugc, then the pattern must be SCS, if
u, lies between uycp and ugcp g then the pattern is SCR, if u, lies between u ¢ and
U rcvr then the pattern must be RCR, and so on and so forth. These equations may
also be helpful in deriving an initial guess for the iterative procedure, and this will
be illustrated in the next section.

Solutions to different Riemann problems are illustrated graphically in the
pressure-velocity diagram of Fig. 4. An arbitrary left state is indicated by the solid
circle and four right states for different wave patterns are shown as open circles.
The solution for each pair of left and right states is given by the open triangle.
Although in this diagram the solution corresponds to a common pressure p* and
common velocity u* across the contact surface, the rest of the solution would also
include other state properties such as pff and p*, and aff and a}.

RCVCR

Uy up ¥ Y1 URCvR

FiG. 4. Graphical illustration of solutions (A ) for the left state (@) and various right states (O).
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Before concluding this discussion of the Riemann problem, two additional
interesting features should be mentioned. First, although the solution to most
Riemann problems involves an iterative procedure, the problem which has a wave
pattern featuring two rarefaction waves separated by a contact surface may be
solved explicitly for p* and u*, provided that y,=1v, [37. The particular solutions
for p* and u* on either side of the contact surface are

~ ~ 2y/{y — 1)
w_p |yt di—d i 57
P pl[ 2 al(l—{—z)l ’ (27)
u*=—ﬁ—11—zfgﬁ, (2.8)

where

N 2 - 2

u1=”1+y1#1017 “r=“r“mar, (2.9)
r—1)2y
z=~“—’[ﬂ] , (2.10)
al pr

and y =17, =7,. This solution may be used as an approximate solution instead of an
iterative procedure to reduce computational time and cost.

The second interesting feature of the Riemann problem is that the flow direction
may be determined without computing the full solution by iteration. This can be
accomplished rather simply by introducing an artificial stationary boundary or wall
between the left and right states and calculating the pressures that would act on the
left and right sides of this boundary. The flow direction will then be from the side
with the higher pressure to the side with the lower pressure. If the flow at the left
state is positive (u; > 0) a shock will be reflected from the left side of this boundary
and the pressure p, on this side will be dictated by p,[1+7y,(y;+ 1) M?/4+
oM (1+ {y+1}* M?/16)"*], where M, =u, /a,. On the other hand, if the flow is
away from the left side of the boundary (u, <0), a rarefaction wave will be reflected
instead. Then p, equals p,[1+ (y,— 1) M, 217V% =D if 5, >0, or p, =0 if %, <0
(vacuum). The procedure may be repeated for the right side of the boundary. For a
reflected shock (u,<0) we have pe=p.[1+7,(0,+ OM2/4—y M (1 + {y,+1}*
M?/16)'] with M,=u,/a,, and for a reflected rarefaction wave (u,>0) the
equation is p,[1—(y,— 1) M, /2727~ Vif §i, <0, or pp=01if &i, >0 (vacuum). The
fact that the flow is in the direction from the larger to the smaller pressure can be
proved rigorously by using the pressure—velocity diagram. A vertical line is drawn
at u=0and p, and p, are located on this line. The solution for:p* will lic between
P and pr. More importantly, «* will be positive valued and lie on the right side of
the vertical boundary at u =0 whenever p, > pp, or u* will be negative valued and
lie on the left side of this line whenever p; < pr. This proves that the flow direction
is always from the side of the boundary with the higher reflected pressure to that of
the lower reflected pressure.
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3. RIEMANN SOLVERS

A number of different exact Riemann solvers have been developed over the past
thirty years because there are a variety of ways in which to express the shock and
rarefaction-wave equations, and different solvers employ different iterative solution
techniques with different initial guesses. These Riemann solvers are presented briefly
without derivation in this section, but further details are available in the original
references.

3.1. Godunov’s First Method

In Godunov’s early computational studies [1,2] of unsteady one- and two-
dimensional flows he introduced an elegant method of solving Riemann problems
for polytropic gases, which was presented as an integral part of his first- and
second-order finite-difference schemes for the Euler equations. Although some of
the elegance of the combined difference schemes and Riemann solver are unfor-
tunately lost when the solver is considered alone, this is unavoidable here. The
equations representing his solver are summarized in the notation of this paper for
the initial left and right states. Although Godunov did not generalize his results for
different gases in the initial left and right state, this simple generalization is included
herein.

