
Assessment of Presumed PDF Models for Large Eddy

Simulation of Turbulent Premixed Flames

Nasim Shahbazian ∗ , Clinton P.T. Groth † and Ömer L. Gülder ‡
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Large Eddy Simulation (LES) of a freely propagating turbulent premixed flame and
Bunsen-type turbulent premixed flame has been carried out using the Presumed Con-
ditional Moment, Flame Prolongation of ILDM (PCM-FPI) approach. Three different
presumed probability density functions (PDF) for the reaction progress variable are exam-
ined: a beta-PDF, a PDF based on laminar flamelets, and a modified form of the latter.
The tabulated data and the predicted LES solutions for the freely propagating flame con-
figuration were compared using the beta-PDF and modified laminar flame-based PDF. It
is shown that the laminar flame-based PDF is not applicable in the present study where
the flame is in the thin reaction zone regime. The tabulated data based on the solution
of one-dimensional laminar flames shows higher reaction rate for the beta-PDF compared
to the modified laminar flame-based PDF for high values of segregation factor. This is
confirmed by comparison of turbulent burning rate in the predicted LES results where the
burning rate for beta-PDF is higher than the modified laminar flame based PDF. For the
major species, such as CO and CO2 for the two PDFs did not show any obvious difference,
both in the tabulated data and for the LES solutions. However, for minor species such as
H, OH and H2, the differences are more significant, especially for high segregation factors.
Direct numerical simulation (DNS) of a freely propagating turbulent premixed flame is also
presented and compared to the predicted LES solutions obtained using the beta-PDF and
modified laminar flame-based PDF approaches. For the Bunsen-type burner configuration,
results have been obtained using the PCM-FPI approach with the β-PDF and modified
laminar flame-based PDF. The results show good agreement with the experimental data
and provide a good evaluation of the PCM-FPI method and the influence of presumed
PDF on LES results for premixed flames.

I. Introduction

Turbulent premixed flames are widely used in industrial applications. The necessity of pollution con-
trol, increasing efficiency and decreasing fuel consumption in combustion engines highlights the importance
of premixed flame studies. Due to difficulties of studying the flame structure experimentally, numerical
simulations have become a powerful tool for understanding of the flame behaviour. However, the complex
interactions between turbulence and chemical species in various scales and short combustion times, prevent
numerical methods to fully explain the experimental observations.

Accurate modelling of the reaction rate is the objective of many numerical studies of turbulent flames.
The main problem in Large Eddy Simulation (LES) of reacting flows is that the flame thickness is generally
much smaller than the LES mesh size, ∆. So the progress variable is a very stiff function of space and
the flame front cannot be resolved by the LES grid. Different approaches are used for the reaction rate
modelling. One approach is statistical models which used a presumed probability density function (PDF).1

The effect of chemical mechanism can be included using tabulated data. The Flame Prolongation of ILDM
(FPI) method has been developed by Gicquel et al.2 to include detailed chemistry effects without solving
all species mass fraction equations. In this method, datasets of flame quantities are tabulated using the
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properties of unstrained, one-dimensional laminar premixed flames. The Presumed Conditional Moment
with tabulated chemistry (PCM-FPI) approach is an attractive method for LES. However, the sensitivity of
this method to the presumed probability density function of progress variable is rarely discussed. A β-PDF
is generally used as the presumed probability density function for the progress variable in both premixed
and non-premixed flames.3–6 This PDF produces the correct bimodal and monomodal shapes at large and
small variances respectively.7 Domingo et al.8 used FPI with a combination of presumed PDF based on
the gradient of progress variable for the regions inside the flame. However, this alternative PDF is only
valid for high values of variances and Domingo et al.8 recommended switching to the β-PDF for the low
values of subgrid scale variance. Bray et al.7 examined three PDFs for the progress variable: a β-PDF,
an interior PDF provided by laminar flamelets and PDF based on delta functions for a case with a high
subgrid scale variance. They found better agreement between the laminar flamelet PDF and the Direct
Numerical Simulation (DNS) data. More recently, Jin et al.9 used different PDFs in combination with a
Conditional Source-term Estimation (CES) model and compared their results with the DNS data. They
introduced a modified laminar flame-based PDF which is applicable for all ranges of subgrid scale variances
and therefore also applicable to turbulent flames lying within the thin reaction zone regime. They reported
better agreements between this PDF and DNS data.

