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Abstract

The attitude control of an Earth-pointing spacecraft in a circular orbit, subject to the gravity-gradient torque, is explored.
The spacecraft attitude is described using the modified Rodrigues parameters. A series of controllers are designed using
the nonlinear H, control methodology and are subsequently generated using a Taylor series expansion to approximate
solutions of the Hamilton—Jacobi equations. These controllers are applied to the problem of Earth-pointing spacecraft in
circular orbits. The controllers are compared using both input—output and initial condition simulations, in an effort to
gauge the improvements made possible by nonlinear feedback.
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Introduction

The dynamics that govern the rotational motion of
a rigid body are well known. In particular, the evolu-
tion of the angular velocity is governed by Euler’s
equation, which contains a quadratic nonlinearity
in that variable. There are many parameterizations
for the attitude but a particularly useful approach
uses the modified Rodrigues parameters (MRPs)
and their corresponding shadow set." This uses the
minimum number of parameters (at each instant),
namely three, and avoids singularity problems. The
kinematical equations governing the evolution of the
MRPs are identical to those for the shadow set and
are polynomial in the state containing terms up to
order three.

Tsiotras® has presented linear state feedback laws
using the angular velocity and MRPs that
yield asymptotic stability for inertial-pointing space-
craft. Given the nonlinear nature of Euler’s equation
and the MRP kinematical equations, it is tempting to
speculate on the potential improvements that can be
provided by nonlinear feedback laws. In this paper,
the attitude control problem for Earth-pointing space-
craft is considered. The gravity-gradient torque is
treated as part of the dynamics and the magnetic
torque is added as a disturbance.

Over the past 20 years, much work has been
applied to investigating the extension of certain
linear control optimization techniques to nonlinear
problems, without neglecting higher-order dynamics.
One such linear control optimization technique is Hqo

control. H,, optimal control theory was originally
formulated by Zames,® using an input—output frame-
work. The solution was derived in the state space
setting by Doyle et al.* That paper generated output
feedback solutions to the suboptimal problem
using two algebraic Riccati equations (AREs). As
this formulation implies, the results were limited to
systems for which the dynamics are linear in the
state. Shortly thereafter, the state feedback results
from this paper were generalized® to the case of gen-
eral nonlinear plants, by exploiting the equivalence
between the state space H., norm and the input—
output L,-induced norm. In that work, van der
Schaft replaced the relevant ARE* by an equivalent
(nonlinear) Hamilton—Jacobi inequality. Several
authors have developed methods for extending all of
this work to the output feedback case. In a paper by
Pavel and Fairman,® this is achieved by switching
from the standard scattering representation of the
system to the chain representation. The approach
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from that paper results in the need to solve a second
Hamilton—Jacobi inequality.*

In parallel to this work on H, control theory, many
authors have attempted to incorporate nonlinear
dynamics into existing control design techniques in a
methodical way. One such approach is to approximate
the solution of Hamilton—Jacobi equations (HIJEs)
through Taylor series expansions.” '° This approach
was applied in Ref. 11 to the solution of the
Hamilton—Jacobi inequality from Ref. 5. In this
work, this same method will be applied to the solution
of both Hamilton—Jacobi inequalities encountered in
the output feedback case.

The primary purpose of this paper is to investigate
a family of suboptimal nonlinear H., controllers for
Earth-pointing spacecraft attitude control, under the
influence of the gravity-gradient torque. The control-
lers to be tested will be obtained by building on the
work mentioned above.>%!!

The structure of the paper is as follows: In the
next section, the dynamics of an Earth-orbiting space-
craft subjected to the gravity-gradient torque are
described in the orbital frame. The discussion is lim-
ited to spacecraft in circular orbits. Next, in the
“Nonlinear controller determination” section, the
problem to be solved in this work is defined, and
the form of the controllers that will be tested will be
defined. This involves applying the previously
obtained results in nonlinear Hs control>® to the
robust attitude control problem of an Earth-pointing
spacecraft. A linearized state feedback controller is
derived based on a nonlinear H., performance meas-
ure. This result is extended to higher orders of feed-
back by iteratively solving the higher-order terms in
the relevant HJE, using a Taylor series expansion of
the controller and plant dynamics'' about the point to
be controlled.

Output feedback is then considered, where a gen-
eralized nonlinear Ho, control structure® is again lin-
earized about the control point and extended to
higher-order controllers using the same Taylor series
expansions. Finally, in the “Simulation” section,
the performance of these controllers is evaluated.
First, the response of the controllers to initial con-
ditions is characterized. Then, disturbance rejection
properties of these controllers to unmodeled dynam-
ics are evaluated by subjecting the system to a mag-
netic torque. The performance of all the controllers
is then discussed, and an attempt is made to
explain the underlying causes of the observed
behavior.

System dynamics

This section describes the dynamics of an Earth-
pointing spacecraft in a circular orbit, subject to the
gravity-gradient torque.