The pressure p* on each side of the contact surface is related implicitly to the
mass fluxes passing through the left and right waves (4 and B) by the expression

p*=(Bp,+Ap.+ AB{u;—u,})/(A+ B), (3.1)
where
1 p* —1 1/2
(?1P1P1)1/2[y1+ L+V1 ] for p*=p,,
A= 2 P 62)
-l 1—p*/p
i) e for P <pe
* -1 172
(w,p,)”[%ﬂg—ﬂ’ ] for p*>p,,
5= e (33)
7, —1 1—p*/p,
2,}}’ (Vrprpr)1/21—(p*/pr)(yr—1)/2yr fOI' p*<pr_

The elegance of the variables 4 and B becomes apparent when the three conser-
vation laws are expressed in Lagrangian form as a set of jump conditions
across leftward and rightward moving shock and rarefaction waves. For example,
the conservation laws become A[u]+[p]=0, A4A[p~']—[u]=0, and
A[E+u%2]+ [pu]=0 for any left wave and B[u]—[p]=0, B[p ']+ [u]=0,
and B[E+u?*/2]— [pu] =0 for any right wave, where E is the specific internal
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energy and [ ] denotes the wave jump conditions. Hence, by using A[u]+1p]=0
and Blu]— [p]=0 across the left and right waves of a Riemann problem, and
[u]=0and [p] =0 across the contact surface, one may derive Eq. (3.1) for p*, or
a similar expression for u*. The elegance is also apparent when one realizes that the
veloaities of left and right shock are given rather simply by V,=u,— 4/p, and
V,=u,+ B/p,.

Godunov obtained the solution for p* from Egs. {3.1) to (3.3) by employing a
fixed-point iterative scheme in the form

pro=f(p¥, A{p}}, B{pF}), (3.4)

where the function f is defined by Eq. (3.1). Godunov did not specify a convergence
criterion in his work; however, it is assumed that the iterative process was stopped
when p* ceased to change within some tolerance (or the corresponding values of 4
and B ceased to change).

In the case of strong rarefaction waves this iterative scheme may fail to con-
vergence. In order to make the iterative procedure convergent in all cases Godunov
modified Eq. (3.4) to the form

pri=LopF+f(pF, A{pr}, B{p?})]/lo+ 1] (35)

If y=vy,=1,, Godunov used an expression for the weighting factor o, given by

0=l (1= z) zp e vz vy, (26)
Y

where Z,=f(p¥, A{p}}, B{p¥})/(p, +p,). If o, happens to be negative valued
then «; is reset to zero, because no modification is needed. If y; and y, are not equal,
then another appropriate weighting factor would be required.

After the iteration has converged successfully and the final values of p*, 4, and B
have been obtained, then u* is given by the equation

u*=(p,—p,+ Au; + Bu,)/(A + B), 3.7

which is derived from the jump conditions in the same manner as Eq. (3.1) for p*.
Other state properties on each side of the contact surface may be calculated by
using the Rankine-Hugoniot relations for shocks or the characteristic equations for
rarefaction waves, as required.

An initial guess of p* is required to start the iterative procedure, In the case when
v=7,=1y, the initial guess is given by [2]

p*=3(p,+p.)+5k(u, +u,), (3.8

where k= (y{p, +p,}{p, +p,}/4)"% For the more general case when y, and 7, are
unequal, the intitial guess
P piaip,+p.a.pr+piap.alu—u)
P14y +prar

(3.9)
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is used [3]. Both guesses are based on weak wave or acoustic theory, and when
shock and rarefaction waves become stronger these guesses become less accurate.
However, it should be remembered that weak waves are prevalent in Riemann
problems which are solved during computations of gasdynamic flow fields, and
strong waves are encountered infrequently. Hence, these initial guesses are fairly
accurate for the majority of Riemann problems.

When implementing Godunov’s Riemann solver on digital computers the
following precaution should be taken. The second expressions of Egs. (3.2) and
(3.3) for A4 and B across expansion waves are difficult to evaluate accurately on a
digital computer when the pressure ratios p*/p, are very close to unity. In this case
the expressions for 4 and B have finite values and are not theoretically singular;
however, in practice computer roundoff errors may frequently result in very
erroneous values computed for 4 and B. In Godunov’s Riemann solver a special
check and possible correction must be made during each iteration to overcome this
problem.

