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A parallel, Adaptive Mesh Refinement (AMR), finite-volume scheme is combined with a
Presumed Conditional Moment (PCM) and Flame Prolongation of ILDM (FPI) tabulated
chemistry approach for solution of the Favre-Averaged Navier-Stokes (FANS) equations
governing two-dimensional turbulent non-premixed reactive flows of compressible mixtures.
The FPI method is an effective and computationally efficient approach for incorporating
the effects of the detailed-chemistry on the local flow field for adiabatic laminar flows using
two independent scalars: the mixture fraction and progress variable. The effects of turbu-
lence on the mean chemistry is incorporated using a PCM approach based on β probability
density functions which depend on the two scalars and their variances. A two-equation
k-ω turbulence model is used for modelling the effects of the unresolved turbulence on the
mean flow field. The governing partial-differential equations are solved using a fully-coupled
finite-volume formulation on body-fitted, multi-block, quadrilateral mesh. Two different
approaches for coupling the PCM-FPI approach with the parallel AMR finite-volume solu-
tion method are considered. The PCM-FPI results are compared to results obtained using
a simplified Eddy Dissipation Model (EDM), as well as to experimental data, for both
reacting and non-reacting flows associated with a bluff-body burner configuration. A full
description of the proposed numerical solution scheme for turbulent non-premixed flames
is provided along with an evaluation and demonstration of its computational performance
and predictive capabilities.

Nomenclature

δij Kronecker delta function
ω̇i mass reaction rate of species i produced by the chemical reactions
κ von Kármán constant = 0.41
Dk diffusion coefficient for k = (µ+ σ∗µt)
µ molecular viscosity depending on fluid properties
ωYc reaction rate of Yc (sum of the reaction rates of all the species defining Yc )
w time-averaged value of quantity w
ρ mixture density
θ azimuthal coordinate of the axisymmetric frame
~J i molecular diffusivity of the species i relative to the main species
~~λ Reynolds stress tensor
~~τ molecular stress tensor
~g body force vector
~q molecular heat flux vector
~u velocity vector
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~Jt
i

turbulent diffusive fluxes for species i
~qt turbulent heat flux vector
ζ mixture thermal conductivity
c progress variable = Yc(φ, x)/YcEQ(φ)
Cf closure coefficient for fv transport equation = 1.0
Cp gas specific heat at constant pressure
Cmag proportionality constant for EDM = 4.0
CYc closure coefficient for Ycv transport equation = 1.0
Df diffusion coefficient of f = ζ/ρ/Cp
Dt turbulent diffusion coefficient = µt/Sct
DYc diffusion coefficient of Yc = µ/ρ/ScYc
E specific total energy (uiui/2 + h− p/ρ+ k)

h internal energy
N∑
k=1

Ykhk

hi absolute internal enthalpy for species i
m total mass of gas in the volume
mi mass of species i present in the given volume
N total number of species

p pressure, p =
N∑
k=1

ρYkRkT

r radial coordinate of the axisymmetric frame
Ri gas constant of species i
Sci Schmidt number of species i
Sct turbulent Schmidt number = 1.0
ScYc Schmidt number of Yc = 1.0
st mass stoichiometric ratio of the fuel-oxidizer
T mixture temperature
uτ friction velocity =

√
τw/ρ

w∗ sample space variable for variable w
wv variance of quantity w
x spatial coordinate in the direction normal to the flame front
y normal distance from the wall
y+ dimensionless distance from the wall = uτy/ν
YF mass fraction of the fuel
Yi mass fraction of species i = mi/m
YO mass fraction of the oxidizer
z axial coordinate of the axisymmetric frame
τw wall shear stress
Yc

EQ value of Yc in the burnt state (or equilibrium)
f mixture fraction
φ equivalence ratio
Yc progress of reaction
Da Damköhler number

I. Introduction

Turbulent non-premixed or diffusion flames are very common in many combustion devices such as gas
turbine engines and industrial and domestic burners. Understanding the complex physical and chemical
processes associated with these flames by numerical techniques has been a central objective of the combustion
community for many years.1 A major challenge in the numerical modelling of turbulent flames is to account
for the, in many cases, strong interaction between the turbulence and finite-rate chemistry because of the
intense non-linear behaviour of both these phenomena.2 Also, the length and time scales of the turbulence
and chemistry can vary over a very wide range of magnitude in comparison to the characteristic scales of the
mean flow.3 The occurrence of this wide range of scales severely limits the application of direct numerical
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simulation (DNS) to extremely simplified synthetic flow problems for turbulent flames and places significant
importance on mathematical modelling and approximate techniques.

Understanding detailed chemistry is important for predicting minor intermediate species and pollutants
and in order to address problems associated with of autoignition, flame stabilization and recirculating prod-
ucts. The most accurate techniques rely on complex chemistry models. This involves choosing a detailed
kinetics scheme and solving a balance equation for the mass fraction of each species involved in the chemical
mechanism which can get extremely demanding on the available computational resources. Some simplifying
chemistry models have been proposed for turbulent chemistry4–6 which give a fair indication of the major
species concentrations in steady-state flames. However, these methods significantly reduce the number of
species involved and hence the number of reactions, and so can only be applied to a limited range of reactive
flow problems.5 The difficulties associated with extending the simplified chemistry models to more complex
chemistry7,8 have pushed to the forefront the need for alternative schemes for modelling detailed chemistry
that do not significantly tax available computational resources.

