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Multi-Dimensional Validation of a Maximum-Entropy-Based
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2Department of Mechanical Engineering, University of Ottawa, 161 Louis Pasteur, Ottawa, Ontario, Canada

Abstract. The performance of a novel maximum-entropy-based 14-moment interpolative closure is examined for multi-
dimensional flows via validation of the closure for several established benchmark problems. Despite its consideration of heat
transfer, this 14-moment closure contains closed-form expressions for the closing fluxes, unlike the maximum-entropy models on
which it is based. While still retaining singular behaviour in some regions of realizable moment space, the interpolative closure
proves to have a large region of hyperbolicity while remaining computationally tractable. Furthermore, the singular nature has
been shown to be advantageous for practical simulations. The multi-dimensional cases considered here include Couette flow, heat
transfer between infinite parallel plates, subsonic flow past a circular cylinder, and lid-driven cavity flow. The 14-moment predic-
tions are compared to analytical, DSMC, and experimental results as well the results of other closures. For each case, a range of
Knudsen numbers are explored in order to assess the validity and accuracy of the closure in different regimes. For Couette flow and
heat transfer between flat plates, it is shown that the closure predictions are consistent with the expected analytical solutions in all
regimes. In the cases of flow past a circular cylinder and lid-driven cavity flow, the closure is found to give more accurate results
than the related lower-order maximum-entropy Gaussian and maximum-entropy-based regularized Gaussian closures. The ability
to predict important non-equilibrium phenomena, such as a counter-gradient heat flux, is also established.

INTRODUCTION AND MOTIVATION

Moment closure techniques [1, 2, 3, 4] are potentially both more robust and computationally lower-cost methods for
simulating non-equilibrium transition-regime flows, relative to other approaches. These techniques provide approxi-
mate solutions to the Boltzmann equation in terms of solutions to a finite system of partial differential equations, which
themselves represent transport of velocity moments of the particle phase-space distribution function. The system is
closed by assuming a certain form of this distribution function. Since the method does not model particles directly
and is of lower dimensionality compared to the Boltzmann equation, it has reduced computational cost relative to the
discretized Boltzmann equation and direct-simulation Monte Carlo technique (DSMC) [5, 6].

A hierarchy of moment closures having a number of desirable properties has been derived based on the max-
imization of thermodynamic entropy [7, 8, 9]. Not only are these closures physically intuitive and mathematically
elegant, but they have several practical advantages over traditional closures, such as those resulting from the Grad or
Chapman-Enskog methods. The purely hyperbolic and first-order quasilinear nature of these moment closures presents
numerical advantages which extend into both the transition and continuum regimes [1, 10]. These hyperbolic systems
are less sensitive to grid irregularities, and only require evaluating first derivatives, which means that an extra order
of spatial accuracy can often be gained using the same stencil. Furthermore, the maximum-entropy closures are not
based on an expansion about the equilibrium distribution, and are therefore potentially more robust.

Unfortunately, complications encountered when considering closures of this type that contain a treatment for
higher-order moments, such as heat transfer, have severely limited their use for general non-equilibrium flows. More
specifically, the closing fluxes found based on the maximization of entropy cease to have a closed and continuous
form. Nevertheless, a new, interpolative-type, maximum-entropy-based 14-moment closure has been proposed by
McDonald and Torrilhon [11], based on previous ideas by McDonald and Groth [1], that successfully navigates the
aforementioned problems. This closure has been applied to model internal shock structure, and it was found that it
could do so without developing sub-shocks, even at high Mach numbers [11]. This study presents a further validation
of this novel closure method for a range of multi-dimensional non-equilibrium flows.
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Background