3.2. Godunov's Second Method

Godunov developed a second Riemann solver which was computationally more
efficient [3]. He expressed the shock and rarefaction-wave equations in a much
simpler form, and this not only eliminates the difficulty in evaluating the
rarefaction-wave expressions but simultaneously reduces the number of
mathematical operations per iterative cycle. Furthermore, the problematic fixed-
point iterative scheme was replaced by a higher order and trouble-free Newton
method, in order to accelerate convergence and reduce computational efforts. In
this second Riemann solver Godunov still retained the initial guess for p* that was
derived from acoustic theory.

In Godunov’s second method a function F(p*) is defined as the difference
between the flow velocities on the two sides of the contact surface; that is,
F(p*)=uX(p*)—u¥(p*). For the more general case of different gases in the initial
left and right states, this function may be expressed as

F(p*)=f(p*, pi,an, y)+f(p*p,a,,y.)—u +u, (3.10)
where
* * _ —1/2
g[ﬁ__l][__y+1p_+__y 1] for p*>p,
. yLp yp %
f(p* p,a,y)= (3.11)

* 10— /2y
VZ_aI l:[—p;] ——1] for p*<p.

Hence, the solution for p* corresponds to the particular case when the function
F(p¥*) is equal to zero.
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The higher order Newton iterative scheme which makes use of the first and
second derivatives of F{p*) may be expressed in the form [3]
F F*F"

S (3.12)

* ok
Piv1=P;

where F denotes F{(p}) for brevity and the prime designates differentiation with
respect to p*. (In this higher order method a tangent parabola instead of a tangent
straight line is used to estimate the root.) The corresponding first and second
derivatives of the function f(p*, p, a, y) may be written as

(y+1)a[p*_3y—1][y+1£_*,y—l
4 Lp v+l 2y p 2y

—3/2
] it p*>=p,
St poay)=

* 17— 1)/2y
5]

(3.13)

and

+1)2  Ty—1y+1p* y—17"%

_ 3)2a 7L rHipt v it p*>p.
6y’p Lp  7y+1 y p 2y

(V+ l)a p* (y—1)/2y

" 2(yp*)? [7]

f”(p*a p.a, '}’) =
if p*<p,

(3.14)

without difficulty.

To initiate the iterative procedure Godunov used the initial guess given earlier by
Eq. (3.9). He noted that this initial guess will cause the iteration to approach the
root in a well-behaved manner from below if p, <p,, such that ail p* values in the
iterative process are positive valued. In the other case when p,>p, one must
perform a check for a negative valued p}*. If this occurs then p* may be reset equal
to 0.01p¥ .

It is worth mentioning that Zhang and Gottlieb [207] developed a very similar
Riemann solver which employed a Newton iterative method, without prior
knowledge of Godunov’s second method [37]. In their study, Zhang and Gottlieb
investigated the relative computatioal savings that could be achieved by using
Newton’s method with first and second derivatives. Their findings suggest that the
faster convergence rate (reduced number of iterations) of Newton’s method with
second derivatives was offset by the increased number of mathematical operations
to compute the higher derivatives, except in the cases when the left and right waves
of the Riemann problem are fairly strong or the initial guess is inaccurate. Their
study points out that nothing practical is gained by using the higher order Newton
method when the standard Newton technique will provide equivalent or better
computational performance.
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3.3. Chorin’s Iterative Scheme

Chorin [9] adopted to a large degree the first Riemann solver of Godunov with
the same fixed-point iterative scheme, but he made some notable changes to the
iterative solution procedure, and the combination of these modifications improved
the overall efficiency substantially. Since the equations employed by Chorin are
essentially the same as those used by Godunov, they are not repeated here. Only
Chorin’s modifications are discussed.

Chorin’s first change involved the initial guess p*. Instead of using the acoustic
approximation given by Eq. (3.8) or (3.9), he used the average pressure (p, +p,)/2
and claimed that Godunov’s initial guess was ineffective and that his initial guess
gave better results. Chorin’s claim is generally incorrect. In the case of strong waves
both of their initial guesses are relatively ineffective; however, in the opposite case
of weak waves, which occur frequently in Riemann problems of gasdynamics,
Godunov’s guess is definitely superior. Another disadvantage of Chorin’s simpler
initial guess is that the iterative procedure must be completed at least twice to avoid
a spurious convergence when the initial pressures p; and p, are equal.