In the present study, a β-PDF, the Bray et al.7’s laminar flame-based PDF and the modified laminar
flame-based PDF introduced by Jin et al.9 are all considered for integrating and obtain filtered quantities
using the FPI flamelet tabulation. The LES results for premixed flames are compared to both DNS and
experimental data for a simple canonical flame propagation problem as well as a laboratory scale Bunsen
configuration, respectively.

II. Favre-Filtered Governing Equations

The objective of LES is to explicitly compute the scales of the flow which are larger than the filter size,
∆, and model the remaining smaller scales. Solution quantities, Q, are generally filtered, Q̄ or Favre-filtered,
Q̃ in the physical space. Using this procedure, the Favre-filtered mass, momentum, total energy, chemical
species transport and state equations for a thermally perfect reactive mixture of gases are given by

∂ρ̄

∂t
+

∂(ρ̄ũj)
∂xj

= 0 (1)

∂(ρ̄ũi)
∂t

+
∂(ρ̄ũiũj + δij p̄)

∂xj
− ∂τ̌ij

∂xj
= − ∂σij

∂xj︸ ︷︷ ︸
I

+
∂(τ̄ij − τ̌ij)

∂xj︸ ︷︷ ︸
II

(2)

∂(ρ̄Ẽ)
∂t

+
∂[(ρ̄Ẽ + p̄)ũj ]

∂xj
− ∂(τ̌ij ũi)

∂xj
+

∂q̌j

∂xj
= − ∂[ρ̄(ũjhs − ũj ȟs)]

∂xj︸ ︷︷ ︸
III

+
∂(τ̄ij ũi − τ̌ij ũi)

∂xj︸ ︷︷ ︸
IV

+
∂(uiτij − ũiτ̄ij)

∂xj︸ ︷︷ ︸
V

− 1
2

∂[ρ̄( ˜ujuiui − ρ̄ũj ũiui)]
∂xj︸ ︷︷ ︸
VI

+
∂(q̄j − q̌j)

∂xj︸ ︷︷ ︸
VII

− ∂[
∑N

n=1 ∆h0
f,nρ̄(Ỹnuj − Ỹnũj)]

∂xj︸ ︷︷ ︸
VIII

(3)

∂(ρ̄Ỹn)
∂t

+
∂(ρ̄Ỹnũj)

∂xj
+

∂J̌j,n

∂xj
= − ∂[ρ̄(Ỹnuj − Ỹnũj)]

∂xj︸ ︷︷ ︸
IX

− ∂(J̄j,n − J̌j,n)
∂xj︸ ︷︷ ︸
X

+ ¯̇ωn︸︷︷︸
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(4)
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p̄ = ρ̄RT̃ +
N∑

n=1

Rnρ̄(ỸnT − ỸnT̃ )

︸ ︷︷ ︸
XII

(5)

where ρ̄ is the filtered mixture density, ũi is the Favre-filtered mixture velocity, p̄ is the filtered mixture
pressure, Ỹn is the Favre-filtered mass fraction of species n, N is the total number of species, ¯̇ωn is the
filtered reaction rate of species n, Rn and R are the gas constant of species n and the gas constant of the
mixture respectively and Ẽ is the Favre-filtered total mixture energy which is given by

Ẽ = ȟs − p̄

ρ̄
+

N∑
n=1

∆h0
f,nỸn +

1
2
ũiũi + k̃ , (6)

where ȟs and ∆h0
f,n are the sensible enthalpy and heat of formation for species n respectively and k̃ is the

subfilter scale turbulent kinetic energy and is defined as

k̃ =
1
2
(ũiui − ũiũi) . (7)

The subfilter-scale stress tensor is given by

σij = −ρ̄(ũiuj − ũiũj) , (8)

and

τ̌ij = 2µ̌(S̃ij − 1
3
δijS̃ll) , (9)

q̌j = −κ̌
∂T̃

∂xj
− ρ̄

N∑
n=1

ȟnĎn
∂Ỹn

∂xj
, (10)

J̌j,n = ρ̄Ďn
∂Ỹn

∂xj
, (11)

are the viscous stress tensor, heat flux, and species molecular flux, respectively, which are evaluated in terms
of the filtered quantities. The tensor Šij = 1

2 (∂ũi/∂xj + ∂ũj/∂xi) is the strain rate tensor corresponding
to the filtered velocities, and µ̌, κ̌ and Ďn are the molecular viscosity, thermal conductivity and molecular
diffusivity of species n, corresponding to values at T̃ .