Rigid body dynamics

To describe the dynamics of rotation of a rigid body,
the body frame is defined such that the origin of the
frame is at the mass centre of the spacecraft. As a
matter of convenience, it is assumed that the body
frame axes are aligned with the principal axes of the
body. The attitude dynamics of a spacecraft subject to
control torques u and disturbance torques d is given
by Euler’s equation:'?

o=-T"olo+ 1" 1—1][3} (D

where I is the constant moment of inertia matrix, @
is the angular velocity expressed in the body-fixed
frame, and

0 —w3 w7
0= w; 0 - (2)
—wy W 0

is the matrix used to implement the vector cross prod-
uct. In this paper, the disturbance torques d are split
into the modeled disturbance torques d,, and the
unmodeled disturbance torques d,. The modeled dis-
turbance torques d,, will be included as part of the
plant for the purposes of controller design.

Modified Rodrigues parameters

The kinematics of the system will be described using
the MRPs, which are derived from the earlier Cayley—
Rodrigues parameters. The MRPs are attractive for
several reasons. As stated in Ref. 1, they constitute a
minimal, three-parameter description of the attitude
of a rigid body that is non-singular for all rotations
other than multiples of 2. In addition, the MRPs are
not unique: there exists a second, dynamically consist-
ent set known as the shadow MRPs, which are singu-
lar for zero rotations, but non-singular for rotations
of 27r. The dynamical consistency implies that one can
switch between the MRPs and their shadow set with-
out having to change the dynamic description of the
system. By implementing such a switching procedure,
it is possible to formulate non-singular optimal atti-
tude control problems using a minimal, three-
parameter description of attitude.

The MRPs o are related to the axis a and rotation
angle ¢ from Euler’s Theorem by ¢ = a tan(¢/4)' The
rotation matrix C can be described in terms of the
MRPs. The relation is'?

1-olc 8

(1 +676)° ’
=(1-6)Y1+0%)"

X X

(I+alay ° (3
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where 1 is the identity matrix, and ¢* is the skew- which satisfies
symmetric matrix defined according to equation (2).

The time derivative of the MRPs can be expressed Cho = —X Cpy (7)

using the angular velocity o'

6= % [(1 —6"0)1+26" + 200 |
= G(o)w

(4)

As with all three-parameter descriptions of rotation,
the MRPs suffer from singularities, in this case at
values of ¢ that are equal to multiples of 2m. To
avoid the singularity, a different, but related descrip-
tion of the system, known as the shadow MRPs (o)
are introduced. The shadow MRPs are related to the
MRPs by

o

)

05 — — E

The shadow MRPs have a singularity at ¢ = 0, so a
switch from the MRPs to the shadow set is made at
¢ = . This corresponds to 67a = ales = 1. It is not
necessary to intercept the switching boundary
6’e = 1 exactly; it is sufficient to confirm, after each
integration step, that the MRP vector does not extend
outside of the unit sphere.

One very useful characteristic of the shadow MRPs
is that they are dynamically consistent with the
MRPs; that is they are also solutions to the differen-
tial equation in equation (4). One does not need to
redefine the system dynamics to switch from using one
parameterization to the other.

Orbital frame tracking

If it is desired to track a fixed direction in the orbital
frame, it is convenient to express the angular velocity
and attitude parameterization of the body motion
relative to the orbital frame ¥ . By convention, for
Earth-orbiting spacecraft the principal axes of F  are
defined as follows: o0, points toward the Earth in the
nadir direction; o, is in the opposite direction of the
orbit normal; and o = 0, x 04 completes the triad.
Only circular orbits 1(i.e. with eccentricity ¢ = 0) are
considered in this work, where o points in the direc-
tion of motion. !

For circular orbits, the angular velocity of the
spacecraft can be broken down into two components:
the angular velocity relative to the orbital frame w,
and the angular velocity of the orbital frame itself,
—w)0,, where the orbital rate is wy = \/u/R3. Here,
w is the gravitational parameter of the primary and R,
is the orbit radius. The evolution of the angular par-
ameterization now depends on ..

The rotation matrix from the orbital frame to body
frame is

Cpo =[e1 2 ¢3] (6)

Parameterizing C,, by the MRPs ¢ (as in equation
(3)), the kinematics become

1
6= 3 [(1 —6'6)1 4+ 26* + 266" |, (®)

Using these relations, and recalling the convention
for defining the axes in the orbital frame, it is clear
that the absolute angular velocity can be expressed by

O = W, — w)Cy

Substituting @, — wpc, for w in equation (1), while
noting that

éz = —wz,(02 (9)
yields
Wy = —WoW, €3 — I_leXIwE + a)ol_lelcz

-1 21
+ wol™ e 1w, — wjl™ ¢S 1ey

+[1! 11][:}

If ¢ is expressed in terms of the MRPs using equa-
tion (3), the dynamics relative to the orbital frame can
be described using equation (10) in conjunction with
the kinematics in equation (8).

(10)

Disturbance models

All spacecraft are subject to a variety of disturbance
torques. The main disturbances of interest often
include the gravity-gradient torque, solar-radiation
pressure, magnetic torque, and aerodynamic drag.
The relative effect of these disturbances varies
with the distance from the primary. Hughes'? demon-
strates the relative effects of various disturbances on
the attitude motion of a spacecraft for a range of
Earth orbit altitudes. For this study, the focus is on
the gravity-gradient and magnetic torques which are
of primary importance for a wide range of geocentric
orbits between Low Earth orbit (LEO) and
Geostationary Earth orbit (GEO).

