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Deployment of a Membrane
Attached to Two Axially Moving
Beams
The deployment dynamics of a simplified solar sail quadrant consisting of two
Euler–Bernoulli beams and a flexible membrane are studied. Upon prescribing the inplane motion and modeling the tension field based on linearly increasing stresses
assumed on the attached boundaries, the coupled equations of motion that describe the
system’s transverse deflections are obtained. Based on these equations and their boundary conditions (BCs), deployment stability is studied by deriving simplified analytic
expressions for the rate of change of system energy. It is shown that uniform extension
and retraction result in decreasing and increasing energy, respectively. The motion equations are discretized using expansions in terms of “time-varying quasi-modes” (snapshots
of the modes of a cantilevered beam and a clamped membrane), and the integrals needed
for the resulting system matrices are rendered time-invariant via a coordinate transformation. Numerical simulation results are provided to illustrate a sample deployment and
validate the analytic energy rate expressions. [DOI: 10.1115/1.4042134]

Introduction

Deployable membranes, such as solar sails and antenna reflectors, are finding an increasing number of applications in space
structures, mainly because of their light weight and ability to be
packaged efficiently. Studies conducted on deployment dynamics
in the context of spacecraft can be traced back to 1960s, such as
those reported in Refs. [1] and [2] on several large spin-stabilized
space structures. The former considered radially telescoping and
hinged deployment of inflexible booms, simplifying the study using
point masses and disregarding any strain energies. The latter provided simulation results for a large paraboloid-shaped antenna
(treated as a single massy spring) deployed using centrifugal forces.
Deployment of flexible booms from spinning spacecraft was treated
in Refs. [3] and [4]. Both works adopted a Lagrangian mechanics
approach. The former simplified the analysis by neglecting the
boom mass and studying the deployment of heavy concentrated tip
masses, while the latter considered a long flexible boom and
derived approximate solutions to the partial differential equations
(PDEs) of motion using a time-varying quasi-modal approach (representing snapshots of the natural modes corresponding to the current length at each time). Lagrangian mechanics was also used in
Refs. [5] and [6] to study the effects of extending rigid and flexible
booms, respectively, on librational dynamics.
There is a rich body of literature on the general topic of axially
translating media, such as strings and beams, with both fixed and
variable lengths. Surveys of some of the early and more recent
works (before 1970s and late 1980s) in such areas were presented
in Refs. [7] and [8]. Studies of axially translating beams as a flexible deployment problem were performed in Refs. [9] and [10].
The choice of the coordinate system in Ref. [10] (which uses a
similar motion equation to Ref. [9]) is not clear, but the reason [9]
appears to be missing some gyroscopic terms in their equations of
motion (according to Refs. [11] and [12]) is an error in the depiction of their coordinate system [13]. The stability results in Ref.
[9] are, therefore, valid only in a moving coordinate system
attached to the beam tip [13]. Discussions of the Eulerian (spacefixed) and Lagrangian (material-fixed) coordinate systems, and
the equivalence of their ensuing results, were provided in Refs.
[12] and [14].
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Further studies on translating beam vibrations were performed
in Refs. [15] and [16], primarily using Newtonian mechanics and
variational principles, respectively; and in Ref. [17], treating timevarying extension rates and employing the extended Hamilton’s
principle. In all of these references, eigenfunctions of cantilevered
beams were used as the time-varying basis functions for expressing transverse deflections. Justification of the time-varying quasimodal approach and examination of its convergence to the generalized solution of the equations of motion were provided in Refs.
[9] and [18]. In addition, a finite element method (FEM) formulation of and a stability study on an axially moving beam, using elements with time-varying length, were performed in Refs. [11] and
[19], and the numerical results were compared against the experimental ones reported in Ref. [20]. Also using FEM, Refs. [21] and
[22] focused on the dynamics of axially translating membranes,