III. Subgrid Scale Models

In preceding set of filtered equations given above, the unclosed quantities (terms I to XII) must be
modelled. It can be assumed that the filtered viscous stresses τ̄ij , total heat fluxes q̄j and species fluxes J̄j,n

are approximated by τ̌ij , q̌j and J̌j,n respectively. As a result, terms II, IV, VII and X may be neglected.
Subfilter scale viscous diffusion (term V) is much smaller than the other terms in the equation and so it can
be neglected.10 The subfilter temperature-species correlation term (term XII) is also generally neglected.
Furthermore, the subfilter scale turbulent diffusion (term VI) is modelled here as11

− ρ̄( ˜ujuiui − ρ̄ũj ũiui)
2

= σij ũi . (12)

A. Modelling of Subgrid Stresses

In this work, a k-equation model is considered as a subfilter eddy-viscosity model to represent the subfilter
stresses. In this model, an additional transport equation for k̃ is solved. The subgrid scale stresses are
modelled as

σij = 2ρ̄νt

(
Šij − 1

3
δijŠll

)
− ρ̄

2
3
δij k̃ , (13)

where the subfilter eddy viscosity is defined as

νt = Cv

√
k∆. (14)
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The coefficient Cv is approximately between 0.086 and 0.09. The modelled transport equation for the subfilter
kinetic energy, k̃, is given by

∂(ρ̄k̃)
∂t

+
∂(ρ̄k̃ũi)

∂xi
= P − ε +

∂

∂xi

(
ρ̄

νt

Prt

∂k̃

∂xi

)
, (15)

where Prt is the subfilter scale turbulent Prandtl number and is typically between 0.7 to 0.9. The production
P , and dissipation ε, terms are respectively given by

P = σijŠij ,

ε = Cερ̄k3/2/∆,

where Cε is approximately between 0.845 to 1.0.

B. Modelling of Subgrid Sensible Enthalpy and Scalar Fluxes

Subgrid scalar fluxes and subgrid sensible enthalpy fluxes are generally closed using classical gradient as-
sumptions, such that

ρ̄(Ỹnuj − Ỹnũj) = − µt

Sct

∂Ỹn

∂xj
. (16)

ρ̄(ũjhs − ũj ȟs) = − Čpµt

Prt

∂T̃

∂xj
, (17)

where Čp is the mixture specific heat at constant pressure and Sct is the subfilter scale turbulent Schmidt
number which is used to relate the transport of the scalar to the momentum transport. The value of Sct is
usually taken in the range of 0.7 to 0.9.

IV. Presumed Conditional Moment with Tabulated Chemistry

To include detailed chemistry effects without solving for all species transport equations, the FPI tabu-
lation method proposed by Gicquel et al.2 is used. In this approach, all flame quantities are related to a
single progress variable, Yc which should be chosen carefully so that there exists a one-to-one correspondence
between Yc and each flame solution quantity.4 For methane-air combustion, which is of primary interest here,
Yc = YCO + YCO2 is a suitable choice.12,13 Numerical solutions for a set of one-dimensional, unstretched,
freely propagating, laminar, premixed flames are computed with the GRI-Mech 3.0 mechanism14 and the
flame quantities are stored in a look-up table in terms of reaction progress variable Yc, and a mixture fraction
characterizing the equivalence ratio, φ0. Any flame property, ϕP, (species mass fractions, reaction rates, etc.)
of unstrained premixed flames at an equivalence ratio, (φ0), may be tabulated either in (x, φ0) or in (Yc, φ0).
The FPI table is then written as15

ϕFPI
j (φ0, Yc) = ϕP

j (φ0, x) . (18)

For turbulent premixed flames, the effect of turbulence on the combustion can then be incorporated via
a presumed probability density function for the progress variable, c. A filtered property for species i, ϕi can
be calculated using the probability density function as follows

ϕ̃i =
∫

c∗
ϕi(c∗)P̃ (c∗)dc∗ . (19)

Several forms of presumed probability density functions (PDF) have been used with FPI method which all
depend on mean, c̄ and variance, c′′2 of reaction progress variable. These PDFs are discussed in the next
section. Values of c̄ and c′′2 are calculated from the progress of reaction, Ỹc and its subfilter scale variance,
Ycv where Ycv = ỸcYc − ỸcỸc. The progress variable takes the form

c̄(φ0) =
Ỹc

Ỹ eq
c (φ0)