This section will review important concepts relevant to moment closures and introduce the notation used herein.
The expected number of 3particles at a certain time, #, within an infinitesimal volume confined by, x; to x; + d3x,-,
and velocity v; to v; + d’v;, is F (x;, v, 1) d3x,- d3v,~, where 7 (x;,v;, ) is the phase-space distribution function [2].
Common macroscopic engineering values can be computed from the phase-space distribution function by taking
velocity moments. Some pertinent moments and their corresponding weightings are as follows:

p=(mF), w=mvF)p, p=(mccF[3), g =(mecic;F[2), r=(mecicic;c;F/15)
Pij = (mcic;F), Qg = {mcicjciF),  Riju = (meicjcreiF),  Sijum = {meicjcrcicn® ),

where p is the density, u; is the bulk velocity, ¢; = v; — u;, is the random velocity, p is the hydrostatic pressure, P;; is
the anisotropic pressure tensor, Q;j is the heat-flux tensor, g; is the heat-flux vector, R;j; and r are the fourth-order
and contracted fourth-order moments, respectively, and S ;jx, is the fifth-order moment. The notation -) represents
integration over all velocity space.

The evolution of the general phase-space distribution function in time and space is described by the Boltzmann
equation. Moments of each term in the Boltzmann equation can be taken to obtain a transport equation for the cor-
responding macroscopic quantity. In general, a set of N transport equations can be found by defining a vector of N
velocity weights, WN = m[Wy, Wy, Wa, ..., Wy]T. The resulting transport equations, known as Maxwell’s equations
of change, are

ot

In this study the collision term, (W®™§F /5t), is modeled using the relaxation time approximations, Bhatnagar-Gross-
Krook (BGK) and Ellipsoidal-Statistical (ES-BGK) [12]; unless otherwise stated the BGK simplification is used. It
should be noted that the flux dyad, OV WNFY/ox;, always contains moments of one higher order than the solution
vector, {W™F)/0t, and thus the equation system is not closed. In order to close the system the phase-space distri-
bution function must be restricted to an assumed form, which has the same number of degrees of freedom as there are
moments in the solution vector.

Q(W(N)T) + i(v-W(N)T) — W(N)ﬁ- . (1)
ot ox; !

Maximum-Entropy Closures

The maximum-entropy closure technique assumes a phase-space distribution function which maximizes thermody-
namic entropy, and is therefore the most probable distribution, while remaining consistent with a given set of moments.
To attain this distribution two constraints are considered, firstly, the distribution function must be consistent with the
moments in the solution vector, referred to as M), and secondly the distribution must maximize thermodynamic en-
tropy. After considering a Lagrange multipliers optimization technique, the resulting form of the distribution function
is ¥ = e W" [8]. The values of the Lagrange multipliers or coefficients, @, are chosen such that the distribution
function is consistent with the known moments. For higher-order closures, when W contains super-quadratic velocity
weights, the moment integrals cannot be expressed in closed form. In this case, the coefficients must be found by
solving the associated so-called maximum-entropy problem [8].

This problem requires an iterative numeric integration procedure to generate the distribution function and closing
fluxes, and therefore significant numerical expense is added; this is often prohibitive. However, a new interpolation
technique has been proposed to navigate these issues [1, 11], which will be discussed in the following section. Fur-
thermore, regions in physically realizable moment space develop, including the equilibrium state, within which the
maximum-entropy problem cannot be solved. In these regions the approximate distribution does not remain bounded
[13], leading to a singularity in the closing flux. In practical implementations, this issue has been shown to be both
computationally manageable and advantageous in terms of solution accuracy [11].

14-MOMENT INTERPOLATIVE CLOSURE

The velocity weighting vector used to generate the 14-moment closure is, W = m[1,v;,v;v;,viv;v;,vivjv;v;]. This
velocity weighting vector is substituted into Maxwell’s equations of change (Equation 1), resulting in a set of 14-
moment equations for a three-dimensional monatomic gas,

oU  0F;

oU  OF _ 2
a om0 2
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where U is the vector of conserved variables, Fy, is the flux dyad, and S is the source vector resulting from inter-particle
collisions, which is found using the ES-BGK operator. These vectors are