while Shin et al. [23] used the Galerkin method with admissible
basis functions to discretize the equations of motion (an approach
resembling that used in this manuscript). However, in the membrane studies in Refs. [21–23], one-dimensional (1D) motion
along the fixed distance between two supports was considered,
whereas this work focuses on time-varying length and deployment
in two directions, as well as the beam–membrane coupling.
Returning to spacecraft applications and focusing on coupled
systems, continuum mechanics-based approaches to deployment
of large flexible solar arrays (with booms and blankets, such as
those in the Communication Technology Satellite) were provided
in Refs. [24–27], using quasi-modes with basis functions for both
bending and twisting. Continuum mechanics and Rayleigh-Ritz
approaches were also used in Refs. [28] and [29] for flexible
dynamics and vibration characteristics of a boom-solar-panel system resembling that in the previous references. Although they
assumed constant boom length and did not treat deployment, this
work takes inspiration from their formulation of out-of-plane
deflections in a manner that automatically guarantees compatibility
of the two components’ displacements at their points of attachment.
A similar formulation (also using beam and string eigenfunctions)
was used in Ref. [30] for coupled dynamics of a deploying boomsolar-panel. No stability study was provided, however, and in contrast to this work’s inertial formulation, a moving coordinate system
was used. Other spacecraft-related works include dynamics and stability of thin-walled shell structures, such as those in Refs. [31–33].
Focusing specifically on solar sails, the deployment dynamics
of a simplified spinning model of IKAROS were studied in several
resources, such as in Ref. [34], using the multiparticle model that
assumes each finite element of the membrane is isotropic and
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replaced by particles (masses) connected by springs and dampers;
and in Refs. [35] and [36], using the absolute nodal coordinate
formulation (originally proposed in Ref. [37]) to reach a constant
mass matrix by defining the location and deformation of all points
in a global coordinate system. It is worth noting that, prior to
IKAROS, the only successful case of deployment and control of
spin-stabilized space structures was that of the Russian Znamya-2
in 1993 [38].
This document builds upon the past literature on axially translating media, and presents new results that are hoped to further the
understanding of the deployment behavior of coupled beam–
membrane systems (with solar sails used as a practical application). The aforementioned quasi-modal approach is adopted,
mainly because of its computational efficiency compared to FEM
[30]. In addition to modeling and simulation of the system’s transient dynamics, vibration stability from an energy point of view is
also considered in this work. Previous studies on the energetics of
axially translating continua include those in Refs. [39–41], assuming constant length; and those in Refs. [17], [42], and [43], allowing for time-varying length. To the best of our knowledge, this
work is a pioneering attempt in performing similar studies on
coupled systems involving both second-order membrane-like and
fourth-order beam-like components. For an alternative approach
to deployment stability of translating continua based on boundedness of displacements, the reader is referred to Refs. [44–47]. In
addition, although the present formulation is limited to a linearized
study as an early attempt to tackle the coupled deployment dynamics problem, the authors recognize the importance of nonlinearities
in thin and slender structures, and refer the interested reader to
Refs. [22] and [48–50] for examples of nonlinear vibration studies
on traveling strings, beams, and membranes; to Ref. [51–55] for
nonlinear stability analyses of such continua (most of which feature
time-varying translation speeds); and to Refs. [56] and [57] for surveys of nonlinear membrane vibration studies in general.
The organization of this manuscript is as follows: descriptions
of the model and the simplifying assumptions made are provided
in Sec. 2. Upon obtaining mathematical models of the velocity
and stress fields within the system in Sec. 3, the governing equations of motion and their associated boundary conditions (BCs)
are derived in Sec. 4. They are then used in Sec. 5 and discretized
in Sec. 6 for the purposes of analytical stability analysis (in Sec.
5) and numerical simulations (in Sec. 7), respectively. Lastly,
some concluding remarks are made in Sec. 8.