Gravity-gradient torque. The gravity-gradient torque
occurs because the gravitational attraction of the pri-
mary affects the nearer parts of a spacecraft more
strongly than it affects the further parts, in accordance
with the inverse-square law. In effect, the net torque
depends on the orientation of the spacecraft relative
to the orbital frame. The net torque G, acting on a
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spacecraft can be modeled by'?

G, :igRglRo (11)
where p is the gravitational constant of the primary
and Ry are the components of the spacecraft position
vector in a body-fixed frame.

The gravity-gradient torque can also be
expressed using the components of C,,. When
expressed in the body frame Ry = Rypcs;, with ¢;
from equation (6). Recalling that wy=.,/u/R},
when the orbit is circular, gives

G.=d, = 30)3C§<IC3 (12)

Note that the gravity-gradient torque G, is the
sole component of the modeled disturbance torque
d,, in this paper.

Magnetic torque. The other disturbance torque that
will be considered is the magnetic torque, which arises
from the interaction of the Earth’s magnetic field with
the dipole moment of the spacecraft. The latter is
caused by electromagnetism, via, for example, the cur-
rent loops generated by on-board electronics. The mag-
nitude of the dipole created is denoted by m.

To quantify the torque generated due to the
interaction of the dipole moment of the spacecraft
with the Earth’s magnetic field, a model is
needed for the latter. To simplify the analysis, it is
assumed that the Earth’s magnetic field is represented
as a perfect dipole located at the centre of the
Earth and this dipole is aligned with true north.
These assumptions lead us to a model for the mag-
netic field known as the untilted dipole model. It is
noted in Ref. 14 that in this model, the magnetic flux
density of the Earth can be expressed in the geocentric
inertial frame as

3xz
B
B =20 3y (13)
R 2 22
0] 2z2 —x"—y

where By = —8 x 10" Wb-m is the strength of the
field and x, y, and z are the components of the space-
craft position expressed in the geocentric inertial
frame. These values can be combined to give the mag-
netic torque

G, =d,=m*CyB; (14)

where care has been taken to express all quantities in
the body-fixed frame. The rotation matrix Cp; can be
written as C,,C,; where the latter rotation matrix
along with {x,y,z} will be determined using
Keplerian orbital dynamics.

Orbital frame tracking system dynamics

Combining the results from above, the attitude
dynamics of a spacecraft in a circular orbit, subject
to the gravity-gradient torque is

We = —wyM, €y — I_lwexlwg

+ ool ' o 1es + wol 'S lo, — wjl 'S e,
d,+d
+[1! 1—‘]["’ ”]

u
= —wyw, ¢y — I_lwexla)e + a)ol_lelcz

-1 271
+ ool S lo, — wgl™ ¢S Ie)

d
+ 3ol T + [ 17! ][ u]

(15)

The combination of equations (8) and (15)
constitutes a complete dynamic model of the system.

Nonlinear controller determination

This section describes the methodology used to
develop the nonlinear controllers to be used in this
paper. The starting point is a description of the gen-
eral procedure for the generation of nonlinear con-
trollers meeting the H,, control criterion. Next, this
procedure is applied to the problem of orbital frame
tracking subject to the gravity-gradient torque. The
terminology in this section is consistent with that in
the paper by LeBel and Damaren.'!

Suboptimal H, control problem

The analysis begins with the suboptimal H,, con-
trol problem by defining the parameters of the
system. Consider a smooth nonlinear system P of
the form

X=a<x>+g<x>m
z w (16)
[y] = h(x) +k(x)[u}

where x € R® represents the state of the system,
ue R’ are the controlled inputs to the system,
w=[w/wl]" e R® are the exogenous inputs
(including the unmodeled disturbances w; =d, and
the sensor noise w»), y € R® are the measured outputs
(which will be identified with the MRPs in the sequel),
z € R’ are the regulated outputs, and

P:

g0 =[5 ] hx)= [

ki1 (x) klz(X)}
ko1 (x) 0

h;(x) ]
hy(x)

k(x) = |:
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For the current problem, k;; and k;, are defined
such that the regulated output z is

z=hx, u) = |:hll(1X)i| (17)

It is assumed that there exists an equilibrium x
such that a(x¢) = 0 and h(xy) = 0. The system is rep-
resented by the block diagram in Figure 1.

Formally, the optimization problem is this: it is
desired to select a control input u = K(y), such that
the suboptimal H..-control problem is solved. In the
standard (linear) Ho control problem formulation,
this amounts to ensuring that the H,, norm of the
transfer function (or L,-gain) from w to z is less than
some predetermined constant y > 1. Extending this
idea to nonlinear systems simply implies that the non-
linear H., norm (or L,-gain) be less than y. The H,
performance condition is summarized by the following
relation

T T
/ 2 (Dz(r) dt<y? / wli(w(r)de, Yw() € Ly,
0 0
(13)

There is no known closed-form solution to the
optimal H.-gain optimization problem, where y is
minimal. However, given a certain value for y, one
can easily determine whether an approximate solution
to the HJE exists. If the solution exists, the controller
u = K(y) is defined such that the L,-gain of the system
is less than the given y. If not, an attempt is made to
solve an appropriate HJE for a higher value of y.
Through an iterative process, the solution can be
made to approach the optimal solution to within a
desired tolerance.!' In practice, one can select any y
greater than or equal to one, as any input affine
system having L,-gain greater than one can be made
to have y = 1 by input scaling.®