Another change introduced by Chorin involved the resolution of negative values
of p¥ which sometimes occur during the iterative process. Chorin circumvented the
occurrence of negative iterates by imposing a minimum allowable value for p}*,
typically a very small positive number (10~%). Chorin also modified the deter-
mination of convergence. He chose to terminate the iterative process when changes
in successive values of both A4 and B became smaller than some small tolerance
(e.g., 107%). This imposes two separate checks on 4 and B instead of only one
for pf¥.

Finally, Chorin’s most important modification to Godunov’s first method to
improve the computational efficiency of the fixed-point iterative scheme involved
circumventing convergence failure in the presence of a strong rarefaction wave.
Instead of adopting Godunov’s cumbersome and computationally inefficient
method of making the iterative process convergent for all possible cases by adding
Egs. (3.5) and (3.6), Chorin devised a relatively simple alternate procedure. If the
iterative procedure does not converge after 20 iterations Chorin suggests computing
the next iterate by using

pli=omax(e pf)+ (1 —a)pk (3.15)

with ¢ =107 and a=4. If a further 20 iterations do not give convergence, then
Eq. (3.15) is used once again, but this time with ¢ =21, and so on and so forth.
Chorin’s procedure reduces the costly overhead of computing Godunov’s cumber-
some expressions (Eqs. (3.5) and (3.6)) for each iterative cycle, whether they are
required or not, and this greatly reduces the computational effort.

3.4 Van Leer's Iterative Scheme

Van Leer [29] adopted the form of the shock and rarefaction-wave equations
used in Godunov’s first method. However, he and a colleague P.J. Bedijn
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abandoned the trouble-some and inefficient fixed-point iterative procedure in favor
of the standard Newton method, in order to improve the convergence rate. Further-
more, Van Leer showed that the implementation of Newton’s method with the first
derivatives of the shock and rarefaction-wave equations was not very difficult and
produced valuable reductions in computational effort .

Van Leer chose to iterate with the pressure of the states on each side of the
contact surface (p*) and make the flow velocity difference u¥ —u* equal to zero, as
Godunov did in his second Riemann solver. Hence, new values of p* may be
obtained by using Newton’s method in the form

uf(pf)—utpf)

P = R —uF () (316)
where
wk(p*) =y - 2P (3.17)
A(p*,pi,71)
ut(p¥) =+ 22 (3.18)

ot
B(p*,p,,7,)

The expressions for u¥ and u* are derived from the wave jump conditions, and the
functions 4 and B are defined previously by Egs. (3.2} and (3.3). The first
derivatives of u¥ and u}* with respect to p* are

— (4% + ChH/(24%) for p*=p,,
uf' (p*)= p*] i n (3.19)
—Cfl[—J for p*<py,
p
(B* + C2)/(2B%) for p*>p,,
uy*'(P*) P* ~(yr+ 1)/2y, (320)
| %] for p*<p,.

where C,=(y,p,0,)"* and C,=(y,p,p,)"* In the iterative procedure Van Leer
used the initial guess of Godunov (Eq. (3.9)) and stopped the convergence when
sucecessive values of the iterate differed by some very small tolerance. If a negative
iterate was encountered it was reset to a small positive number. Note that Van
Leer’s scheme and Godunov’s second method are virtually the same, except that
Van Leer has expressed his equations in a slightly shorter form.