. (20)
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The expression for cv is given by

cv =
Ycv

Ỹ eq
c

2
+ Ỹ 2

c

(
1

Ỹ eq
c

2
− 1

Ỹ eq2
c

)
. (21)

Balance equations for the means and variances must be solved along with the filtered Navier-Stokes equations.
The balance equations for Ỹc and Ycv take the form

∂(ρ̄Ỹc)
∂t

+
∂(ρ̄ũiỸc)

∂xi
=

∂

∂xi

(
ρ̄(D + Dt)

∂Ỹc

∂xi

)
+ ρ̄ ˜̇ωYc , (22)

∂(ρ̄Ycv)
∂t

+
∂(ρ̄ũiYcv)

∂xi
=

∂

∂xi

(
ρ̄(D + Dt)

∂Ycv

∂xi

)
+ 2ρ̄(D + Dt)

∂Ỹc

∂xi

∂Ỹc

∂xi

− 2ρD
∂Yc

∂xi

∂Yc

∂xi
+ 2ρ̄( ˜Ycω̇Yc − Ỹc

˜̇ωYc) , (23)

where D and Dt are laminar and turbulent diffusion coefficients respectively and ˜̇ωYc is a source term due
to chemistry. The linear relaxation closure is used to close the scalar dissipation terms, χ̄Yc = 2ρD ∂Yc

∂xi

∂Yc
∂xi

as follows16

ρD
∂Yc

∂xi

∂Yc

∂xi
= ρ̄D

∂Ỹc

∂xi

∂Ỹc

∂xi
+ CYcv

d

Dt

∆2
ρ̄Ycv . (24)

The normalized variance of c is called segregation factor, S and takes the values between zero and unity. It
has the form

Sc =
cv

c̄(1− c̄)
,

For a turbulent case, the look-up table of filtered quantities is pre-generated based on ϕ̃FPI
j (φ0, c̄, Sc).

A. Generation of Look-up Tables for Methane-Air Chemistry

Look-up tables of the filtered quantities, ϕ̃FPI
j (φ0, c̄, Sc), is pre-generated using the steady state solution of

one-dimensional, unstretched, laminar premixed flames obtained using the Cantera package17 for a methane-
air flame with the GRI-Mech 3.0 mechanism.14 To control table size, a reduced number of 10 species were
selected based on their contribution to mixture mass and energy.4 The look-up table contains 252 values of
c̄ and 25 values of Sc. In the present study, the species mass fractions are stored and directly read from the
table.

V. Presumed Probability Density Functions for Reaction Progress Variable

Different forms of the presumed probability density functions have been used in combination with FPI
for turbulent premixed flames. For very high variances close to c̄(1− c̄) which correspond to high Damköhler
numbers (defined as the ratio of turbulent time scale to chemical time scale), the flame is behaving as a
thin near discontinuous interface between reactants and products. In this case the PDF becomes two delta
functions.8,18 For variances very close to zero, a single delta function located at c̄ can represent the PDF. A
more general form of the PDF is required for the full range of premixed flames.

The three different forms of the PDFs evaluated in this study are summarized below.

A. β-PDF

The first form of PDF used in this work is the standard β-PDF which is used widely in both premixed and
non-premixed flames.3–6 At small and large values of variances, the β-PDF provides correct monomodal and
bimodal PDF shapes respectively.7 A β-PDF for c can be defined as

P̄ (c∗) =
c∗a−1(1− c∗)b−1

∫ 1

0
c+a−1(1− c+)b−1dc+

, (25)
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where

a = c̄

(
c̄(1− c̄)

c′′2
− 1

)
≥ 0, b = a

(
1
c̄
− 1

)
≥ 0 . (26)

B. Laminar flame-based PDF

The second form for the presumed PDF considered here was first introduced by Bray et al.7 and is called
a laminar flame-based (LFB) PDF. For this PDF, it is assumed that isosurfaces of the progress variable,
c, through the flame front are parallel. So the PDF is only applicable for thin flamelet regime where the
Kolmogorov time scale is larger than the characteristic time of a laminar flame. In this case, the interior
portion of the PDF is assumed to be inversely proportional to |∇c|. The PDF is then taken to have the form

P̄ (c∗) = Aδ(c∗) + Bf(c∗) + Cδ(1− c∗), (27)

where f(c∗) is calculated based on the solution of unstrained laminar flame.

f(c∗) =
1
|∇c| . (28)

The constants A, B and C are calculated based on the first three moment equations of c