State feedback. Begin by initially considering the state
feedback case. The measured output is taken to be
y = Xx, leading to a controller of the form u = K(x).
The Hamilton—Jacobi inequality is defined as

HE(x, 9V/dx) = —a(x)

19 . . "
+5&[ 5 81(x)g; (x) — gz(X)gz(X)} (a—l(/)

+5h{ (x)h;(x)<0 (19)

a(x) + gi(x)w(t) + gz2(x)u(t
(x) + kq1 (x)w(t) + kio(x)u(t)

2(x) + ka1 (x)w () y()

=
',".\

u(t) = K(y)

Figure |. Block diagram of general controller with exogen-
ous inputs.

with y > 1. It is proved by van der Schaft’ that, if
there exists a smooth solution V(x)>0 satisfying the
inequality in equation (19), with V(xg) = 0, then the
state feedback

gl(x )(W) (20)

solves the suboptimal H. control problem for
the closed-loop system in equations (16), (17)
and (20).

Output feedback. Extending this machinery to the
output feedback case involves a change of paradigm
from the common scattering representation of a
system to the chain representation, via a process
called the chain-scattering approach.® The general
form of the plant remains as in equation (16).

The solution to the output feedback problem
requires the solutions to two Hamilton—Jacobi
inequalities. The first is identical in form to equation
(19) (where we now require V(x) > 0, x # Xg), and
the second is

HE(x, 0U /%) 2 U(a(x)——gl(x)k (R~ (x)[h] 7h]] )

T
(1 KR e el ()

— [ IR ([0 yh!]" <0
(21)

with  y>1, UX) > 0 (X # X),
U(x) — V(x) > 0 (x # x¢) and where

U(xg) =0, and

=~ o [knxki, (X)—l ki1 (x)ki,(x)
R(")‘[ Kot (007, (%) kzl(x)k;1(x):| @2

k() = [';;8} (23)

One possible solution to the output feedback
problem is*!?

. T
i a® +( g (g’ ®) - gr(P)g] (x))( ‘3

Lo(X)[yha(X) — yy]

+
= —gz( )<8V>

(24)
where L(x) is chosen to satisfy
oU vV
o~ e [T =~ e3)
X )¢

The system defined by equations (16) and (24)
solves the suboptimal nonlinear H, control problem.
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From this treatment, it is clear that the selection of
the form of g,(x) and h(x) amounts to the selection of
weighting criteria for the control effort and outputs,
respectively, and thus must be carefully made.

Control of rigid body attitude

In the attitude control }Igroblem being conTsidered
in this work, x = [@] 6”]" and w = [w] w]" where
w; = d, and w; is the sensor noise to be introduced

below. Using equations (8) and (15), gives

[ —wyore; — 1o 1o, + ol ' o1
+wol 'S Iw, — 21 e 1e
ap=| el o el e
+3wpl 5 1es
i %[(1 —o0T6)1+26* 420670,
17 0
X)=
g(x) ] 0 0:|
-
X)= =B
2(x) ] 0 :|
(26)
The quantities hj(x) and k(x) are taken to be
_ _ (111 0 W,
meo=mx=[ 4" 0[] @)
0 0 0
kx)=10 0 1 (28)
01 0

where ¢; > 0 and ¢, > 0 are appropriately selected
weighting values. Thus, the equilibrium is at
xo = [0707]"

The state feedback controller in equation (20) is of
the form

u= —BT<3V> ' (29)
0x

where dV(x)/0x is a solution to the following HJE
obtained from (19)

T
28Va(x)—aVR1<aV) +xTS;x =0 (30)
0x Ix 0x

where
r_ 1 r_ vV —-loor
R, =BB" — —¢g,(x)g,(x) =———BB (31)
14 14

S, =H'H (32)

Note that in equation (30), the equality version of
equation (19) is being solved.

For the output feedback case, the measured output
y is defined as

y = ha(x) + wa (1) = Cx + wa (1)

33
[0 q31]|:a:]+wQ(t) &9

where ¢3 > 0 permits scaling of the relative size of
the exact measurement of the MRPs and the sensor
noise wy(z). Alternatively, a factor could have been
included in the (3,2) partition of k(x) in equation
(28). It has been ensured that the measured outputs
include the attitude measurements, in order to main-
tain detectability. The state estimator from equation
(24) has the form

. N 1
X =a(X) — R, [g (X)} +Lo(X)[yCx — yy] (34)

As with the state feedback case, one can make sub-
stitutions into equation (21) and simplify it to

U AU (dU\"
2—a(x)——R, () +x7S)x =0 (35)
0x 0x 0x
where
1 T 1 T
Ry = —;gl(X)gl(X) = —;BB (36)
S, =H'H — *C’C (37)

Note that the equality version of equation (21) is
being solved here.

Taylor ~ series  expansions. Unfortunately, it has
proved impossible to solve equations (30) and (35)
analytically due to the nonlinearities present in
a(x) (which will in turn lead to nonlinearities
in dV/ox and 9U/0dx). Therefore, a Taylor series
expansion of all three quantities is employed, in
order to obtain a useful result. It will be assumed
that all three of them are smooth (infinitely
differentiable).