0
PU;
U= puiu; + Py , 3)
puuu; + M,PU + 2MJP,J + Q,“
UiUiUjU; + 214,'M;P/'_/' + 4M;M_/P,'j + 4M,'Q,'_/j + R;[j_/'

PUk
puitty + Py
Fk = puiu iy + M,'P_/'k + MjP,'k + MkPij + Qijk . (4)
pujugu i + i P + 2uiu Py + 2ujug Py + ujujPy + u;Orji + ug Qijj + 2u;Qjjx + Rijj
UpUiUiUjU; + 2uku,-u,-ij + 4MiMiMijk + 4MiMijPij + 2ufu,-ijj + 4u,~qu,~jj + 4uiujQijk + 4uiRikjj + ukRiijj + Skiijj
0
0
S = (B1)7'(6jPu = 3Pij)
(37’)_1 [2u,~(6iijk - 3PU) - 6u,»ij - 3PI'Q,H:|

G [BPr + 4Pr = 2)PyP; + 6(Pr — 1P| = 3PrRyy; — 12Pru; Qij; + 4usu; (6P — 3Py;) |

where T is a characteristic relaxation time scale and Pr is the Prandtl number. Setting Pr=1 recovers the BGK operator.

The moments, Q;jx, Rijw, and S;j in the flux vector must be approximated to close the system. It has been
shown that when considering super-quadratic velocity weightings, the maximum-entropy problem and associated
closing flux ceases to have a closed-form solution, and a very expensive numerical procedure is required. In order to
circumvent this problem, the interpolative closure of McDonald and Torrilhon [11] approximates the closing fluxes of
the equivalent maximum-entropy using closed-form expressions. For convenience the realizable space is mapped to
a new variable, o. In the case of the 14-moment closure, o is related to the known moments such that the following
equality is satisfied,

2(1 - O')Pj,'Pij + Piinj
P
Expressions for the closing fluxes as a function of known moments, p, u;, P;;, Q;j;, and R;;j;, can then be postulated
using the interpolative method, which is fully described by McDonald and Torrilhon [11]. The resulting closing fluxes

are

1
Rijj = — Qui(P " uQyjj + o [0, 1]. (6)
(o

Py(P?) j + Pu(P?)ij + P (P 1 I 2(1 = )P Prj + PijPr
ijk = s Rijik = — Qijt(P™ ) im Ok + P 7
ik Pr (P + 2(P5),, 0 ikk O_Q AP ) im Ok - @)
OnppOmjiQini 1 POk 1
Si” = + 202 + (1 - 2VVi' mnn» 8
jjkk o2 Pkn le o P ( g ) jQ ( )
where
_ Pil(P(mr)3 + 6Pil(P3)aar + 7(P2)aa/(P2)il + ]OPaa(PS)il + 10(P4)1[ - (Pz)(mrpﬁﬁoil - 3(Paar)2(P2)il (9)

Vo ple(Pz)aar + 2(P%)lm

The 14-moment equation system presented above is solved on multi-block quadrilateral grids in two-dimensions
using a second-order, Godunov-type, finite-volume scheme. Both a semi-implicit and fully-implicit (via a Newton-
Krylov-Schwarz (NKS) method) time marching technique were used [14, 15]. For this preliminary study, solid-wall
boundary conditions based on standard Knudsen-layer analysis [10] are used. Although a full analysis of the proposed
approximate boundary conditions and resulting Knudsen layers, similar to that considered in [16] for a regularized
13-moment system, has not been conducted, the procedure proved adequate for obtaining the first multi-dimensional
solutions of the 14-moment closure presented here and future follow-on studies will explore the question of boundary
condition in more detail. The technique requires that the internal phase-space distribution be known; however, for the
14-moment interpolative closure, analytical expressions for the internal distribution in terms of the known moments
are not available. To avoid a numerical treatment and arrive at analytical expressions for the boundary conditions of
the closure, in this study a Grad-like perturbative expansion applied to the Gaussian distribution function (the 10-
moment maximum-entropy solution) has been used as the interior distribution [17]. The resulting expressions, where
the solid-wall is oriented with a normal in the negative x-direction towards the interior of the fluid domain, are:

140008-3



_ 2= sp V2 2 2 Any _
NKn = 27\/7?[’%//‘2"1 {\EPPXX - ?Dx \/E(ny + Pxx) + 5 Uxkn = 0, (10)

v
(DP ity = 5Py Py + Dy Puy) — T\f PP Py + N2E \pPyy (PL + PL) (P2, + 4Py Pyy — 3P§y)}