1 =
∫ 1

0

P̄ (c∗)dc∗ = A + B

∫ 1−ε

ε

f(c∗)dc∗ + C, (29)

c̄ =
∫ 1

0

c∗P̄ (c∗)dc∗ = B

∫ 1−ε

ε

c∗f(c∗)dc∗ + C, (30)

c2 =
∫ 1

0

c∗2P̄ (c∗)dc∗ = B

∫ 1−ε

ε

c∗2f(c∗)dc∗ + C, (31)

and ε is a small number defines the inner zone of premixed flamelet. The coefficients are determined as

B =
c̄− c2

I1 − I2
, C =

c2I1 − c̄I2

I1 − I2
, A = 1−BI0 − C. (32)

where I0, I1 and I2 are

I0 =
∫ 1

0

1
|∇c∗|dc∗ , I1 =

∫ 1

0

c∗

|∇c∗|dc∗ , I2 =
∫ 1

0

c∗2

|∇c∗|dc∗. (33)

These relations fail for negative values of A, B and C. The positivity of these coefficients implies that this
subfilter scale presumed PDF is only valid for high values of segregation factor (large variances) or very thin
flamelets.8 Domingo et al.8 suggested switching to a β-PDF for the points with low variance. For typical
flames in the thin reaction zone regime, this leads to using a β-PDF for the entire flame brush rather than
the proposed laminar flame-based PDF.

C. Modified laminar flame-based PDF

To overcome this limitation, a modified laminar flame-based (modified LFB) PDF has been proposed by
Jin et al.9 The idea is to use that part of the laminar flame which has the same mean and variance as the
turbulence flame and for the rest of the points force f(c∗) to zero. If the progress variable for truncated
region in the laminar flame is shown by c1 and c2 with positions x1 and x2 respectively, and if cmin = 4c/2
with x = xmin and cmax = 1−4c/2 with x = xmax four possible cases can be written as9

1. If xmin < x1 < x2 < xmax:

P̄ (c∗) =

{
0 if c∗ < c1 or c∗ > c2

B1f(c∗) if c1 ≤ c∗ ≤ c2
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2. If x1 < xmin < x2 < xmax:

P̄ (c∗) =

{
A2δ(c∗) + B2f(c∗) if c∗ ≤ c2

0 if c∗ > c2

3. If xmin < x1 < xmax < x2:

P̄ (c∗) =

{
0 if c∗ < c1

B3f(c∗) + C3δ(1− c∗) if c∗ ≥ c1

4. If x1 < xmin < xmax < x2:

P̄ (c∗) = A4δ(c∗) + B4f(c∗) + C4δ(1− c∗), (34)

In each case, the values of three of the five parameters of A, B, C, c1 and c2 should be determined in
terms of the first three moments. All possible distributions of P̄ (c∗) are calculated by changing the values of
two of these three variables and calculating the third variable so that

∫ 1

0
P̄ (c∗)dc∗ = 1. Then for each possible

distribution, c̄ and c′2 are determined. Finally, the value of each property in the FPI table is calculated
using these PDFs and tabulated as a function of c̄ and c′2.19

VI. Numerical Solution Scheme

A finite-volume scheme has been developed and used to solve the above Favre-filtered transport equations.
The solution method includes parallel high-order central essentially non-oscillatory (CENO) finite volume
scheme20,21 with block-based adaptive mesh refinement (AMR)22,23 on body-fitted multiblock mesh.24 How-
ever for this study, only the second-order accurate scheme without AMR is used. The code is written for
a thermally perfect reactive mixture to account for the viscous stresses and heat flux, as well as varying
mixture composition. At each cell face, the inviscid flux is calculated using limited linear reconstruction25

and Riemann solver or flux-vector-splitting based flux functions.26,27 The viscous flux is evaluated by a
centrally-weighted diamond-path reconstruction method.28 The dataset of Gordon and McBride29,30 is used
to determine thermodynamic and molecular transport properties of each mixture component. To calculate
the molecular viscosity and thermal conductivity of the mixture, the mixture rules of Wilke31 and Mason
and Saxena32 are used, respectively.