Various techniques have been proposed to reduce combustion chemistry to make it compatible with the
numerical solution of practical combustion problems.3,9–11 Tabulated chemistry approaches, based on the
assumption that local flow chemistry is independent of the surrounding flow, are interesting and promising
approaches for dealing with complex turbulent flames. A variety of these tabulation methods have been pro-
posed in the past. Peters9 suggested the use of detailed chemistry solutions of one-dimensional counter-flow
flames over varying strain rates for more complex diffusion flame problems. The Intrinsic Low Dimensional
Manifold (ILDM) approach, proposed by Mass and Pope,3 is based on the analysis of the eigenstructure
of the source Jacobian to identify slow chemical processes. A pre-computed look-up tables of variables
associated with these slow processes is then used during the simulations for evaluating chemical kinetics.
Premixed flamelets have been used to tabulate chemistry in turbulent combustion modelling for both pre-
mixed and non-premixed flames.12,13 The Flame Prolongation of ILDM (FPI)14,15 and Flame Generate
Manifold (FGM)16 are two recently proposed approaches based on tabulation of premixed flamelets. In
these methods, the laminar chemical flame structure is stored in a look-up table as a function of only a few
independent scalars. Hence, one is only required to solve a rather small set of balance equations for the
independent scalars to obtain a rather good representation of the entire flame structure.

An important concern is to incorporate the effects of unresolved turbulence on the reactive flow solutions.
Bradley et al.12,17 have shown that probability density functions (PDF) can be used with known laminar
flamelet solutions to account for turbulence, and this model has been used in conjunction with Reynolds-
averaged Navier-Stokes (RANS) models. A number of studies have validated the use of PDFs for turbulent
reacting flows.18–20 More recently, Vervisch et al.,21 Domingo et al.22,23 and others have adopted a presumed
PDF approach, leading to presumed conditional moment (PCM) modelling, in conjunction with the FPI
approach for dealing with turbulent chemistry. In this approach, the presumed PDFs for some scalars are
used to derive the mean reaction rates and species concentrations. The PCM approach was initially developed
for dealing with turbulent premixed flames15,22,24 and later extended for partially-premixed and diffusion
flames.21,25 These methods have also been extended for performing with Large Eddy Simulation (LES) of
turbulent flames26,27 and have been applied to different combustion regimes.28,29

While the potential of LES methods for turbulent reactive flows has certainly been demonstrated, RANS-
based approaches are still used in the majority of practical engineering computations and will therefore be the
focus here. In the present study, the PCM-FPI approach has been implemented within a block-based, parallel,
adaptive-mesh-refinement (AMR), finite-volume scheme for the solution of the Favre-Averaged Navier-Stokes
(FANS) equations governing two-dimensional turbulent non-premixed reactive flows of compressible mixtures
on body-fitted, multi-block, quadrilateral mesh. This study can be regarded as an extension of the previous
parallel solution method development of Northrup and Groth,30 Gao and Groth7,31 and Gao et al.32 for
turbulent combusting flows to accurately and efficiently account for detailed chemistry. The PCM-FPI
approach and the k-ω turbulence model are used to model the effects of the unresolved turbulence, turbulence-
chemistry interaction, and provide the necessary simplification for treating the chemical kinetics. Two
different approaches for coupling the PCM-FPI approach with the parallel AMR finite-volume solution
method are considered. The numerical results of the PCM-FPI approach are compared to results obtained
using a simplified Eddy Dissipation Model (EDM), as well as to experimental data, for both reacting and non-
reacting flows associated with a bluff-body burner configuration. A full discussion of the proposed solution
technique is provide herein along with a demonstration of the computational performance and predictive
capabilities of the proposed solution method.
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II. Chemical Kinetics for Turbulent Flows

II.A. Presumed Conditional Moment (PCM)

PCM methods are stochastic-based approaches where the reactive and diffusive properties of the flame are
described using a joint PDF, P . If the joint PDF of some set of independent variables, w1, . . . , wN , is known,
the mean value of any quantity, ϕ= ϕ(w1, . . . , wN ), can be expressed using the expression

ϕ̃(x, t) =
∫
w1

· · ·
∫
wN

ϕ(w∗1 , · · · , w∗N )P (w∗1 , · · · , w∗N ;x, t)dw∗1 · · · dw∗N (1)

where ϕ̃ is the time-averaged value of quantity ϕ and w∗ is the sample space variable for variable w.
In the FPI approach, all thermochemical quantities, ϕ, are expressed as a function of two variables, the

mixture fraction, f , and the progress variable, c, such that

ϕFPI = ϕ(f, c) (2)

where c = Yc(φ, x)/Y EQ
c (φ), Yc is the progress of reaction variable, YcEQ is the value of Yc in the burnt state,

φ is the equivalence ratio, and x is the direction normal to the flame front of the one-dimensional laminar
premixed flame. Hence, by simplifying Equation (1), the mean value for FPI tabulated quantities can be
expressed as

ϕ̃(x, t) =
∫
f∗

∫
c∗
ϕFPI(f∗, c∗)P (f∗, c∗)dc∗df∗ (3)

The joint PDF of f and c, given by Equation (3), can be decomposed using the conditional PDF for c for a
given value of f∗, P (c∗|f∗), using the relation

P (f∗, c∗) = P (c∗|f∗)P (f∗) (4)

However, DNS results21,22 have shown that it is appropriate to treat the mixture fraction and progress
variable as statistically independent variables, i.e., ˜(c|f∗) ≈ c̃, provided an appropriate choice of progress
variable is made. This hypothesis of statistical independence is not strictly exact, but has been found to be
a reasonable approximation for appropriate choices of Yc.22 For example, the linear combination of CO2 and
CO is a suitable choice for methane-air flames.