-32-A)n { ﬁps rp

UyKn =—— =75 = —
2 ﬁpi)/czp3nKn 15 an
An,,
+ ,
2ngn ™
Q2-A) (V2
Pokn EWET ?p‘/ 2[DyP, + DiPLPry + PrcPyy (DyPry + 2D Pyy) = DoPY | = V2072 P, (ykn — uy) + Nmp? Po Py
T -
p XX k (1 2)
2 nypwkTyy
#3VIEAB (P, + P2 (ke )} - AT ).
92 -F)p (27, , 1 8VE 5 sp[ 1 5 5 1 4vT o,
Quiikn SN P {?D,rp’ P - ng.X(P_V,. +P.)+ ?szEC ZDX(Pi‘. +PL)+ Py =Ptk + Pty + 3Dy Pyy |+ DP% |+ 5 D Pl2p,,

V2 V2 242 5
+ 7p7/2Pik<uvKn —uy)’ - TEPS/ PPo(Pl + P (ke — ) + fp” ZP”[ - P”Pn(PX) (Dyuvxn ~ Dyu, ~ 5) + 2D, Py, (ttyxn — u»)

(13)
: 1
2 S PL(19P%, + 4P +4PL)

+ P,%’/\ (—DXPX}- (”,VK" - “,\‘) + 3

5
Py + EPZZ) + P2 Dylttykn — tty) + P, (5 + Dy(uty — tykn))

6 6
+ V2\pE [2PM + Py +

8 1 3 1 1 ow VKT,
+ 7P%(XP,2\’}' (EP%: + EP)Z;V + PE‘,\') + ZPi‘xP%Q (P,\‘,\‘ - gpzz) - 3Px.xp‘;y(P,vy + §Pzz)]} - % [m(”yl(n - "4,\%')2 + 4kTW] >

where the values of D; and E are determined through the relations,
3 r—(PyPj;+2P%) /15p
Gi=4 [P3Di+2PyPyD;|, and E = 3 (PuPs; +2P5) , (14)
5o L 7 8 |P2P% +2PyPuP P
where A is the accommodation coefficient, and u,, and T,, are the wall velocity and temperature, respectively. An
interesting result of the formulated boundary conditions is the coupling between the shear stress, Py,, and heat flux,
Q.ii and Q,;;. The fully-implicit NKS solver helps to manage the resulting large non-linearity, particularly in the
transition regime.

RESULTS AND DISCUSSION

Couette Flow and Heat Transfer

The Couette flow case which has been studied consists of two parallel, fully-accommodating, plates moving in op-
posite directions at a velocity, U,,, of 30 m s™! in the x-direction. The gas between the plates is argon with standard
atmospheric free stream density of 1.225 kgm~ and pressure of 101.325 kPa, and therefore a temperature of 397.37 K.
The temperature of the plates, T, is 397.37 K to ensure minimal heat transfer between the plates and internal gas.
The results for the normalized flow velocity, u,/U,,, and shear stress, normalized with respect to the free-molecular
value, for a wide range of Knudsen numbers are shown in Figure 1. These computed values are compared with results
found using the Gaussian closure [1], a 10-moment maximum-entropy closure, and an analytical solution developed
by Lees [18]. It is evident that the predicted values of the 14-moment closure are in very good agreement with those
of the Gaussian closure and Lees solution throughout the continuum, transition, and free-molecular regimes.

In the case of heat transfer between infinite flat plates the plates are stationary and the upper and lower plate
temperatures have been set to 407.37 K and 387.37 K, respectively; resulting in a temperature difference of 20 K
between the plates. The results are presented in Figure 2, including a comparison of the BGK and ES-BGK collision
operators. The wall temperature has been normalized as, T* = (T — T,,)/(T\,, — T,»), where T is the temperature of
the gas adjacent to the wall and T, is the gas temperature midway between the plates. The heat flux between the
plates has been normalized with respect to the free-molecular heat flux [19]. The results are compared to the free-
molecular solution, the continuum NSF solution, and the NSF solution with temperature jump boundary conditions
[19]. Overall the results from the 14-moment interpolative closure with the ES-BGK collision operator are in very
good agreement with the analytic NSF solution with slip boundary conditions, and agree with the continuum and
free-molecular solutions at low and high Knudsen numbers, respectively.