VII. Results and Discussions

A. Comparison of Tabulated Quantities

Figure 1 shows the ranges of the applicability for the laminar flame-based and modified laminar flame-based
PDFs respectively. It is clear from Figure 1(a) that the laminar flame-based PDF can only be generated for a
limited range of mean and variances. This figure shows that the PDF is only applicable for high Damköhler
number flames as also stated by Bray et al.7 Use of this model for flames in the thin reaction zone regime
is certainly not possible. For the modified laminar flame-based, Figure 1(b) shows that this model covers all
ranges of mean and variances and therefore can be used for the entire range of premixed flames where the
internal flame structure remains largely intact, including the thin reaction zone regime. These results are
also consistent with Salehi et al.19

The tabulated data for the modified laminar flame-based case is compared with β-PDF in Figures 2, 3 and
4. Figure 2 shows that the values of ωYc are similar for both PDFs. For higher segregation factors (equivalent
to non-dimensionalized variance), the difference between the two PDFs are more distinct (Figures 2 and 4).
Figure 3(a) indicates that for the major species, the choice of β or the modified laminar flame-based PDF
does not significantly affect the tabulated values, but the differences become more apparent for minor species
such as H (Figure 3(c)) and OH (Figure 4). These results of the comparisons of tabulated values obtained
using the different presumed PDFs also agree with the observation of Domingo et al.,8 who indicated that
the prediction of OH is sensitive to the shape of the PDF.
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Figure 1. Range of the applicability of laminar flame-based PDF and each of four possible cases for the
modified laminar flame-based PDF for a stoichiometric mixture of methane and air.
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Figure 2. Comparison of tabulated ωYc for β-PDF and modified laminar flame-based PDF for a mixture of
methane and air at φ = 0.7 in three different segregation factors.

B. Freely Propagating Flame

In order to compare further the effect of the two different PDFs, LES solutions of a freely propagating
premixed methane-air flame are studied in a decaying isotropic and homogeneous turbulent field. The flame
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Figure 3. Tabulated mass fraction comparisons for β-PDF and modified laminar flame-based PDF for a mixture
of methane and air at φ = 0.7 and Sc = 0.492.
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Figure 4. Tabulated YOH comparisons for β-PDF and modified laminar flame-based PDF for a mixture of
methane and air at φ = 0.7 and different segregation factors.
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is initialized by a planar laminar premixed flame within a box. A homogeneous isotropic turbulent flow field
is superimposed using Rogallo’s turbulence initialization procedure33 and the model spectrum proposed by
Pope.34 Boundary conditions at the six faces of the cube are subsonic inflow and outflow in two directions
and periodic for the four other faces. The particular conditions from the premixed flame of interest are
summarized in Table 1. The turbulence intensity was such that the flame lies in the thin reaction zone
regime of turbulent premixed combustion diagram.35 The LES results described above is also compared to
DNS of the freely propagating flame. For the DNS calculations, a grid of 2563 is used with the same initial
and boundary conditions as the LES case. The analogy used by Aspden et al.36 is used here in order to
examine the ability of the scheme to provide a well-resolved flow simulations. They used dimensional analysis
with the theory of Kolmogorov (1941) to define a method known as Implicit Large Eddy Simulation (ILES).
From this analysis, an expression for the effective viscosity and therefore effective Kolmogorov length scale,
ηe, is defined. They have shown that if the condition, ηe < 1.5η satisfies, the resolution is sufficient. This
ILES condition is satisfied for the present DNS simulation.

φ Λ λ η u′ sL δL u′/sL Λ/δL

mm mm mm m/s m/s mm
0.7 1.790 0.460 0.02935 2.92 0.201 0.67 14.38 2.67

Table 1. Summary of turbulence scales and flow conditions.

Three-dimensional views of the predicted instantaneous flame surface identified by isosurface of reaction
progress variable at c = 0.5 and t = 1ms is shown in Figure 5. The LES simulation is performed using
β-PDF. The LES results show a highly wrinkled flame with the bigger scale of wrinkles at the tips of the
flame. DNS predicts the same wrinkles but with finer structure indicating the effect of the resolved small
scales on the flame wrinkling.

(a) LES (b) DNS

Figure 5. Isosurface of reaction progress variable, c = 0.5 for the propagating flame at t = 1ms using LES with
β-PDF and DNS.

Figure 6 shows the comparison of burning rate for the cases using the β and modified laminar flame-based
PDFs. The expression for the calculation of burning rate in the PCM-FPI model is given by

ST =
1

ρ̄rỸ
eq
c LyLz

∫

V

˜̇ωYcdV (35)

It is seen that β-PDF produces a slightly higher burning rates than modified laminar flame-based PDF.
This agrees with Vicquelin et al.37 that using a β-PDF over-estimates the propagation speed of the filtered
progress variable. DNS calculation of the flame front also agrees with this. As can be seen in the Figure 5,
the DNS predicts less wrinkling in general compared to the LES calculations, resulting in a lower burning
rate for the flame.
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Figure 6. Comparison of turbulent burning rate for β-PDF and modified laminar flame-based PDF.