Substituting Equation (4) in to Equation (3) and using the fact that f and c are statistically independent,
the expression for the mean quantity, ϕ̃, can be approximated by

ϕ̃(x, t) =
∫
f∗

∫
c∗
ϕFPI(f∗, c∗)P (c∗)P (f∗)dc∗df∗ (5)

In the present study, the PDFs for both mixture fraction and progress reaction, P (f∗) and P (c∗), are assumed
to be β-distributions. In general, β-distributions are defined by their first and second moments, i.e., f̃ , fv,
and c̃, cv, respectively, and have the form

P (Z∗) =
(Z∗)(a−1)(1− Z∗)(b−1)∫ 1

0
(Z+)(a−1)(1− Z+)(b−1)dZ+

(6)

The two parameters, a and b, defining the β-PDF can be determined in terms of the mean and variance as

a = Z̃

(
Z̃(1− Z̃)

Z2
v

− 1

)
, b = a

(
1

Z̃
− 1
)

(7)

From the above, it is evident that the mean value of any quantity ϕ involves determining the value of
the four quantities: f̃ , fv, c̃ and cv. For this, balance equations are solved for the mean and variance of
mixture fraction and progress of reaction variable, as discussed in detail in Section III.B. Once Ỹc and Ycv
are known, cv can be expressed as

cv =
Ycv˜
Yc

Eq2
+ Ỹc

2

 1˜
Yc

Eq2
− 1

Ỹc
Eq

2

 (8)
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For practical purposes, two new quantities Sf and Sc, the segregation factor or unmixedness of f and c, are
introduced. These quantities are normalized variances of f and c, respectively, and take on values ranging
from zero to unity. They are given by

Sc =
cv

c̃(1− c̃)
, Sf =

fv

f̃(1− f̃)
(9)

In the final look-up table for the mean quantities, every chemical quantity is stored as

ϕ = ϕPCM(f̃ , Sf , c̃, Sc) (10)

The extension of the FPI approach to flow conditions lying outside the flammability limits of premixed
flames for diffusion flames is discussed in a companion paper by Jha and Groth.33

Look-up tables for turbulent diffusion flames can become somewhat large and managing the size of the
table is an important issue. In the present study for methane-air reacting flows, the dimensions of the table
used were 121× 20× 121× 20. The table was stored in a binary format and a size of 537 MB. Simulations
were also carried out using tables with greater resolution to ensure that the chosen size of the table was not
too coarse and did not significantly affect predicted solutions.

II.B. Coupling of Turbulence and Chemistry

Three different numerical approaches are used for dealing with chemical kinetics of the methane-air flames
considered in this study. The simplest model is the EDM4 based on a one-step, five-species, chemical kinetic
scheme proposed by Westbrook and Dryer34 for which the one step mechanism is given by

CH4 + 2 O2 −−→ CO2 + 2 H2O

The EDM approach assumes that local combustion in the flow is completely limited by the mixing of the
reactants and the oxidizer. The specific dissipation rate of turbulent kinetic energy, ω, provides the time
scales associated with the turbulence. The mean reaction rate of the fuel, ˜̇ωF , is therefore given by

˜̇ωF = Cmagβ
∗
oω min(ỸF , Ỹo/st) (11)

where Cmag is the proportionality constant for EDM set to 4.0, YF and YO are the mass fractions of the
fuel and the oxidizer, respectively, and st is the mass stoichiometric ratio of the fuel-oxidizer. The reaction
rates of all other species involved in the reaction are calculated by using the stoichiometric coefficients of
each species in the forward chemical reaction mechanism given above.

The PCM-FPI approach for chemical kinetics as described in the previous section uses look-up tables
generated using Cantera,35 an open-source software package for chemically-reactive flows. The Cantera
package uses the Gri-Mech 3.0 chemical kinetic mechanism for methane and air involving 53 species and
325 reactions36 to perform detailed computations of premixed methane-air laminar flames. Two methods
are used here to couple the look-up tables with the finite-volume flow solver in the proposed PCM-FPI
approach. In both methods, mass fractions from the detailed chemistry solutions for premixed laminar
flames are integrated using a presumed conditional moment and stored in a look-up table. The two methods
can be summarized as follows:

• Method 1 - species PDEs are not solved: Individual species transport equations are not solved.
Instead, local values of f̃ , fv, Ỹc, and Ycv are used to obtain the species concentrations from the table
using multi-linear interpolation.

• Method 2 - species PDEs are solved: Domingo et al.23 have shown that for fast chemistry/large
values of the Damköhler number, Da, the reaction source terms for species and progress of reaction
can be related as

ω̇i ≈ ω̇Yc
∂Yi
∂Yc

(12)

The local values of mass fractions obtained from the look-up table are used to reconstruct the species
chemical reaction rates using Equation (12).23,37 These reaction rates are used in updating the species
transport equations.
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For all the flames considered herein, radiation losses are not significant and pressure variations are small
and therefore the tabulation has been carried out only for a single value of the pressure. This makes the
coupling if the tabulation method with the solution method rather straight forward. However, for more
general combustion processes involving non-adiabatic flames with acoustical phenomena and/or significant
pressure variation, coupling of the tabulation methods to a compressible-flow solution method would be more
involved and a multi-pressure tabulation procedure would be required. Refer to the papers by Galpin et al.38

and Vicquelin et al.39 for discussions of the coupling of tabulated chemistry methods with solution methods
in these cases.