Begin by taking a Taylor series expansion to a(x)
about x =0

a(x) = a;(x) + a2(x) + a3(x) + a4(x)
= A1x + cole {x"Ayx} + maty, {x Az x}x
+ col {x"maty {x" Agearx }x}
(38)

where the first four terms have been listed.
The symbol col; indicates a column vector with
index k, and mat,, indicates a matrix with row
index « and column index b.

Consider the following definition

E (L —L)/1
E=|E |=|0G-N)/h
E; (I —h)/I;
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where I; is the moment of inertia corresponding to
the ith principal axis of the body. Using this defin-
ition, one can express the first four terms of a(x)
in the orbital frame tracking problem in terms
of the components of the angular rate and
MRPs. Note that the term (1 + 67¢) > from equation
(3) has the following third-order Taylor expansion
about 6 =0
(1+676)°=1-26"s (39)
which yields the following Taylor expansions for a(x)
defined in equation (26), accurate to fourth-order:

—16E1w301 — (E1 — 1)60()&)83
12E2(z)é(72
4E30j03 — (E3 + Dwowe
C()(’1/4'
w62/4
we3/4

aj(x) =

Equivalently, the expansion for aU/dx is

aU/ox = VU (x) + VU, (x) + VU;3(x) + VU4(x)
=x"Q +row; {x" Qux} +x"mat, {x" Qsx}
+rowg {meatab {XTQ4,“,,,X}X} (45)
With the above expansions in hand, the observer
gain defined in equation (25) is given by
(Q; —P1) +rowi{(Qa — Pai)x}
+mat (X7 (Qaq — P3ap)x}
+rowg {mat (X" (Quras — Pakas)X}X}

-1

Lox)=—vy c’

(46)

(40)

Eiwapwe; + 4(E1 + l)a)()a)ez(fl — 16E1a)(2)0203
Ezwelwe3 — 4(E2 + 1)(,()0(1)(,3(73 + 4(E2 — l)wowelal — 40E2a)501 03

ar(X =
2(x) —03/2 + e302/2

We103/2 — we301/2
—we102/2 + w01 /2

E3w0100 — 4(E3 — Dwgweaos + 56 E30d010,

(41)

E; a)(z)o](1766% + 1440’% + 800%) — 8(E| + Dwywer0703 + 8(E) — l)wowe3(af + U%)
EQC()%UQ(—1640’% — 1320% — 40’%) — 8(E2 + 1)0)0&%30’102 — 8(E2 — 1)0)06%10’20’3

a3(x) = we1 (07 — 03 — 03)/4 + 020102/2 + w30103/2

E3(1)%(T3(—140(712 + 84(7% — 440’%) — 8(E3 — 1)(1)0(,()620'10'2 =+ 8(E3 =+ 1)(,()0(1)61(012 =+ 032,)

(42)

we(—07 + 03 — 03)/4 + ©e10102/2 + 30203 /2
weg(—a% — O'% + O’%)/4 + w,10103/2 + w0203 /2

E1w56203(1600f + 2240% — 320%)
Eza)%al 03(3360% + 4000% + 1440%)
34(X) =

0
0

The Taylor series expansion of the solutions to
the HJEs in equations (30) and (35) have similar
forms to that of a(x). The fourth-order Taylor series
expansion of 9V/9x is'!

aV/ox = VVi(x) + VV1(X) + VV3(X) + VV4(x)
= x"P; + row {x"Pyx]}
+ x"mat,, {xTPM,x}

+ rowy {x " matg { X Pyarx }x} (44)

—12(E) + Dayweoi (o7 + 03 + 03)

+12w0((E2 + Dwezoz — (Ey — Dwe101)(07 4 03 + 03)
E:020103(—36807 — 30402 — 56002)
+12(E3 — 1)0)06062(73(0'12 + U% + U%)
0

(43)

First-order controller. To obtain a linear controller that
solves the H,, problem locally, replace a(x), dV/ox,
and oU/dx by their respective Taylor series expan-
sions in equations (30) and (35) and focus attention
on those terms in the expansions that are quadratic in
the states. To calculate the VV(x) term, look at the
terms in the Taylor series approximation to equation
(30) that are quadratic in the states. From this, one
recovers the familiar ARE:

PA| + AlTPl —PRP+S, =0 (47)
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The VU, (x) term can also be calculated by looking
at the quadratic terms in equation (35)

QA +A/Q, —QRQ +S,=0 (48)

In practice, the filtering form of this equation is
solved for Ql_1 (which is obtained by pre- and post-
multiplying equation (48) by Ql_l).

Iterative approach for higher-order controllers. Higher-

order terms in equations (44) and (45) are found itera-

tively using the higher-order terms in the Taylor series

expansions of equations (30) and (35), respectively.
The second-order solutions are given by

P = A TPA) (49)
Q)" = —AYTQIA (50)
where

Pg‘j) = rowk{P(z";(")}, Q(Zi’/) = rowk{Q(z’g)}

At =A1 —RP, Ap = A1 —RQ

AL = col {45

The third-order solutions are given by

P = —[mats {PUOAGY | + PAT AT 5D

Q) = —[mats [QUAUY ] + QuAP]aLL (52)
where

Pgi-j) _ matab{ Pgi;ljh)}, (3!']) _ matab{ le&]h)}

G _ AUk Lo i
AP — AU —ERIszk ,

cs2 T

, ] .
AUD) A(zja/?) _ szQg]ab)T

02 =
A = mat 44
Finally, the fourth-order solutions are given by
matg(Pyly,) =

iJ b.k
mat {Pg’;{)A(csz ) }

csl

“+mat, {P(za’i)Ag%blz } + mat, {Ai‘llﬂb 1Py

(53)

maty {Q4),)} =
matak{Qé’;f)AEﬁ’é"} B
+mat {Q(zu’i)AEﬁgzl} +mat{AG)Q) |
(54)

where

b _ Ak Lo oiin
A = As;( _§R1P3Jk ’