Subsonic Flow Past a Circular Cylinder

Subsonic flow past a circular cylinder is considered for several Knudsen numbers spanning the transition regime
and two speed ratios, S, of 0.027 and 0.107. For comparison, simulations were also carried out using the Gaussian
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FIGURE 1: Normalized flow velocity at the plate as a function of Knudsen number (left). Normalized shear stress
between the plates with respect to Knudsen number (right).
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FIGURE 2: Results for heat transfer between infinite flat plates showing normalized temperature at the wall (left) and
heat flux between the plates as a function of Knudsen number (right). The improvements in accuracy from the ES-BGK
model relative to the BGK model are clear.

closure [1, 14] and the regularized Gaussian closure [1, 20], which is a 10-moment maximum-entropy closure with
added approximations for heat flux. In Figure 3 (a), the predicted values of the drag coefficient, c,, are compared with
experimental values found by Coudeville et al. [21]. Although these experimental values were found for air, they are
expected to be very similar to those of argon due to their similar viscosity. The values of drag coefficient predicted by
the 14-moment closure are in excellent agreement with those of the Gaussian closure and experiment for the lower
Knudsen number cases of Kn=0.01 and Kn=0.1. This was anticipated since the contributions of heat transfer are small.
As the free-molecular regime is approached the predicted drag coefficients for the closure methods begin to diverge.
However, the 14-moment closure seems to follow the trends of the experimental results more closely than the Gaussian
closure. This is expected since the 14-moment closure considers a higher number of moments, and thus should remain
valid to a higher Knudsen number. These results are promising as they not only validate the 14-moment closure at
low Knudsen numbers, but also show its improved predictive capabilities at higher Knudsen numbers. Aside from an
improvement in drag prediction, the 14-moment closure was also able to predict the non-equilibrium phenomena of
temperature polarization and counter-gradient heat flux. This effect can be seen in Figure 3 (c) where the temperature
contours and heat-flux streamlines around the cylinder at Kn=1 are shown. It is observed that the heat flux is oriented
in the opposite direction to that expected based on Fourier’s law. This effect has been previously observed when
considering flows in the transition regime, such as in analytical solutions for flow around a sphere by Torrilhon [22].
The 14-moment closure’s ability to predict this phenomenon is very promising, as it is not predicted by lower-order
maximum-entropy closures such as the 10-moment Gaussian closure or maximum-entropy-based closures such as the
regularized Gaussian closure (see Figure 3 (b)).
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FIGURE 3: (a) Comparison of predicted drag coefficients found using the 14-moment and Gaussian closures and
experimental values for air [21]. Temperature contours and heat-flux streamlines for subsonic flow past a circular
cylinder at Kn=1 found by solving the (b) regularized Gaussian and (c) 14-moment closures.
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FIGURE 4: Mach number contours and velocity streamlines for the (a) 14-moment and (b) NSF solutions, and tem-

perature contours and heat-flux streamlines for the (c) 14-moment and (d) NSF solutions of the lid-driven cavity at
Kn=0.001.

Lid-Driven Cavity Flow

Finally, the case of lid-driven cavity flow, with a lid velocity of U = 50 m s~!, is considered. The square cavity