2

Model Description and Assumptions

For simplicity of exposition, most of the study presented in this
paper is focused on only one sail quadrant that consists of a right
triangular membrane attached continuously (at all points along its

Fig. 1
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edges) to two booms. Recognizing that the complete (four-quadrant) sail dynamics will be different, allowing for both symmetric
and antisymmetric modes, an extension of this document’s formulation to a complete sail was provided in Ref. [47], along with
additional simulation results.
The sail quadrant is modeled as a thin membrane with no bending stiffness and uniform density and thickness. The support
booms are modeled as cantilevered Euler–Bernoulli beams with
uniform density, cross-sectional area, and bending stiffness. They
are assumed to have the same physical and geometric properties,
and equal extension or retraction profiles with a constant velocity.
In addition, as merely a starting point in this research direction,
only small out-of-plane deformations, wðx; y; tÞ, are considered for
all three components (as was also done in Refs. [11], [21], [23],
and [46], among others), and the wrinkle/crease dynamics of the
membrane are ignored. Based on the simulation results presented
in Ref. [58] that accounts for both in-plane and out-of-plane
deflections, the former (with length-normalized values in the order
of 5  10–6 and 1  10–4 in the reported results) can be as much as
two to four orders of magnitude smaller than the latter (in the
order of 1  10–2 in the same simulations).
A sliding-type deployment is assumed, as shown in Fig. 1(a),
during which the free edge of the membrane remains straight and
at 45 deg to the booms. This assumption is reasonable only if the
deployment rate is kept constant (which is the case in this problem), because otherwise a space-dependent inertial force distribution would develop within the membrane that could induce a
curvature on the free edge. Moreover, the internal (inside the hub)
portions of both booms and membrane are assumed to follow a
fixed path to which no variation is applicable.
It is assumed that the membrane is under pretension provided
by the support booms. A possible mechanism that could enable
such a pretension may involve cables that run through the booms
and are attached to the membrane quadrants from the excess parts
that exit the boom tips. Pulling on the cables using an internally
controlled mechanism would compress the boom and create a tension profile in the membrane. Such a mechanism would resemble
that in Ref. [59], in which contraction of small cables that attach
the membrane corners to the boom tips was used to control the
membrane pretension. Of course, to avoid having to account for
the cables in the model, their physical properties (such as mass)
should be negligible compared to those of the membrane and the
booms. For example, assuming cables of mass density 1440 kg/m3
and semicircular cross-sectional radius 0.5 mm (both from Ref.
[59]), a 10 m  10 m sail would have cables of mass 0.01 kg (per
quadrant) only, compared to 0.23 kg booms and 0.70 kg membrane (using mass densities of q ¼ 2.32  10–2 kg/m and
l ¼ 1.39  10–2 kg/m2, respectively, consistent with the values
assumed later in Sec. 7.2).

Spatial distribution of (a) velocity field and (b) stress field
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3

Velocity and Stress Fields

Based on the model and assumptions mentioned in Sec. 2,
mathematical expressions are derived in Secs. 3.1 and 3.2 to
describe the spatial distribution of the in-plane velocity and stress
components pertinent to each mass element.

3.1 Velocity Field. A vector field that describes the in-plane
deployment velocity of a differential mass element within the
membrane or the booms, depending on the spatial position of the
element, is required. Since no in-plane deflections are considered,
this field is imposed by the booms’ deployment rate. To this end,
first the tilted (r, s) coordinate system in Fig. 1 is used, and the
resulting vector field is then rotated back to the original (x, y)
coordinate system. Consistent with the constant-rate sliding and
straight free edge assumptions mentioned in pSec.
ﬃﬃﬃ 2, the axial
_ 2, and the trans(along the r-axis) component is taken to be L=
verse s-component is set to increase as one moves away
pﬃﬃﬃ from the
_ 2 and vs ¼
diagonal. Using similar
pﬃﬃﬃ triangles, we have vr ¼ L=
_ 2 as the r- and s-components of the mass eleðs=rÞvr ¼ ðs=rÞL=
ments’ in-plane velocity. Using a 45 deg clockwise rotation about
the z-axis normal to the membrane’s neutral plane yields
vx ¼



xy
L_
;
1þ
xþy
2

vy ¼



xy
L_
1
xþy
2

(1)

where vx ðx; yÞ and vy ðx; yÞ are the x- and y-components of the
mass elements’ deployment velocity. A possible issue with this
distribution is the singularity at the origin, x ¼ y ¼ 0, which could
be avoided by removing that single mass element from the model,
hence rendering the system matrices finite as they should be.
When needed, the mass element at (0,0) is considered to move
along the diagonal with no transverse motion. The velocity field
of Eq. (1) is depicted in Fig. 1(a).