3.5. Smoller’s Method

Smoller’s approach [6] in presenting the equations which apply across shocks,
contact surfaces, and rarefaction waves of the Riemann problem is nonstandard but
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highly elegant mathematically. For the leftward moving wave in the Riemann
problem his equations are written as

*
LU exp(—x), (3.21)
P .
or lﬁﬁm if x<0,
So=h =g 1F B exp(x) (3.22)
! exp(—x/y) if x>0,
172 _ _
; T e <0
”la‘”l=h,(x)= , (3.23)
' 7 [ —exp(—0)] if x>0,

where f=(y+1)/(y—1) and t=(y—1)/2y. Note that the case of a shock

corresponds to x <0 and a rarefaction wave to x> 0. Also, these expressions have

not been generalized for the case of different gases in the left and right states.
Across the contact surface Smoller defines the density ratio as

prlpt=exp(y) (3.24)

and sets p¥=p¥ and u} =u¥*.
For the rightward moving wave in the Riemann problem Smoller’s equations are
written as

%zexp(z), (325)
Pr_fz) = (3.26)
—— =7, Z)y=—, .
pk f1(2)
2t exp(z)—1 .

u—u? it pep@y? ¢SO

- =h(z)= (327)
' — [exp(tz)—1] if z>0.

In obtaining the solution to the Riemann problem Smoller combined his previous
equations to give the intermediate results:

Br — 4 =f,(x) exp(y) £(2), (3.28)
Pr_ B exp(z—x), (3.29)

-——u'; Mo C=hy(x) + b () filx) exp(x+2)] 7 (3.30)
1
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These equations may be manipulated into the final form [6]
hi(x)+ (B/AY hy(x +1n{B})=C, (3.313

which provides an implicit expression for x. The variable x may be determined by
an iterative procedure, and then z is obtained from Eq. (3.29) and y follows from
Eqg. (3.28). Once x, y, and z have been determined, the remainder of the flow
properties on each side of the contact surface are computed easily by means of
Egs. (3.21) to {3.27). Note that a unique solution will always exist if the condition
24 2(B/A)*> (y — 1) C is satisfied, which is just the normal check to ensure that a
vacuum state does not exist at the contact surface.

Smoller’s equations representing the Riemann problem were employed in a
Riemann solver developed by Dutt [307]. Dutt solved the equations by using the
regula-falsi iterative scheme (false position), which is a combination of the well-
known bisection technique with a secant method. This scheme has a slower rate of
convergence rate than Newton’s method. Dutt employed a simple guess of x=0 to
start the iterative procedure. Note that Dutt’s computer program was reconstructed
from thie listing given in his report, but it was modified slightly by implementing the
proper check for the determination of convergence, in order to avoid arbitrarity
large numbers of iterations in certain cases.

3.6. A New Riemann Solver

The most efficient Riemann solver will always be the one with the fewest number
of mathematical operations for the entire solution procedure, which will include the
initial guess, equations used in the iterative procedure, check to stop the iterative
process, and additional expressions required to completely specify the states on
both sides of the contact surface, as well as determine both the left and right wave
speeds. In an attempt to develop a more efficient Riemann solver we have strived to
employ the fewest and simplest equations possible to represent the Riemann
problem, and we have used the standard Newton iterative method in conjuction
with a new efficient initial guess. Another important feature of this new Riemann
solver is the choice of state variables. From experience we have found that
numerical computations of unsteady flows of inviscid and perfect gases are slightly
more efficient when the states at grid nodes are defined by (p, a, u, v, R) instead of
(p, p,u, 7, R), because the speed of sound is dependent variable which appears
more frequently than the density in the equations. For example, it occurs directly in
the characteristic equations for rarefaction waves, in computing shock and
expansion wave speeds, and in the calculations of the Courant-Friedrichs-Lewy
time step. It easily replaces the density in the Rankine-Hugormiot relations for shock
waves. The sound speed is used to advantage as one of the dependent variables in
this new Riemann solver.

Instead of solving for the common pressure of the intermediate states (p*), the
common flow. velocity of the intermediate states (u*) is used as the iterate in the
new Riemann solver, and the pressure difference p¥ —p* across this contact
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discontinuity is made equal to zero. This is in direct contrast to all previous
Riemann solvers (which iterate with p*). However, this new approach helps
improve the computational performance.

By using the standard Newton iterative procedure to determine the solution of
the Riemann problem, successive iterates of u* are given by

«_ PEWl) —prut)
CopH ) —pXur)

(3.32)

-
Uiy =u

where the prime denotes differentiation with respect to u*. In this solution process,
convergence is determined by satisfying the inequality |1 —pf/p¥| <e, and the
tolerance ¢ is usually 10 % The other shock and rarefaction equations that yield
pE, p¥, af, a¥, dp}/du*, and dp¥ /du* follow without derivation.