contains argon with a temperature of 273 K. The wall temperatures are set equivalent to the initial gas temperature.
Solutions are found in the continuum, Kn=0.001, and transition, Kn=0.1, regimes. These solutions are compared to
results found using the NSF equations, for the continuum regime case, and the regularized Gaussian closure and a
DSMC solution found by John, Gu, and Emerson [23], for the transition regime case. Note that the computational cost
of solving moment equations is on the same order of magnitude as the NSF equations (the computational costs of the
14-moment closure is estimated to be only about 2-4 time more than that of the usual NSF model) and at least 2-3
orders of magnitude less expensive than the more mature DSMC methods [24], particularly for low-Mach-number and
transition-regime flows. In the DSMC study, a variable hard sphere collision model is used. This may lead to some
discrepancies with the 14-moment results, for which the BGK collision model is used. The resulting Mach number
and temperature profiles for the Kn=0.001 case can be seen in Figure 4. The Mach number contours and velocity
stream lines show good agreement, as expected. The temperature profiles are also in fair agreement for both solution
techniques, showing an overall uniform temperature distribution, as expected in this regime.

Figure 5 displays the results of the transition regime, Kn=0.1, case for the regularized Gaussian closure, 14-
moment closure, and DSMC results. Since heat flux is no longer negligible at this Knudsen number, the heat-flux
streamlines are now overlaid on the temperature contours. Furthermore, the shear stress now becomes significant,
and is plotted as well. The Mach number contours all display velocity slip at the lid as anticipated, however the slip
seems to be slightly over-predicted in the regularized Gaussian solution, and thus the 14-moment solution is in better
agreement with the DSMC results. The 14-moment solution’s shear stress predictions are also in better agreement
with the DSMC results. However, there is an over-prediction of shear stress adjacent to the lid surface. This is likely
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FIGURE 5: (a) Mach number contours and velocity streamlines, (b) shear stress contours, and (c) temperature con-
tours and heat-flux streamlines for the regularized Gaussian closure (top), 14-moment closure (middle) and DSMC
solutions (bottom) of the lid-driven cavity at Kn=0.1 [23, 25].

a result of deficiencies in the boundary condition, as opposed to the closure system itself.

Both the 14-moment closure and DSMC method predict a high-temperature region in the top right corner, and
a low-temperature region in the top left corner, however the absolute temperature values are much larger for the 14-
moment results. This low-temperature region is a consequence of gas cooling by expansion and the high-temperature
region results from viscous dissipation [23, 25]. The regularized Gaussian closure predicts both high-temperature
and low-temperature areas in each corner, which is inconsistent with the DSMC results. Interestingly, both the 14-
moment closure technique and DSMC method predict a counter-gradient heat flux, similar to that seen in the cylinder
case (Figure 3 (c)). It is noteworthy that despite the inclusion of heat transfer in the regularized Gaussian closure, it
cannot reproduce the counter-gradient heat flux (see Figure 5 (c)), whereas a regularized version of the 13-moment
Grad equations has been shown to reproduce these expected effects by Rana er al. [24]. The results of Figure 5 pro-
vide further demonstration of the relative importance and complexity of heat-transfer phenomena in non-equilibrium
transport.

CONCLUSION

A new, 14-moment, maximum-entropy-based, interpolative closure has been investigated and employed to solve a
variety of canonical two-dimensional flow problems. Solutions were obtained for Couette flow, heat transfer between
infinite flat plates, subsonic flow past a circular cylinder and lid-driven cavity flow. The Couette flow and heat transfer
cases had excellent agreement with analytic solutions, and in the latter case the ES-BGK collision operator was found
to significantly increase accuracy. The circular cylinder results showed a drag prediction for low Knudsen numbers
which is consistent with the experimental values and Gaussian closure, as well as an improved prediction of drag for
high-Knudsen-number flows. The phenomena of counter-gradient heat flux was also observed. The 14-moment results
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for the continuum lid-driven cavity flow were in good agreement with the NSF solution. Furthermore, the 14-moment
closure was successful in predicting the presence of expansion cooling and viscous heating, as well as a counter-
gradient heat flux, in the transition regime, which was also observed in a DSMC solution. Overall this study, one of the
first for the maximum-entropy-based 14-moment interpolative closure for multi-dimensional flows, has demonstrated
the closures promise due to: 1) its improved predictive capabilities and ability to predict non-equilibrium phenomena,
such as counter-gradient heat flux, as compared to other similar closures; and 2) its significantly lower computational
costs compared with DSMC and direct discretization methods applied to the Boltzmann equation.
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