3.2 Stress Field. A description of the stress field in the membrane and the booms is required for strain energy. To this end, the
use of an Airy stress function, U, is proposed: a biharmonic function that, for plane stress and strain, satisfies [60]
@4U
@4U
@4U
þ
þ
¼0
@x4 @x2 @y2 @y4
@2U
@2U
rxx ¼ 2 ; ryy ¼ 2 ;
@y
@x

sxy ¼ syx ¼ 

@2U
@x@y

(2)

where rxx and ryy are normal stresses, while sxy ¼ syx are shear
stresses. To obtain a suitable airy stress function, linearly increasing normal stresses on the two edges near the support booms
(applied and maintained by the booms) and no stresses on the free
edge are assumed, as shown in Fig. 1(b). The following stress
function satisfies such boundary conditions:

 

r 3
r
r 3
r
LðtÞ
x þ x2 y þ
y þ y2 x ; rðtÞ¢
r
(3)
U¼
6L
2L
6L
2L
L0
where r
 is the initial (at time t ¼ 0) maximum tension value, experienced near the boom tips at (L0, 0) and (0, L0). The tip stress is
assumed to temporally increase during extension and decrease
during retraction. This is a reasonable assumption based on
d’Alembert’s principle, which generalizes the principle of virtual
work to dynamics by introducing the notion of “force of inertia”
[61]: the uniform outflow of mass during extension results in a
constant increase in linear momentum, hence requiring increasing
surface tractions (treated as external forces) to compensate for it.
As a result of this assumption, the following force field (that
remains spatially constant) is obtained using the relationships in
Eq. (2):
Journal of Applied Mechanics

h
Nxx ¼ Nyy ¼ Nxy ¼ rxx h ¼ r



L x y
þ
L0 L L

(4)

 yÞ ¼ ð
where Nxx ðx; yÞ ¼ Nyy ðx; yÞ¢Nðx;
r h=L0 Þðx þ yÞ are normal forces per unit length, Nxy ðx; yÞ ¼ Nyx ðx; yÞ ¼ N are shear
forces per unit length, and h is the membrane’s constant thickness.
In addition, disregarding any inertial tension or compression
forces caused by nonzero acceleration and given that the axial
loads within the booms should balance out the boundary forces
applied by the membrane, we have the following axial loads


A
r
x;
Pa ¼  sxy ð x; 0Þ A ¼ 
L0


A
r
y
Pb ¼  syx ð0; yÞ A ¼ 
L0

(5)

where Pa ðx; tÞ and Pb ðy; tÞ are the axial loads on booms (a) and
(b), respectively, and A is their constant cross-sectional area. It
should be noted that the negative of the shear values are considered since positive shear is, by convention, defined in the opposite
direction of the coordinate axes. If, for example, the membrane is
in tension on one side, the corresponding boom will be in compression, similar to the solar panel tension and boom compression
considered in Refs. [24], [25], and [30]. As a side note, accounting
for time-varying deployment rate as part of future work would
entail additional internal forces due to acceleration, such as
qðL  xÞL€ for boom (a).