Gb) _ AU o b
AcaZk - A3k - §R2Q3k

(i) _ (i) (i) _ (i)
Py = rOWu{P 3ka ]» Q' = rOW“{Q3/m]

A(;,f) = col, { A(SZZIB }

Non-uniqueness of Taylor series expansions

Unfortunately, the Taylor series expansions for
ay(x), as3(x), or as(x) are not unique. For instance,
the —%0'3(1)()2 term from the fourth row of a(x) can
be distributed to either element A(zi’z) or element A%é)
in the Taylor expansion.

This non-uniqueness in the expansion of a(x) leads
naturally to non-uniqueness in the solution to the
Hamilton—Jacobi inequalities (30) and (35). This high-
lights another reason for which the solution posed in
this paper is suboptimal. Although the H,, control
problem is still solved locally for any distribution of
terms in the Taylor series expansion of a(x), the con-
trollers do have measurably different performance
when the terms are moved.

Simulation

In this section, the various orders of the controller are
compared through numerical simulation. The per-
formance measures to be used in the analysis are pre-
sented here. An analysis is then performed of the
relative performance of the various controllers when
subjected to a tumbling initial condition, followed by
an analysis of relative performance when subjected to
magnetic disturbance torques. Throughout the simu-
lations, perfect knowledge of the inertia matrix is
assumed and the body frame axes are aligned
accordingly

10 0 0
I=| 0 63 0 |kg-m’
0 0 85

The chosen controller design parameters are
¢q1 = ¢> = 0.01 and ¢3 = 10. For the state feedback
controller, y = 2 and for the output feedback control-
ler, y = 20. Sensor noise will not be included in the
simulations.

Description of performance metrics

To evaluate the relative performance of these sev-
eral controllers, a series of performance metrics
has been developed. Primary among these are
the numerically integrated L,-norm values for

Downloaded from pig.sagepub.com at RYERSON UNIV on June 25, 2014


http://pig.sagepub.com/

Binette et al.

(a) 0.08

0.01

0.07 -

0.0B -+ N\ v fr e

.02 vt Nl

1st order
= = =2nd order
ce=o= 3rd order |k o
4th order : : :

Initial position (7 rad)

-0.2 0 0.2 0.4 0.6 0.8 1

(b) 0.045

0.035

0.03

0.025

llullyr

0.02

0.015

0.01

0.005

008X

1st order
= = =2nd order
r= = 3rd order : : :

"""" 4th order : : : 4

-0.4

-0.2 0 0.2 0.4 0.6 0.8 1
Initial position (7 rad)

Figure 2. Relative performance for various initial values of & for the state feedback controllers tracking an orbitally fixed direction.
(@) ||z||,7 response and (b) ||w||,7 response.

the various parameters. The terms to be used are

the following

[lwellar =

161127 =

[lullr =

(W]l =

1zll27 =

1/2

T
f ¢ dt]
0

T 172
f w{(z)we(z)dz]

172

T
/ uT(t)u(t)dti|
OT 1/2
/ WT(t)w(t)dt:| ,

T 1/2
/ zT(z)z(t)dt}
0

w=1[d” 07]

The ¢ parameter is used instead of the MRPs, as
switching from MRPs to shadow MRPs instantan-
eously changes the desired equilibrium. Note that ¢
is the angle of rotation in Euler’s Theorem. The value
selected for T will be the orbital period.

It is also of interest to verify that the nonlinear H,
gain of the system remains less than y, by calculating
the closed-loop gain as a performance metric

CL — gain = |[z[|o7/[|W|l27 (35)

Response to initial conditions

The controller performance as a function of the initial
conditions will now be characterized. Note that this
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Figure 3. ||z||,7 response for various initial values of @, for the state feedback controllers tracking an orbitally fixed direction.

was not considered in the framework used to define
the controllers. However, the inclusion of the previ-
ously unmodeled nonlinear dynamics in the higher-
order controllers could be expected to result in
better performance far from the equilibrium, due to
the local nature of the linearized result. The effects of
disturbance torques will be ignored in this portion of
the analysis.

State feedback. A comparison of the various control-
lers for various ranges of initial attitude will first be
considered. The initial angular rate w, is set to 0 and,
using the parameters a and ¢ from Euler’s Theorem,
the initial angle is varied such that —7 <¢<m about
axis a = [0.4855, 0.2015, 0.8507)". For |¢| > m, the
controller would switch to the shadow parameters
and the response would be identical to that of
¢ £+ 27. The results for various initial conditions are
presented in Figure 2.

As the figure shows, the control effort and perform-
ance measures climb steadily as ¢ approaches n. Note
that the third- and fourth-order controllers do have
slightly improved performance relative to the control
effort required to return the system to the origin.
However, as the total output norm value does not
change, there is a trade-off in terms of the response
speed (the higher-order controllers respond more
slowly, given A matrix values that are evenly
distributed).