III. Governing Equations and Numerical Solution Scheme

III.A. Favre-Averaged Navier-Stokes Equations

In this study, the Favre-Averaged Navier-Stokes equations for a compressible thermally perfect gaseous
mixture are used to describe turbulent non-premixed reactive flows. In this formulation, neglecting radiation
transport and soot formation, the continuity, momentum and energy equations for a N species mixture can
be expressed using tensor notation as40,41

∂ρ̄

∂t
+

∂

∂xi
(ρ̄ũi) = 0 (13)

∂

∂t
(ρ̄ũi) +

∂

∂xi
(ρ̄ũj ũi) = − ∂p̄

∂xi
+

∂

∂xi
(τ̄ji + ρ̄λji) (14)

∂

∂t

[
ρ̄

(
ẽ+

ũiũi
2

+ k

)]
+

∂

∂xj

[
ρ̄ũj

(
h̃+

ũiũi
2

+ k

)]
=

∂

∂xj

[(
µ

PrL
+

µt
Prt

)
∂h̃

∂xj
+
(
µ+ σ∗

ρ̄k

ω

)
∂k

∂xj

]

+
∂

∂xj
[ũi (τ̄ij + ρ̄λij)] (15)

where w is the time-averaged value of quantity w, w̃ is the Favre-averaged value of quantity w, ~x is the position

vector, ρ is the mixture density, ~u is the velocity vector, p is the pressure =
N∑
k=1

ρYkRkT , Yk = mk/m is the

mass fraction of species k, mk is the mass of species k present in the given volume, m is the total mass of
gas in the volume, ~g is the body force vector, τ̄ji denotes the viscous stress tensor, λji denotes the Reynolds

stress tensor, e is the specific total energy, h is the internal energy
N∑
k=1

Ykhk, hk is the absolute internal

enthalpy for species k and, k is the turbulent kinetic energy, ω is the specific dissipation rate of the turbulent
kinetic energy, PrL is the molecular Prandtl number and, Prt is the turbulent Prandtl number (assumed to
be a constant value of 0.9 for this work). The viscous stress tensor is given by the constitutive relation

τ̄ij = µ

(
∂ũi
∂xj

+
∂ũj
∂xi

)
− 2

3
δij
∂ũk
∂xk

(16)

where µ is the molecular viscosity and δij is the Kronecker delta function. The Boussinesq approximation
is used to relate the Reynolds stress tensor, λij , to the mean flow strain-rate tensor using a turbulent eddy
viscosity, µt = ρ̄k/ω, and is given by

ρ̄λij=µt

[
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3
δij
∂ũk
∂xk

]
− 2

3
δij ρ̄k (17)

The transport equation describing the time evolution of the mass fraction for the kth species, Yk, is given by

∂

∂t

(
ρ̄Ỹk

)
+

∂

∂xj

(
ρ̄ũj Ỹk

)
= − ∂

∂xj

[(
Dk +Dt

) ∂Ỹk
∂xj

]
+ ˜̇ωk (18)

where Dk is the molecular diffusivity of species k and, Dt = µt/Sct is the turbulent diffusivity, and Sct is
the turbulent Schmidt number, taken to be a constant value of 1.0 here.
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The modified two-equation k-ω model of Wilcox42 is used to model the unresolved turbulent flow quan-
tities. Transport equations are solved for the turbulent kinetic energy, k, and the specific dissipation rate,
ω, which are given by

∂

∂t
(ρ̄k) +

∂

∂xj
(ρ̄ũjk) = ρ̄λij

∂ũi
∂xj
− β∗ρ̄kω +

∂

∂xj

[(
µ+ σ∗

ρ̄k

ω

)
∂k

∂xj

]
(19)

∂

∂t
(ρ̄ω) +

∂

∂xj
(ρ̄ũjω) = α

ω

k
ρ̄λij

∂ũi
∂xj
− βρ̄ω2 +

∂

∂xj

[(
µ+ σ

ρ̄k

ω

)
∂ω

∂xj

]
(20)

where σ∗, β∗, α, σ, and β are closure coefficients for the two-equation model. Thermodynamic and molecular
transport properties of each gaseous species are prescribed using Cantera.35

III.B. Additional Balance Equations

For the PCM-FPI approach discussed in Section II.A, balance equations must be solved for f̃ , fv, Ỹc, and
Ycv. These transport equations have the following forms:

∂

∂t

(
ρf̃
)

+
∂

∂xi

(
ρũif̃

)
= −∂τf

∂xi
+

∂

∂xi

(
ρDf

∂f̃

∂xi

)
(21)

∂

∂t
(ρfv) +

∂

∂xi
(ρũifv) =

∂

∂xi

(
ρDf

∂fv
∂xi

)
− ∂

∂xi

(
τf2 − 2fτf

)
+ 2ρDf

∂f

∂xi

∂f

∂xi
− 2τf

∂f

∂xi
− 2ρχf (22)

∂

∂t

(
ρỸc

)
+

∂

∂xi

(
ρũiỸc

)
= − ∂

∂xi
(τYc) +

∂

∂xi

(
ρDYc

∂Ỹc
∂xi

)
+ ρ˜̇ωYc (23)

∂

∂t
(ρYcv) +

∂

∂xi
(ρũiYcv) =

∂

∂xi

(
ρDYc

∂Ỹc
∂xi

)
− ∂

∂xi

(
τYc2 − 2YcτYc

)
+ 2ρDYc

∂Ỹc
∂xi

∂Ỹc
∂xi

−2τYc
∂Ỹc
∂xi
− 2ρχYc + 2ρ

( ˜Ycω̇Yc − Ỹc ˜̇ωYc) (24)

where Df = ζ/ρ̄Cp is the diffusion coefficient of f̃ , ζ is the mixture thermal conductivity, Cp is the gas
specific heat at constant pressure, DYc = µ/ρ̄ScYc is the diffusion coefficient of Ỹc, ˜̇ωYc is the reaction rate of
Yc (sum of the reaction rates of all the species defining Yc ) and ScYc is the Schmidt number for the progress
variable which is taken to have a constant value of unity herein.