4

Equations of Motion

This section summarizes the application of classical Lagrangian
mechanics approaches to the problem of interest. Given the mass
flow nature of the problem and the time-varying properties of the
system, some remarks regarding the applicability of Hamilton’s
principle are in order and are thus provided in Sec 4.1. The system’s Lagrangian and equations of motion are subsequently presented in Secs. 4.2 and 4.3 (with some derivation details saved for
Appendix A).
4.1 Applicability of Hamilton’s Principle. Hamilton’s principle, in its classical form, was formulated for a system with a constant
number of particles. When an Eulerian viewpoint (with its reference frame fixed to the spacecraft’s hub) is adopted, the system of
interest in this problem violates conservation of mass as additional
portions of the booms and the membrane are extruded or retracted.
To remedy the situation and justify the applicability of Hamilton’s
principle to this problem, two approaches previously used in the literature are readily applied to the two-dimensional (2D) coupled
system of this paper: use of a sliding material-fixed reference frame
as proposed in Ref. [16]; and use of a modified form of Hamilton’s
principle tailored to variable mass systems, developed in Ref. [62]
(and subsequently used in Refs. [12] and [21] for beam deployment
and axially moving membrane, respectively).
4.1.1 Lagrangian Viewpoint. Consider a material-fixed reference frame attached to the “root” of the membrane-boom system,
hence sliding with them during deployment or retraction. Let the
control system of interest include all parts of the booms and
the membrane, including the portion still inside the hub, such that
the number of particles is rendered constant, and the same particles
are considered at all times. We can thus apply Hamilton’s principle

(6)

^ are the system’s Lagrangian and its areal density,
where L and L
and Sc;in and Sc;ex are the projected areas (on the neutral plane) of
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the portions of the closed control volume within and external to
the hub, respectively. Assuming the parts inside the hub have a
known configuration and follow an imposed path, their variation
is set to zero, hence leaving only the Lagrangian of the materials’
external portions to be considered.
4.1.2 Eulerian Viewpoint. Consider an open control volume
around the combination of the booms and the membrane, a timevarying “window” in space that happens to enclose the booms’
and the membrane’s portions external to the hub. Let all surfaces
of this control volume be closed, Bc(t), except a small portion near
the corner through which the components are deployed or
retracted, Bo(t) (later on, this entry point is idealized as only (x,
y) ¼ (0, 0)). Material transfer is permitted across this open surface,
suggesting a need to recall a generalization, using Reynold’s transport theorem and a moving open control volume, of Hamilton’s
principle to systems of time-varying mass [62]
ð t2
d

Lo ðx; y; tÞ dt þ

ð t2 ð ð

t1

t1

^ !m  d!rÞðV
mð
 !mÞ  !n^ dS ¼ 0
!

(7)

Bo ðtÞ

^ is the mass density (q for the booms and l for the memwhere m
^! is the outward unit normal to the open control surface,
brane), n
are the material and control volume velocity vectors,
and !m and V
!
respectively, at a point located in position !r. The first integral in
Eq. (7) relates to the variation of the Lagrangian within the control
volume of interest (in this case, only the mass external to the hub),
while the second term accounts for the momentum transfer associated with the mass flux through the open surface. As mentioned in
Sec. 2, this manuscript accounts for transverse motion only (in contrast to the example of a flexible pipe with conveying fluid that was
mentioned in Ref. [62]), hence not permitting any variations in the
deployment direction. This implies d!r ¼ dw!z. In addition, owing to
the geometric BCs arising from the beams’ cantilevered nature, the
transverse displacements in the region of mass entry is prescribed
as zero, resulting in ½dw ¼ 0Bo and vanishing of the second term in
Eq. (7). What remains is, therefore, the Lagrangian of the materials’
external portion (within the open control volume).
4.2 System Lagrangian. The membrane’s kinetic and strain
energy, TM and UM , based on Ref. [63] and ignoring terms
higher than order one, are

 #
ð LðtÞ ð LðtÞx " 

1
@w
@w
@w 2
2
2
l vx þ v y þ l
þ vx
þ vy
TM ¼
dydx
2
@t
@x
@y
0þ
0þ
(8a)
#
 2
 2
ð LðtÞ ð LðtÞx
1
@w
@w
@w @w
Nxx
dydx
UM ¼
þ Nyy
þ 2Nxy
2
@x
@y
@x @y
0þ
0þ
"