In the case of the leftward moving shock of the Riemann problem, for which
u* <u,, the pertinent equations are

1 * 1 * _ 2112
w1 (3.33)
a, a,
pr=p +C(u*—u) W, (3.34)
20, W3
P = , (3.35)
T4 wz
(v1+1)+(?1—1)p?‘/p1:|”2
a*=a , (3.36)
' 1[(3’14‘1)4’(?1—1)171/17?

where C, =7, p,/a, is computed before the iterative procedure begins, and W, is
the shock Mach number with respect to the moving gas ahead of the shock. W, is a
by-product of the iteration. Note that the shock velocity V, is given by u, +a, W,
in the laboratory reference frame. Also, the variables a} and ¥/, are not needed in
the iterative procedure and should therefore be computed later.

For a rightward moving shock for which u* > u, the equations are

; 1 u*— r+1 % , 21172
Wr=y: ——-—”a"’+[1+[y4 ”G”H , (3.37)
pr=p,+Cu*—u)W, (3.38)

20, W?
pr = w2 (3.39)

(vr+1)+(y,—1)p:"/p,J”2
;= 3.40
o "'[(y,+1)+(y,—1)pr/p:‘ : (3:40)

where C, =7, p,/a, and W, is the shock Mach number. Again, the shock velocity V,



RIEMANN SOLVERS FOR UNSTEADY FLOWS 453

is given by u, + a, W, in the laboratory frame of reference, and the variables ¥, and
a* are not required in the iterative process and should therefore be computed
afterwards.

For a left rarefaction wave with u* > u, the relevant equations are

1

a;“=a1~y’2 (% —uy), (3.41)
a¥ 2y /(y1— 1)

pE=n [—LJ : (3.42)
ay

pt'= -y pf/af. (3.43)

In this case af is a by-product of the iterative procedure, and the velocity of
rarefaction-wave head u, —a, and tail u} — af in the laboratory frame of reference
should be computed after the iterative process is completed.

In the other case of the right rarefaction wave the equations are

a,*=a,+vr2—1 (u*—u.), (3.44)
g% 2= 1)

p¥=p, {—;} , (3.45)

pr =y pklat. (3.46)

In this case a is a by-product of the iterative process, and the velocity of
expansion-wave head u, + a, and tail u}* + a¥ in the laboratory frame of reference
may be computed after the iteration is completed.

To start the solution procedure the initial guess for the flow velocity u? is
obtained by using the expressions

Hyz+14,

ug =———, (3.47)
where
2 2

77 - . ~= e et e 3.48
U, u1+y1_1a1 U,=Uu, ’yr—la ( )

'—la (6 —1)/20 . f 2 ,
7=t —’[’—”—‘] with a={“ L Ep (3.49)

v, —lalp, 7, if p,<p,.

On the other hand, the initial guess pJ can be expressed in the form

* _ yi—1 &, —i, 2y /71— 1)
Po =Py > U104, ’
which is more cumbersome because of the extra power. These initial guesses have a

graphical interpretation on the pressure—velocity diagram. Consider the case when
P, <p, first, for which the right state is higher in the diagram than the left state and

(3.50)
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also located in the RCR domain as indicated in Fig. 5. One can see that the right
state for a RCR wave pattern must have a velocity «, which lies between boundary
values uycr and ugc, at the pressure level of p,, whereas the actual solution u*
must be in the range from u, to . If it is assumed that the initial guess u* lies in
the same proportion between u, and #; as u, lies between Uy and upzepz, this
guess is then given by uf=u,+ (4, —uycr)(@; —u )/ (trcvr —Uncg). This
expression may be reduced to those given earlier by Eqgs. (3.47) to (3.49). In the
other case in which p, > p, we note that 1, now lies between uzcy and u e for a
RCR pattern By using the same method of proportions the other initial guess is
similarly determined from ugd = ugcy + (4, — gy )@ — tiren )/ (Mprevr — Uren), and
it also reduces to Egs. (3.47) to (3.49).

Although these results for the initial guess may appear to be restricted to the
RCR wave pattern domain only, this is untrue. The initial guess may be
extrapolated beyond the RCR domain into the other SCR, RCS, and SCS
domains. However, in general, the intitial guess becomes less accurate as the right
state moves farther to the left of the NCR and RCN boundaries and one or both
shocks in the wave patterns become stronger.