The source terms appearing in Equations (22) and (24) represent the scalar dissipation rate of mixture
fraction, χf , and the scalar dissipation rate of progress of reaction variable, χYc , respectively, and are closed
using linear relaxation hypothesis as follows:

χf = Dt
∂f̃

∂xi

∂f̃

∂xi
+ Cfωfv, χYc = Dt

∂Ỹc
∂xi

∂Ỹc
∂xi

+ CYcωYcv (25)

where Cf and CYc are the closure coefficients for fv and Ycv transport equations, respectively. These closure
coefficients are assumed to have values of unity here. All the unclosed turbulent fluxes are modelled using
a gradient transport hypothesis and have the forms

τf = −Dt
∂f̃

∂xi
,
(
τf2 − 2fτf

)
= −Dt

∂fv
∂xi

, τYc = −Dt
∂Ỹc
∂xi

,
(
τYc2 − 2YcτYc

)
= −Dt

∂Ycv
∂xi

(26)

The source quantities, ˜Ycω̇Yc and ˜̇ωYc , that appear in Equation (24), are also tabulated in the look-up table
along with the species mass fraction. The values of these quantities are extracted from the table based on
the local values of the mixture fraction and progress of reaction variables.

III.C. Conservation Form of Equations

For two-dimensional axisymmetric flows, the preceding equations can be re-expressed in conservation form
using vector notation as

∂U
∂t

+
∂

∂r
(F− Fv) +

∂

∂z
(G−Gv) =

1
r

(Sa + Sav) + S (27)
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where r and z are the radial and axial coordinate of the axisymmetric frame, and U is the vector of conserved
variables given by

U =
[
ρ, ρṽr, ρṽz, ρẼ, ρk, ρω, ρf̃ , ρfv, ρỸc, ρYcv, ρỸ1, . . . , ρỸn

]T
(28)

The inviscid and viscous radial flux vectors, F and Fv, and the inviscid and viscous axial flux vectors, G
and Gv, are

F =



ρṽr

ρṽ2
r + p̄

ρṽrṽz

(ρẼ + p̄)ṽr
ρṽrk

ρṽrω

ρṽrf̃

ρṽrfv

ρṽrỸc

ρṽrYcv
ρṽrỸ1

...
ρṽrỸn



,Fv =



0
τ rr + λrr

τ rz + λrz

Br
(µ+ µtσ

∗)∂k∂r
(µ+ µtσ)∂ω∂r
ρ(Df +Dt)∂

ef
∂r

ρ(Df +Dt)∂fv∂r
ρ(DYc +Dt)∂

eYc
∂r

ρ(DYc +Dt)
∂Ycv
∂r

−J 1
r − J 1

tr
...

−J nr − J ntr



,G =



ρṽz

ρṽz ṽz

ρṽ2
z + p̄

(ρẼ + p̄)ṽz
ρṽzk

ρṽzω

ρṽz f̃

ρṽzfv

ρṽzỸc

ρṽzYcv
ρṽzỸ1

...
ρṽzỸn



,Gv =



0
τzr + λzr

τzz + λzz

Bz
(µ+ µtσ

∗)∂k∂z
(µ+ µtσ)∂ω∂z
ρ(Df +Dt)∂

ef
∂z

ρ(Df +Dt)∂fv∂z
ρ(DYc +Dt)∂

eYc
∂z

ρ(DYc +Dt)
∂Ycv
∂z

−J 1
z − J 1

tz
...

−J nz − J ntz


(29)

where

Br = −qr − qtr + (µ+ µtσ
∗)
∂k

∂r
+ vr(τ rr + λrr) + vz(τ rz + λrz) (30)

Bz = −qz − qtz + (µ+ µtσ
∗)
∂k

∂z
+ vr(τzr + λzr) + vz(τzz + λzz) (31)

The source terms, Sφ and Sφv, are the inviscid and viscous source vectors associated with the axisym-
metric geometry, respectively. The source vector, S, contains terms related to the finite rate chemistry and
source terms in transport equations of fv, c, and cv. Using

W = vr(τ rr + λrr) + vz(τ rz + λrz) (32)

P = λrr
∂ṽr
∂r

+ λrz

(
∂ṽr
∂z

+
∂ṽz
∂r

)
+ λzz

∂ṽz
∂z

+ λθθ
ṽr
r

(33)

Q = 2ρDt
∂Ỹc
∂xi

∂Ỹc
∂xi
− 2CYcρωYcv + 2ρ

( ˜Ycω̇Yc − Ỹc ˜̇ωYc) (34)

these three source vectors have the following forms:

Sa =



ρṽr

ρṽ2
r

ρṽrṽz

(ρẼ + p̄)ṽr
ρṽrk

ρṽrω

ρṽrf̃

ρṽrfv

ρṽrỸc

ρṽrYcv
ρṽrỸ1

...
ρṽrỸn



, Sav =



0
(τ rr + λrr)− (τθθ + λθθ)

(τ rz + λrz)
−qr − qtr + (µ+ µtσ

∗)∂k∂x +W
(µ+ µtσ

∗)∂k∂r
(µ+ µtσ)∂ω∂r
ρ(Df +Dt)∂

ef
∂r

ρ(Df +Dt)∂fv∂r
ρ(DYc +Dt)∂

eYc
∂r

ρ(DYc +Dt)
∂Ycv
∂r

−J 1
r − J 1

tr
...