(8b)
where w(x, y, t) is the membrane’s out-of-plane deflection, and l
is its uniform mass density. Analogously, the kinetic energy of
boom (a) (along the x-axis), TB;a , affected by both its translational and out-of-plane motions; and its strain potential energy,
UB;a , due to both its stiffness and axial loading from the membrane, are given by

(9a)
"

UB;a


2
 2 #
ð LðtÞ
1
@2w
@w
EI
¼
þ Pa
dx
2
þ 2
@x
@x
0
y¼0
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(9b)

where wðx; 0; tÞ¢ua ðx; tÞ is the boom’s out-of-plane deflection,
and q is its uniform mass density. The intentional use of the same
deflection variable as that of the membrane enforces the continuity of the two components’ deflections along the edges (consistent
with the assumption of continuous boom-membrane attachment).
It is also recognized that vx ðx; 0; tÞ ¼ L_ and vy ðx; 0; tÞ ¼ 0 for
purely horizontal deployment of boom (a). Combining the expressions in Eqs. (8) and (9), as well as those for boom (b) (similar to
Eq. (9), but with x and y swapped), yields the total Lagrangian,
L¢ðTM  UM Þ þðTB;a  UB;a Þ þ ðTB;b  UB;b Þ.

4.3 Governing Equations and Boundary Conditions. The
system’s governing equations and BCs can be derived by applying
the extended Hamilton’s principle (the use of which was justified
in Sec. 4.1) and requiring the variation of the time integral (from
t0 to tf) of the total Lagrangian in Sec. 4.2 to vanish. More details
on the derivation are provided in Appendix A. Assuming constant
deployment rate, the governing equations of the membrane, boom
(a), and boom (b) are provided, in that order, by
l

q

D2 w
Dw
@
¼ ðNxx w;x þ Nxy w;y Þ
þr
 !v
!
Dt2
Dt
@x
@
þ ðNxy w;x þ Nyy w;y Þ
@y

D2 w
@
¼ ðNyy w;y þ Nxy w;x Þ þ ðPa w;x Þ  EIw;xxxx
Dt2
@x

"

D2 w
@
q 2 ¼ ðNxx w;x þ Nxy w;y Þ þ ðPb w;y Þ  EIw;yyyy
Dt
@y

(10a)

(10b)
y¼0

#
(10c)
x¼0

where r
 !v ¼ vx;x þ vy;y is the divergence of the velocity field
!
provided by Eq. (1), and italicized subscripts after commas are
introduced to represent spatial and temporal derivatives. The total
derivatives (including convective terms) in Eq. (10) are given by
Dw=Dt¢w;t þ vx w;x þ vy w;y and D2 w=Dt2 ¼ DðDw=DtÞ=Dt.
It is noted that, in the case of the booms, the left-hand side of
Eqs. (10b) and (10c) collapse down to the expressions provided in
the past literature, such as in Ref. [16]: for
example, for boom (a),
_ ;xt þ L_ 2 w;xx  , the right-hand
we have ½D2 w=Dt2 ¼ w;tt þ 2Lw
y¼0
side terms of which relate to local, Coriolis, and centripetal accelerations, respectively [41,42]. As for the membrane, the righthand side expression consists of w;tt for local acceleration, as well
as 2ðvx w;xt þ vy w;yt Þ and v2x w;xx þ v2y w;yy þ 2vx vy w;xy for twodimensional versions of Coriolis and centripetal accelerations. If
vy is set to zero (one-dimensional deployment), the result in Eq.
(10a) collapses down to the equation of motion in Ref. [21] for a
membrane axially translating on two support rollers.
The natural BCs, that also arise from the variational approach
of Appendix A, are provided below for the oblique free edge of
the membrane and at the tips of booms (a) and (b), in that order:
½Nxx w;x þ Nyy w;y þ Nxy ðw;x þ w;y Þy¼Lx ¼ 0

(11a)