To compare further the results of two turbulent premixed flames using β-PDF and modified laminar flame-
based PDF, the distributions of the reaction progress variable are plotted for the y-z planes orthogonal to the
direction of the mean flow as shown in Figure 7. On the plains closer to the reactants (7(a)) and products
(7(d)) regions, both PDFs show the same distribution. However, inside the flame brush, the β-PDF predicts
higher values of local maximum as c∗ approaches 1 (7(b) and 7(c)), which is most likely due to the higher
burning rates predicted by the β-PDF.

Figure 8 shows the predicted contours of species mass fraction for the turbulent premixed flame in the
x-z plane and at y = 0. Comparison of Figures 8(a) and 8(b) for the predicted CO2 mass fraction clarifies
that choice of the β-PDF or modified laminar flame-based PDF does not have a strong influence on the
mass fraction of major species, such as CO2. This was also seen in the comparison of tabulated data for one
dimensional laminar methane-air flames (3(a) and 3(b)). However, the H2 and H mass fraction in Figures
8(c), 8(d), 8(e) and 8(f) clearly illustrate the stronger influence of PDF type on the prediction of minor
species which agrees with Domingo et al.8 and was also seen in the tabulated data (3(c) and 4(b)).

C. Laboratory Bunsen-Type Turbulent Premixed Flame

Large eddy simulation of a Bunsen-type burner is considered next. The burner has been studied experimen-
tally by Yuen and Gülder.38 The configuration consists of an inner nozzle diameter of 11.2mm for generation
of turbulent premixed flames stabilized by annular pilot flames. Rayleigh scattering was used to capture
flame front images and calculate the temperature field. To measure the instantaneous velocity field, particle
image velocimetry was used. The Bunsen flame considered in this work has the same turbulence scales and
flame properties as the propagating premixed flame of the previous section, which are summarized in Table
1. For the simulations, a cylindrical domain is considered with diameter of 0.5 m and height of 0.1m. The
domain is discretized with a grid of 1,638,400 hexahedral cells. The pilot flame is approximated by a uniform
flow of hot combustion products at a velocity of 16.81m/s.

LES results for this flame have been obtained using both the β-PDF and modified laminar flame-based
PDF with the PCM-FPI model. Three-dimensional views of the instantaneous flame surfaces are displayed
in Figures 9(a) and 9(c) at t = 4ms after the initiation of the simulation. This surface is plotted on the
iso-surface of c̃ = 0.5. Figures 9(b) and 9(d) show contours of instantaneous temperature for the same flame
on a z-x plane. The initially planar flame near the inlet shows considerable development with downstream
distance. It can be seen that the flame is well wrinkled and the shape of the flame is mostly convex towards
the combustion products. Comparison of the LES results for the two PDFs shows that use of the β-PDF as
opposed to the modified laminar flame-based PDF does not affect the overall shape of the flame significantly.

In order to compare the minor species mass fraction for two different PDFs, the mass fractions of OH
and H are plotted along the z axis and in the middle of y and x axis (Figures 10(a) and 10(b)). For these
minor species, the modified laminar flame-based PDF shows higher mass fractions compared to β-PDF.

To compare the results with the experimental data, the experimental flame is filtered using a top-hat filter
with a width equal to two times the average cell size of the LES computations. 2D slices of the temperature
field obtained from LES calculations are also averaged using 19 instantaneous snapshots of the numerical
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Figure 7. Distribution of reaction progress variable on y-z plains for cases with β-PDF and modified laminar
flame-based PDF at t = 1ms.
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(a) β-PDF (b) Modified LFB PDF

(c) β-PDF (d) Modified LFB PDF

(e) β-PDF (f) Modified LFB PDF

Figure 8. Contours of species mass fraction in the x-z plain and at y = 0 for cases with β-PDF and modified
laminar flame-based PDF at t = 1ms.
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(a) β-PDF (b) β-PDF (c) Modified LFB PDF (d) Modified LFB PDF

Figure 9. Instantaneous flame isosurface c̃ = 0.5 and contours of temperature on a plane at t = 7ms after the
initiation of the simulation.