−J nr − J ntr



, S =



0
0
0
0

P − β∗ρkω
αωkP − βρω

2

0
2ρDt

∂ ef
∂xi

∂ ef
∂xi
− 2Czρωfv

ρ˜̇ωYc
Q
ρ˜̇ω1

...
ρ˜̇ωn



(35)
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Figure 1: Multi-block quadrilateral AMR mesh showing solution blocks at various levels of refinement and
the corresponding quad-tree data structure.

where ~q is the molecular heat flux vector and ~qt is the turbulent heat flux vector.

III.D. Near Wall Treatment of Turbulence

An automatic wall treatment method, which switches between the low-Reynolds-number formulation and
the standard wall function depending on the mesh resolution, is used for near wall treatment of the k-ω
turbulence model herein.31 In the case of low-Reynolds-number formulation, it can be shown that

lim
y→0

ω =
6ν
βy2

(36)

where y is the normal distance from the wall. This expression is used to specify the value of ω directly
for all values of y+ ≤ 2.5, where y+ = uτy/ν is the dimensionless distance from the wall, uτ =

√
τw/ρ is the

friction velocity, and τw is the wall shear stress, provided there are 3-5 computational cells inside y+ = 2.5.
In the case of the wall function formulation, the expressions

k =
uτ

2√
β∗o
, ω =

uτ√
β∗oκy

(37)

are used to fully specify both k and ω for y+ ≤ 30 − 250. The automatic treatment switches between
these two methods depending on mesh resolution using a blending function. In this procedure, k and ω are
approximated by

k =
u2
τ

β∗o

min(y+, 30)
30

, ω = ωo

√
1 +

(
ωwall
ωo

)2

(38)

where ωo = 6ν
βy2 and ωwall = uτ√

β∗oκy
. In the turbulent flow simulations discussed below, a relatively coarse

mesh is used to start and automatic treatment is used only on the first cell off the wall. After obtaining an
approximate solution on the coarse mesh and performing two or three levels of refinement such that there are
at least 2-3 cells within the laminar sublayer, the low-Reynolds-number formulation is used for the solution
on the finest mesh.

IV. Parallel AMR Finite-Volume Scheme

IV.A. Finite Volume Scheme

A finite volume scheme for body-fitted multi-block quadrilateral mesh is proposed for the solution of the sys-
tem of partial-differential equations governing two-dimensional axisymmetric turbulent compressible flows
for reactive thermally perfect gaseous mixtures given above. In the finite-volume approach, the physical
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domain is discretized into finite-sized computational cells (control volumes) and the integral form of the con-
servation laws are applied to each computational cell. The integral form of the system of governing equations
in two-dimensional coordinates can be obtained by applying the divergence theorem to the differential form
of the equations and is given by

d

dt

∫
A

UdA+
∮
l

~n · ~F dl =
∫
A

SdA (39)

where U is the vector of conserved variables, ~F is the flux dyad consisting of both inviscid and viscous flux
components, V is the control volume, Ω is the surface area of the control volume and, ~n is the unit outward
vector normal to the closed surface.

In the present work, quadrilateral computational cells are considered for the two-dimensional domains
of interest. The computational cells are embedded in structured body-fitted blocks making up the multi-
block mesh. For each computational cell, the inviscid (hyperbolic) component of the numerical flux at each
cell face is then evaluated using limited linear reconstruction43 and the AUSM+-up approximate Riemann
solver proposed by Liou.44 The viscous (elliptic) component of the numerical flux is evaluated by employing
a diamond-path reconstruction procedure as described by.45 The resulting non-linear ordinary differential
equations (ODE) resulting from the spatial discretization are integrated using the explicit multi-stage optimal
smoothing scheme of van Leer et al.46 For further details concerning the proposed spatial and temporal
discretization schemes, refer to the papers by Northrup and Groth,30 Charest et al.47 and Gao et al.31

IV.B. Block-Based Adaptive Mesh Refinement

A flexible block-based AMR scheme is adopted here to limit the number of necessary computational cells by
dynamically adapting the mesh to meet solution requirements. Details of the scheme and its implementation
in parallel are described by Northrup and Groth,30 Gao and Groth7,31 and Gao et al.32 In this approach,
block-based domain decomposition is applied to a body-fitted quadrilateral mesh. The grid blocks are orga-
nized in a hierarchical quad-tree data structure to facilitate automatic solution-directed mesh adaptation with
physics-based criteria. The scheme borrows aspects from previous work by Berger and co-workers,48–50,50,51

Quirk et al.,52,53 and De Zeeuw et al.54 for Cartesian grids. In the AMR scheme, the equations are first inte-
grated forward in time on an initial structured, multi-block coarse mesh to obtain updated volume-averaged
approximate solution quantities. The mesh is then adapted by coarsening or refining the blocks designated
by the refinement criteria. A hierarchical tree-like data structure, shown in Figure 1b, is used to retain
connectivity between solution blocks and track their refinement history. The blocks requiring refinement are
termed “parents” and are divided into eight new blocks called “children”. Each child is a new block with the
same number of cells as its parent, doubling the mesh resolution in the region. Coarsening flagged blocks is
carried out by reversing this process and combining eight children into one single parent.

For the reacting flows of interest here, refinement is based on the gradient of temperature and the
refinement criterion employed here is defined by

ε ∝ |~∇T | (40)

The computational mesh is then refined and blocks are added wherever values of ε is large. Coarsening is
applied in regions where this value is small.