Next, consider the domain of attraction of the con-
trollers with respect to the initial angular velocity rela-
tive to the orbital frame, w,. In this case, there is a
significant variation in performance when the non-
lincar dynamics of the system are included.

Unfortunately, the simulation results do not support
the assumption that increasing the order of the con-
troller necessarily improves the performance so
achieved. The results are summarized in Figure 3.
The three higher-order controllers show significantly
reduced performance from a regulated variable per-
spective, when compared to the first-order controller.
The simulation eventually breaks down for the higher-
order controllers.

Output feedback. Figure 4 demonstrates the response
of the output feedback controller to variations in
the initial attitude, using the same simulation param-
eters as in the previous section.

The output feedback response is quite different
from the state feedback response. The first-order
output feedback controller works as effectively as
the state feedback controllers. However, for the non-
linear controllers, there is much more risk that the
(Q(X) — P(X))"! term in the observer (see equation
(46)) is (nearly) degenerate, as the matrices are no
longer constant. As a result, the domain of attraction
is reduced significantly, and Figure 4 is reduced in
scale accordingly. The changes in regions of stability
for the various controllers do not seem to depend on
only the order of the controller. For instance, in this
simulation, the second-order output feedback control-
ler has the smallest region of stability.

When one looks at the output feedback response to
varying the initial angular velocity, the results are
quite different from the state feedback response.
From Figure 5, it is noted that the region of stability
for the controller is quite small compared to some of
the initial conditions that may be encountered in
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Figure 4. Relative performance for various initial values of ¢ for the output feedback controllers tracking an orbitally fixed direction.

(@) ||z||o7 response and (b) ||u||,7 response.

practice (e.g. detumbling). There are also several res-
onances apparent in the results. The nonlinear output
feedback controllers have extremely small domains of
attraction, as depicted in Figure 6.

Comments on instability of higher-order solutions. The
higher-order solutions to the output feedback prob-
lem seem to have some significant stability issues. It is
speculated that part of this is due to the inverted
matrix present in the observer gain. For the linear
output feedback case, there is no worry that the
inverse matrix approaches a singularity for any state

in the state space. However, for the higher-order con-
trollers, there is a problem: the matrix to be inverted
(see equation (46)) is dependent on the states. In this
case, it is certainly within the realm of possibility that
the matrices that make up the term to be inverted will
be singular at one or more points in the state space.
Given the discrete nature of the integration scheme,
even a close pass near any of these singularities can be
enough to destabilize the system in an unrecoverable
way. In future analyses, it may be beneficial to
attempt to find the Taylor series expansion of this
inverted term after the inversion.
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Figure 5. ||z||,r response for various initial values of & for the output feedback controllers tracking an orbitally fixed direction.
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Figure 6. ||z||,7 response for various initial values of w, for the output feedback controllers tracking an orbitally fixed direction —

detail.

It should also be noted that in order for the
quantities ¥ and U to furnish solutions to the con-
trol problem, they must satisfy V(x) > 0, U(x) > 0,
and U(x)—V(x)>0 (x#0). For the linear

controllers, these three quantities are quadratic
forms and it is relatively easy to satisfy the three posi-
tivity conditions. For the higher-order solutions, sat-
isfaction of the positivity conditions becomes difficult
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Table 1. Orbital frame tracking controller response to magnetic torque.

Order llell2r l1#llar [lullar [willar l1z[l2r CL-gain
State (y =2) | 1.83 x 10~* 1.45 x 10~ 423 x 107* 421 x 107* 5.57 x 10~* 1.32

2 1.83 x 107* 1.45 x 10~ 423 x 107 421 x 107 5.57 x 107* 1.32

3 1.83 x 10~* 1.45 x 10~ 423 x 107 421 x 10~ 5.57 x 107* 1.32

4 1.83 x 107 1.45 x 10~ 423 x 107 421 x 107 5.57 x 107* 1.32
Output (y = 20) | 2.28 x 107* 1.78 x 10~ 424 x 107* 421 x 107 6.15 x 1073 1.46

2 228 x 107* 1.78 x 10~ 424 x 107 421 x 107 6.15 x 1073 1.46

3 228 x 107* 1.78 x 10~ 424 x 107 421 x 107 6.15 x 1073 1.46

4 228 x 107* 1.78 x 10~ 424 x 107 421 x 107 6.15x 1073 1.46

except in small regions of the state space about the
origin.

Input—output response

Having considered the response to initial condi-
tions, the input—output response is now treated. In
this case, it will be possible to verify the perform-
ance of the controllers against the nonlinear H
gain parameter y that was used to create them.
The base orbital simulation parameters are as fol-
lows: the spacecraft is in a circular orbit at an altitude
of 450km with an inclination of i=87°. The
right ascension of the ascending node and the initial
argument of latitude are both taken to be zero.
The spacecraft generates a magnetic dipole of
m = [0.1 0.1 0.1]7 Am®, expressed in the body-fixed
frame. Table 1 summarizes the results of the
simulation.

The relative changes in response to magnetic dis-
turbances are negligible. No improvement is seen for
any of the higher-order controllers in either the state
feedback or output feedback case. Figure 7 demon-
strates the first-order output feedback system
response over one orbit.