Some interesting aspects of this initial guess are worth mentioning. In the
particular case when y=y,=7v,, which will occur frequently in unsteady flow
computations, the initial guess is the exact solution for u* for the case of the RCR
wave pattern. Equations (3.47) to (3.49) reduce to those given earlier by Eqgs. (2.8)
to (2.10). Hence, if y, =7v,, a simple check to determine if uf lies between », and u,
will immediately indicate whether the wave pattern is RCR and uf is part of the
exact solution. If this is the case, the complete solution should then be determined
directly, to bypass the Newton iterative procedure and save some computational
effort (about 4 to 7%).

Another interesting feature is that the intitial guess is the exact solution for the
case of 7, =7, and isentropic left and right waves, that is, if the shocks in the
Riemann problem were replaced by compression waves. This is true even if the left

SCR

SCN NCR

u u* g% 4

1 NCR o "1 ¢

r “Reyr

FiG. 5. Tlustration of determining the initial guess ug. For a right state (0) in the RCR domain u,
lies between uycgr and ugcpg, and the solution uf lies between u, and & in the same proportion.
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and right states have different entropies. Hence, this initial guess will be very
accurate for wave patterns with shocks which have small entropy changes (e.g.,
pressute ratios less than about 2), and it will be much superior to any initial guess
based on acoustic theory. Furthermore, in most cases this new initial guess will still
provide good estimates for much higher pressure ratios than 2. For example, if two
flows with similar pressures and sound speeds in the left and right states collide and
produce an SCS pattern in which the shocks are strong, the initial guess ug would
be accurate with a velocity near zero, and it would in turn predict fairly accurate
values of p¥* and p*. It should be noted that if this isentropic wave theory was used
to predict p& instead of uf, it would be inaccurate for strong shocks and the
resulting values for u¥ and u* would be correspondingly inaccurate. This is a good
illustration of one additional advantage of iterating with »* instead of with p* as in
previous Riemann solvers.

In the other case when y, and y, are unequal, the new initial guess is exact only
at the boundaries NCR, RCN, and RCVR. Eisewhere in the RCR domain and
other SCR, RCS, and SCS domains it is simply approximate but still fairly
accurate. It sould be remembered that Riemann problems with different gases in the
left and right states occur infrequently in numerical computations.

Other initial guesses may also be developed by following this method of
proportions. For example, for the SCR and SCS domains for which p, <p,, the
initial guess may be expressed as ud = ugen + (U, — tigen Fy = tison ) (Uner — Usen)-
However, such guesses are’ normally more harmful than helpful because they add
computational overhead almost equivalent to completinig a full iterative cycle, and
most often the guess is not sufficiently more accurate than the isentropic guess in
reducing the number of iterations.

4. PERFORMANCE OF RIEMANN SOLVERS

The performance of various exact Riemann solvers given in the previous chapter
is assessed in the following manner. All of the Riemann solvers were programmed
on a digital computer, Forty Riemann problems were -posed such that ten problems
corresponded to each of the SCS, SCR, RCR, and RCS wave patterns. Further-
more, in each set of ten Riemann problems, two consisted of one or more strong
waves and the other eight contained only weak waves. The computer program
overhead was kept constant and small for each performance run, so that the
separate Riemann solver subroutines could be assessed fairly.

The solution to each Riemann probiem consisted of computing the common
pressure p* and flow velocity u* on each side of the contact surface, and one
additional variable for the left (o or af) and right (p} or a*) sides of the contact
sutface, in order to complete the minimum three state variables needed to specify
these intermediate states. If the left wave was a shock then its velocity u, +a, W, in
the laboratory frame of reference was also computed. This was also done for any
right shock wave. If the left wave was an expansion wave then the velocity of both
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the head u, — a, and tail u} — af were also calculated. This was similarly done for a
right rarefaction wave. Finally, an attempt was made to ensure that the con-
vergence criteria were equivalent for each Riemann solver, such that the solutions
were computed to the same accuracy.

The various central processor unit (CPU) times required for each Riemann
solver to compute solutions to the forty Riemann problems are summarized in
Table I, normalized to the time of the fastest Riemann solver. Additional CPU
times for most of the Riemann solvers are also given for the case when their initial
guess was replaced by the new initial guess described in this paper. Note that these
relative CPU times should be considered typical rather than exact, because they are
problem dependent and forty problems cannot be considered as comprehensive.