IV.C. Parallel Implementation

To further decrease the overall computational time, integration of the governing equations is performed in
parallel. This is carried out by distributing the computational blocks among the available processors and
simultaneously computing the solutions for each block on each processor. An even distribution of solution
blocks is generally sought on homogeneous architectures while a weighted distribution is permissible for
computations performed on heterogeneous systems such as networked workstations or computational grids.
To ensure efficient load balancing, blocks are organized using a Morton ordering space filling curve which
co-locates nearest neighbors on the same processor.51 This minimizes the amount of necessary communi-
cation and improves the overall parallel efficiency of the implementation. The proposed AMR scheme was
implemented using the message passing interface (MPI) library and the C++ programming language.55

Ghost cells surround the solution block and overlap cells on neighboring blocks and are used to share
solution content through inter-block communication. The conservation properties of the finite-volume dis-
cretization are retained across blocks with resolution changes by using the fine-grid interface flux to correct
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Figure 2: Comparison of predicted solutions with experimental data for fully developed turbulent pipe flow,
Re=50 000 .

the flux computed on neighboring coarse blocks.48,49 Passing of flux corrections and the overlapping cell
solution content between processors at each stage of the integration scheme are the main sources of inter-
processor communication.

V. Numerical Results and Discussions

V.A. Fully-Developed Turbulent Pipe Flow
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Figure 3: Schematic diagram of
the Sydney bluff-body burner.
The computational domain and
boundary conditions used herein
are also shown.

As partial validation of the numerical scheme and turbulence modelling,
fully-developed turbulent pipe flow case was first considered. Numerical
predictions were compared to the experimental data provided by Laufer56

for a turbulent pipe flow with Reynolds number of 50 000. Solutions for
k-ω turbulence model with both direct integration to the wall and stan-
dard wall functions are compared to measured mean axial velocity and
turbulent kinetic energy in Figures 2. The computations with direct inte-
gration are performed using 128 cells in the radial direction with around
13 cells within the laminar sublayer. The first cell from the wall was lo-
cated at y+ ≈ 0.04. The calculations with the wall function formulation
were performed using just 32 cells in the radial direction with the first cell
at y+ ≈ 2.54 and around 6 cells within y+ = 250. Both sets of results pro-
vide accurate predictions of the axial velocity profile and expected trends
are observed for turbulent kinetic energy. As expected, the present im-
plementation of the k-ω model with direct integration and wall functions
are both capable of accurately reproducing the characteristic features of
this fully-developed pipe flow.

V.B. Bluff-Body Burner

The Sydney bluff-body burner, which forms part of the experimental
database of the International Workshop on Measurement and Computa-
tion of Turbulent Non-premixed Flames (TNF),57 has also been considered
in the present work. This burner has been investigated and/or used for
verification and validation purposes in several recent studies by Masri et
al.,58–61 Dally et al.62,63 and Gao and Groth.7,8, 64 A schematic diagram
of the Sydney bluff-body burner configuration is shown in Figure 3.

Figure 3 also shows the two-dimensional computational domain used for the numerical simulation of
this burner, using the fact that it is an axisymmetric configuration. The bluff-body has a radius R2 = 25
mm and length L1 = 100 mm and is located co-axially with the air flow inlet. The orifice at the center
of the bluff body has a radius R3 = 1.8 mm. The outer cylinder for air inflow has a radius of R1 = 70
mm. Adiabatic wall boundary conditions are used for the boundaries representing the bluff body. Dirichlet
boundary conditions are used for the air inlet and the orifice. The axis of symmetry of the computational
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Figure 4: Comparison of predicted and measured velocity profiles of mean axial velocity at various locations
downstream from the base of the bluff-body burner for non-reacting flow with air jet.

domain is aligned with the centre-line of the bluff-body. A reflection boundary condition is used at the outer
boundary. The outlet of the flow domain, at a distance L2 = 300 mm from the bluff body, has Neumann-type
boundary conditions for all properties except pressure which is held constant.

V.B.1. Non-Reacting Flow

The first bluff-body burner case considered here is a non-reacting flow, where air is injected from both the
fuel and the air inlet. Air is injected at the base of the bluff-body at 300 K with a parabolic profile having
a mean velocity of 61 m/s. The mean velocity and temperature of the co-flow air are 20 m/s and 300 K
respectively. The solution domain is initialized with a uniform solution state corresponding to quiescent air
at 300 K. The flow-field calculations were carried out on four adaptively refined grids, each consisting of a
number of 8×8 cell blocks: 20 blocks (1280 cells); 38 blocks (3584 cells); 62 blocks (3968 cells); and 101
blocks (6464 cells). The final mesh resolution was such that there were 3-4 cells within the laminar sublayer
region close to the wall.

Figure 4a shows the predicted mean axial velocity contours and streamlines and reveals the formation of a
double vortex structure in the recirculation zone. The two vortices are important in controlling fuel/oxidizer
mixing. The calculations indicate that the recirculation zone extends to x/Db ≈ 0.8. This is slightly less than
the experimentally observed value of x/Db = 1.0. The agreement between the predictions and experiment
is further confirmed by a comparison of the predicted axial (center-line) profile of the mean axial velocity
component to the experimental results as depicted in Figure 4b. Also, the comparisons of the predicted
radial profiles of the mean axial velocity to the measured data at two locations are shown in Figures 4c
and 4d. The results in all these figures clearly indicate that there is reasonably good agreement between
the numerical predictions and experimental data. It should also be noted that the predicted results shown
here for the non-reacting bluff-body burner configuration are in good agreement with previous numerical
predictions of Gao et al.32 (not shown).