Conclusion

The purpose of this paper has been to explore the
application of nonlinear Ho, control to the attitude
control problem for Earth-pointing spacecraft.
Specifically, an extension of the linear H,, control
design technique has been used which involves repla-
cing the AREs central to H., control with general
nonlinear Hamilton—Jacobi inequalities.

This paper began by presenting the development of
the kinematics and dynamics governing the motion of
an Earth-pointing spacecraft in a circular orbit. The
kinematics were described using the MRPs, and the
dynamics were described relative to the orbital frame.
Next, the form of controllers was determined that can
stabilize a given nonlinear plant, subject to a norm

constraint on the input—output map, in both the
state feedback and the output feedback cases.
The form of the state estimator in the output feed-
back case was also provided. From this, a linearized
(first-order) controller was provided. Then, higher-
order controllers (up to order four) were found
through an iterative process of solving the terms
in the two HJEs that arose from a Taylor series rep-
resentation of the system dynamics and
Hamiltonian functions. These controllers were evalu-
ated on both an input—output basis and an initial con-
dition basis.

It was found that the linearized feedback control-
lers performed as well as or better than the higher-
order nonlinear controllers in both the state feedback
and the output feedback cases, when subjected
to varying initial conditions. These linearized control-
lers proved to have regions of stability that were at
least as great as those for the nonlinear controllers.
The nonlinear controllers performed especially poorly
in the output feedback case. It is thought that this
may be due to the matrix inverse present in the esti-
mator gain expression. The matrix to be inverted is
dependent on the estimated state for controllers of
order two or higher, meaning that one cannot guar-
antee that it remains nonsingular for all possible esti-
mated states. Indeed, this proved to be a significant
problem in the initial condition simulations. When
comparing the input—output response of the control-
lers subject to magnetic torques, it was found that
controllers of every order performed nearly identi-
cally, bolstering the claim that the linearized result is
close to optimal.

This paper demonstrates that linear feedback,
which is often selected as the control mechanism of
choice due to its simplicity and the extensive back-
ground theory available, appears to be nearly optimal
for the Earth-pointing attitude control problem sub-
ject to the H,, design constraint. This somewhat sur-
prising result clearly shows the importance of testing
proposed control schemes before selecting a control
that may be unnecessarily complex.
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Figure 7. First-order output feedback orbital frame tracking controller response to magnetic torque.

Funding

This research was funded by the Dean’s Strategic Fund,
Faculty of Applied Science and Engineering, University of
Toronto.

Conflict of interest

None declared.

References

1. Karlgaard CD and Schaub H. Nonsingular attitude
filtering using modified Rodrigues parameters.
J Astronaut Sci 2009; 57: 777-791.

2. Tsiotras P. Stabilization and optimality results for the
attitude control problem. J Guid Control Dyn 1996; 19:
772-779.

3. Zames G. Feedback and optimal sensitivity: model ref-
erence transformations, multiplicative seminorms, and
approximate inverses. IEEE Trans Automat Control
1981; 26: 301-320.

4. Doyle JC, Glover K, Khargonekar PP, et al.
State-space solutions to standard H, and H., control
problems. [EEE Trans Automat Control 1989; 34:
831-847.

5. van der Schafts AJ. L,-gain analysis of nonlinear sys-
tems and nonlinear state-feedback H., control. /IEEE
Trans Automat Control 1992; 37: 770-784.

6. Pavel L and Fairman FW. Nonlinear H,, control: a
J-dissipative approach. IEEE Trans Automat Control
1997; 42: 1636-1653.

7. Al'brekht EG. On the optimal
nonlinear systems. J Appl Math Mech
1254-1266.

8. Lukes DL. Optimal regulation of nonlinear dynamical
systems. SIAM J Control 1969; 7: 75-100.

9. Garrard WL. Suboptimal feedback control for non-

linear systems. Automatica 1972; 8: 219-221.

Garrard WL and Jordan JM. Design of nonlinear auto-

matic flight control systems. Automatica 1977; 13:

497-505.

stabilization of
1961; 25:

10.

Downloaded from pig.sagepub.com at RYERSON UNIV on June 25, 2014


http://pig.sagepub.com/

Binette et al.

15

I1.

12.

LeBel S and Damaren CJ. Analytical solutions to
approximations of the Hamilton-Jacobi equation
applied to satellite attitude control. In: Proceedings
of the AIAA guidance, navigation, and control
conference, Toronto, ON, Canada, 2-5 August 2010.
Hughes PC. Spacecraft attitude dynamics. Mineola,
New York, USA: Dover Publications, 2004.

. Tanygin S. Attitude parameterizations as higher-dimen-

sional map projections. J Guid Control Dyn 2012; 35:
13-24.

14.

15.

Tsujii S, Bando M and Yamakawa H. Spacecraft for-
mation flying dynamics and control using the geomag-
netic Lorentz force. J Guid Control Dyn 2013; 36:
136-148.

Lu W-M and Doyle JC. H, control of nonlinear sys-
tems via output feedback: a class of controllers. In:
Proceedings of the 32nd IEEE conference on decision
and control, San Antonio, TX, USA, December 1993,
pp.166-171. USA: IEEE.

Downloaded from pig.sagepub.com at RYERSON UNIV on June 25, 2014


http://pig.sagepub.com/