z

c_
O

H

0 0.02 0.04 0.06 0.08 0.1

-0.0002

0

0.0002

0.0004

0.0006

0.0008

Beta
Modified LFB

(a)

z

c_
H

0 0.02 0.04 0.06 0.08 0.1

0

2E-06

4E-06

6E-06

8E-06

1E-05

Beta
Modified LFB

(b)

Figure 10. Comparison of YOH and YH along the z axis and in the middle of x and y axis for two PDFs at
t = 7 ms.
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solution. The results for the instantaneous filtered temperature is shown in Figure 11(a). Figure 11(b)
shows the contours of average 〈cT〉= 0.5 from the simulations with PCM-FPI using β-PDF and modified
laminar flame-based PDF and the map obtained from the Rayleigh scattering images of experimental data.
The value cT is defined as: cT = (T − Tu)/(Tb − Tu) where T is the local temperature and Tu and Tb are
unburnt and burnt gas temperatures, respectively. It can be seen that there is a good agreement between
the predicted results and the experiments in case of flame height and the overall shape of the flame. The
modified laminar flame-based predicts slightly higher flame height compared to the β-PDF, but overall the
two PDFs produce very similar predictions.

(a)

-0.02 0 0.02
0

0.02

0.04

0.06

0.08
PCM-FPI-Beta

PCM-FPI-Mod LFB

Experiment

(b)
Figure 11. Instantaneous filtered temperature from the experimental data and contours of 〈cT〉 = 0.5 from the
experiments and simulations using PCM-FPI with β-PDF.

Comparison of the measured and predicted PDFs of flame front curvature corresponding to a progress
variable 〈cT〉 = 0.5 is shown in Figure 12(a). It is apparent from the figure that PDFs calculated from
experimental and predicted results are symmetric and Gaussian-like distributions. But both LES predictions
show narrower PDFs as compared to the experimental results. LES filtering removes all the small scale
structures which have higher curvature resulting a narrower PDF. By spatially filtering the experimental
data, a better agreement can be obtained between experimental and LES results which supports the previous
argument. Comparison between curvature PDFs for LES with β-PDF and modified laminar flame-based PDF
does not show a distinct difference between LES calculations using these PDFs, which is consistent with the
previous results (Figure 10) since the overall shape of the flames is not influenced significantly by the type
of PDF.

The two-dimensional maps of flame surface density (FSD) is calculated using the method developed by
Shepherd39 for both LES and experimantal data. The 2D FSD values extracted from the simulations and
the experiment are shown in Figure 12(b). There is very good agreement between the predicted calculations
using LES with both PDFs and the experiments. It can be seen that the modified laminar flame-based
PDF predicts a slightly lower FSD values than the β-PDF which is expected since the β-PDF is shown to
overpredict the flame burning rate and consequently the flame surface density.

VIII. Concluding Remarks

LES of a freely propagating turbulent premixed flame and a Bunsen-type turbulent premixed flame has
been carried out using the PCM-FPI approach. Three different presumed probability density functions for
the reaction progress variable are tested. The tabulated data and the predicted LES solutions for the freely
propagating flame configuration were compared using β-PDF and the modified laminar flame-based PDF.
It is shown that the laminar flame-based PDF is not applicable in the present study where the flame is
in the thin reaction zone regime. The tabulated data using the solution of one dimensional laminar flame
shows higher reaction rate for β-PDF compared to the modified laminar flame-based PDF for high values of
segregation factor. This is confirmed by comparison of turbulent burning rate in the predicted LES results
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Figure 12. 2D flame surface density and PDF of 2D curvature on a isosurface of 〈cT〉=0.5

where the burning rate for β-PDF is higher than the modified laminar flame based PDF. For the major
species such as CO and CO2, the two PDFs did not show any appreciable differences, both for the tabulated
data and for the predicted LES solutions. However, for minor species such as H, H2 and OH the difference
is higher especially for high segregation factors. Direct numerical simulation of a propagating turbulent
premixed flame presented above is performed for comparison between the predicted LES solutions with the
β-PDF and the modified laminar flame-based PDF. For the Bunsen-type burner configuration, LES results
were obtained using the PCM-FPI approach with β-PDF and modified laminar flame-based PDF. The results
show good agreement with the experimental data. As was also observed for the propagating flame, the type
of PDF used in the PCM-FPI approach does not seem to greatly influence the overall shape of the Bunsen
burner flame. However, the minor species concentration were found to be more affected by PDF used in the
tabulation procedure.
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