The new Riemann solver has the best performance because it is made very
efficient in terms-of minimizing the number of mathematical operations to complete
the entire solution process, from the new initial guess to the final computations of
the wave speeds. The new initial guesses uf and p§ are also helpful in reducing
CPU times. When pF is employed in other Riemann solvers it significantly reduces
their CPU times by 25 to 40%, as can be seen in Table L.

Smoller’s method [6] of presenting the equations for the Riemann solver used in
Dutt’s numerical solution procedure [30] perform badly in comparison to all the
other methods. This can be attributed directly to the addition of numerous
mathematically elegant but needless exponentials to the shock and rarefaction-wave
expressions and partly to the slow convergence rate of the regula-falsi method.
Godunov’s first method [1,2] and his modified method by Chorin [9] do not
perform very well. This is mainly because the shock and expansion-wave equations
are somewhat cumbersome, the initial guesses are not very accurate, and the

TABLE I

Relative Performance of Riemann Solvers

Relative Time with the new

Type of Riemann solver ‘ time initial guess p&
Godunov’s first method 7.22 478
Godunov’s second scheme with

a normal Newton method 2.16 1.48
Godunov’s second scheme with

a highenorder Newton method 2.17 1.62
Chorin’s method 4.42 2,65
Von Leer’s scheme 1.96 1.36
Smoller’s scheme with

Dutt’s iterative procedure 24.7

New iterative solution procedure
with the new initial guess 1.00
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iterative. procedure is a fixed-point scheme with a siow convergence rate. Chorin’s
method is faster than Godonov’s by a factor of about two because he replaced
Godunov’s cumbersome modification for making the method convergent in all
cases with a simpler and more efficient procedure.

Godunov’s second method {3] and Van Leer’s scheme [297 both have good and
similar performance ratings. This might have been expected because they are
virtually identical methods with similar efficiencies. Both employ fairly simple and
very similar shock and rarefaction-wave equations, and both use the same initial
guess and Newton’s iterative solution process. Van Leer’s method is slightly faster
than Godunov's—by about 10%-—because the derivatives in his Newton iterative
method are expressed in a simpler form.

1t is worth noting that Godunov’s second method [ 3] with the standard Newton
iterative scheme (first derivatives only) is just as efficient as the same method with
the higher order Newton scheme (including second derivatives), when the acoustic
guess of Godunov is used. On the other hand, when the new initial guess is
included along with the higher order Newton scheme, Godunov’s second method
becomes less efficient. This shows that the higher order iterative scheme increases
the number of mathematical operations for the entire convergence procedure,
despite the reduction in the number of iterations to obtain convergence. A similar
observation has been noted by Zhang and Gottlieb [207.

5. CONCLUDING REMARKS

From a historical viewpoint it should be mentioned that Godunov's first
Riemann solver was available in scientific papers in Russian and in various trans-
lations to researchers outside the Soviet Union [1,2]. As a consequence his
method in modified form due to Chorin [9] has been used rather extensively (e.g.,
[9-11, 13-14, 16-19]). On the other hand, Godunov’s second method {37 'was not
readily available because it was in a Russian book on numerical solutions to multi-
dimensional problems in gasdynamics which was not readily available outside the
Soviet Union. If this Riemann solver had been known it would have been the
obvious choice for the numerical work by Chorin and his followers. However, in
spite of its unavailability, it was eventually re-invented by Van Leer [297 and
others [207 as a means of improving the performance of computer codes for
solving unsteady gasdynamic problems. These improvements in Riemann solvers
have now led to a new and more efficient solver.

Approximate, instead of exact, Riemann solvers which are based on linear or
acoustic ‘theory were often employed in the past Russian literature to reduce
computational effort [1-3, 31]. However, the use of substantially faster computers
today along with the new Riemann solver given in this study will make the use of
approximate Riemann solvers unnecessary in many cases. In those cases where
approximate Riemann solvers are still required and y, =7,, however, the acoustic
approximations for p* and u* should possibly be abandoned in favor of the

581/78/2-14
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substantially more accurate expressions given by Egs. (3.47) and (3.50), which are
based on isentropic wave theory.
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