V.B.2. Reacting Flow

A reacting flow case for the same bluff-body burner configuration has also been studied, for which a methane
gaseous fuel jet was injected at the base of the bluff-body with bulk velocity of 104 m/s at 300 K. The bulk
velocity of co-flow air was 30 m/s. The Reynolds and Mach number of the methane jet are Re = 315 000
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Figure 5: The solution contours predicted by different numerical schemes for the Sydney bluff-body burner
for a reacting flow with methane jet. The sequence of adaptively refined grids used in the predictions is
depicted in Figure 5e.

and Ma = 0.24. The grid used for the the reacting flow is shown in Figure 5e. An initial coarse grid was
used containing 28 blocks, each with 16×16 cells, for a total of 7168 cells. After obtaining an approximate
solution on this initial mesh, the grid was refined twice using the AMR scheme to arrive at two successively
refined grids having the following resolution: 46 blocks (11 776 cells) and 59 blocks (15 104 cells) respectively.
The sequence of these adaptively refined mesh is shown in Figure 5e. Inspection of the numerical solutions
on these three grids revealed that a near grid converged solution was obtained on the finest mesh and this
mesh was used when making comparisons of the predicted results for this case.
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Experimental EDM PCM-FPI (species PDEs = OFF) PCM-FPI (species PDEs = ON)
(a) 1200 K 1866 K 1591 K 1589 K
(b) N/A 0.00255 (1) 0.00612 (2.4) 0.00637 (2.5)

Table 1: Performance comparison of different numerical methods for bluff-body burner methane-air turbulent
reacting flow: Row (a) Maximum temperature predicted; Row (b): CPU time per iteration - the figures in
bracket show the normalized value.

The temperature contours predicted by the proposed solution algorithm with the EDM and the one-step
mechanism are compared with the solutions obtained using both the PCM-FPI approaches in Figure 5a
for the methane-air bluff-body burner using the 15 104-cell mesh. All three of the schemes predict similar
temperature distributions, however the maximum temperature predicted by PCM-FPI schemes are around
300 K less than the value provided by EDM. This is expected as the EDM essentially assumes that any
fuel and air that mixes is burnt and does not account for any endothermic reactions, while the PCM-
FPI scheme does not assume that the combustion is complete and accounts for endothermic reactions via
the tabulated chemistry. Moreover, significant differences can be seen in the distribution of major species
contours predicted by both the approaches. The maximum mass fraction of CO2 predicted by the EDM is
almost twice that predicted by the PCM-FPI. This can be attributed to the fact that the EDM reaction
mechanism does not involve any pathways or reactions for CO2 consumption. Also, in the EDM method,
much higher concentrations of CO2 can be found in the central part of the flame compared to the PCM-FPI
results, where most of the concentration lies only along the outer surface of the flame.

The predicted temperature and CO2 mass fraction radial profiles at one location are compared the to
the available experimental data in Figure 6. Both figures show that the PCM-FPI results are in much better
agreement with the experimental data in comparison to the EDM results. The maximum temperatures
predicted by each scheme are shown in Table 1. The temperatures predicted by the PCM-FPI approaches
are in better agreement with the experimental results than the EDM results.

It is noted that the temperature is somewhat over-predicted by the proposed parallel AMR scheme for this
case. This may be because the effects of radiation and soot formation are not included in the calculations.
However, Merci et al.65,66 argue that, since the bluff-body flame is unconfined and very little soot is formed,
radiation effects should be relatively small. Some other reasons for the differences may be related to the time
averaging of the solution and/or the use of β-distribution for averaging the tabulated quantities. It could
be of interest to investigate the dependence of the temperature predictions on the presumed PDF by using
other averaging procedures in conjunction with the tabulated chemistry.

The relative cost of each scheme has also been compared in Table 1. As expected, the PCM-FPI schemes
are more computationally expensive than the EDM scheme, but the difference is only by a factor of about
2.5. This result is quite significant for it shows that predictions for minor species like H2, OH, C2H2 etc., as
shown in Figure 5, can be readily obtained using the tabulation method for less than three times the cost of
the EDM. Such predictions are obviously not possible with an EDM approach.
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VI. Conclusions

A PCM-FPI tabulation approach for detailed-chemistry has been implemented for turbulent diffusion
flames using a FANS-based turbulence model. The two-equation k-ω turbulence model has been used with
an automatic-wall-treatment formulation for near-wall-treatment of turbulence quantities. Numerical pre-
dictions for fully-developed turbulent pipe flow and non-reacting bluff-body co-flow case were considered.
The predicted results for both the non-reacting cases show good agreement with the measured experimental
data and provide partial verification of the proposed fully-coupled, parallel, AMR, finite-volume scheme.

Predicted results for a methane-air flame in a bluff-body burner using the PCM-FPI have also been
compared to results obtained with a simplified one-step mechanism/EDM approach. As anticipated, sig-
nificant improvements are observed in the predictions of flame properties using the PCM-FPI approach.
The predicted temperature and species profiles using the PCM-FPI approach are in much better agree-
ment with experimental results in comparison to the EDM predictions. Two different approaches for the
implementation of the PCM-FPI have been discussed. Both PCM-FPI approaches yield almost identical
results for temperature and major species mass fractions. The relative computational costs involved with
each numerical schemes is also compared. Even though PCM-FPI schemes tend to be more expensive than
the simplified EDM approach, the extra cost is not significantly higher (only slightly more than a factor
of two). Comparing the improvement in results for the added computational costs involved, the PCM-FPI
approach definitely appears to be a promising method for dealing with a range of turbulent reactive flows.
The proposed parallel, AMR, finite-volume scheme has also been shown to be very effective in providing
accurate and robust solutions for the reactive flow case. Future work will involve extending the proposed
methodology to turbulent non-premixed flame prediction in three-dimensional burner geometries.
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