½w;xx ðL;0Þ ¼ 0;

½EIw;xxx ðL;0Þ ¼ ½Pa w;x ðL;0Þ

(11b)

½w;yy ð0;LÞ ¼ 0;

½EIw;yyy ð0;LÞ ¼ ½Pb w;y ð0;LÞ

(11c)

The conditions in Eqs. (11b) and (11c) require zero bending
moment and shear (caused by the transverse components of both
axial tension and flexural forces), while that in Eq. (11a) implies
zero net transverse tensile force. Lastly, the geometric BCs
imposed at the origin owing to the cantilevered nature assumed
for the beams are ½wð0;0Þ ¼ ½w;x ð0;0Þ ¼ ½w;y ð0;0Þ ¼ 0. Note the
coupling between the booms’ and the membrane’s dynamics: the
governing equations of the booms, affected by the membrane’s
Transactions of the ASME

"
 2
ð L ð Lx
h
i
_
1
Dw
_E v ¼  L l
dy dx þ EI w2;xx þ w2;yy
þ
þ
x þ y Dt
2
ð0;0Þ
0
0
ð
ð
A L h 2 i
A L
r
r
w2
w
dx þ
dy
(14)
þ
L0 0þ ;x y¼0
L0 0þ ;y x¼0

dynamics (owing to the presence of w;y in Eq. (10b), for example)
act as the along-the-boom BCs of the membrane. In addition, the
N terms affect all governing equations and the tip BCs of the
booms (via P).

5

Vibration Stability Analysis

The sign of the rate of change of vibration energy (disregarding
the translational deployment motions) can be used as an indication
of vibration stability from an energy viewpoint, as has been done
in Refs. [9], [17], and [42]. For instance, strictly positive energy
rate implies an incessant growth in vibration frequency. The
vibration energy rate is denoted by E_ v ¢E_ M;v þ E_ B;a;v þ E_ B;b;v ,
with EM;v ¼ TM;v þ UM;v and so on. The integrands of TM;v and
TB;a;v contain only the second terms in the integrands of Eqs.
(8a) and (9a), while UM;v and UB;a;v are the same as those in Eqs.
(8b) and (9b). The one- and two-dimensional versions of Leibniz’s
integral rule (stated and used in Appendix A) can be employed to
write the energy rate constituents as
E_ M;v


ð L ð Lx
Dw
@
@
w;tt þ ðvx w;x Þ þ ðvy w;y Þ dydx
¼
l
Dt
@t
@t
0þ 0þ
ð L ð Lx
þ
Nxx w;x w;xt þ Nyy w;y w;yt þ Nxy ðw;xt w;y þ w;x w;yt Þ dydx
0þ 0þ
_ ðL

L
þ
2

0þ

 2
Dw
l
þ Nxx w2;x þ Nyy w2;y þ 2Nxy w;x w;y
Dt

dx

E_ B;a;v ¼

ðL
0þ

þ
þ

ðL
0þ

dx
y¼0

½EIw;xx w;xxt þ Pa w;x w;xt y¼0 dx

 2
Dw
L_
þ EIw2;xx þ Pa w2;x
q
Dt
2

(12b)

Descretized Equations of Motion

This section describes the discretization approach used on the
equations of motions in Sec. 4 to make them suitable for numerical integration. Section 6.1 explains how deflections are expanded
in terms of time-varying modes, Secs. 6.2 and 6.3 present the system matrices and their modification based on a coordinate transformation, and Sec. 6.4 concludes the discussion by providing the
discretized equations of motion.

ð0;LÞ

 2
ð ð
lL_ L Lx 1 Dw
dydx
E_ M;v ¼
2 0þ 0þ xþy Dt
#
#
"
ðL
ðL "
Dw
Dw



dy
N
N
ðw;x w;y Þ
ðw;y w;x Þ
Dt
Dt
0þ
0þ
x¼0

1
X

pak ðtÞwak ðx; tÞ ¼ p>
a ðtÞWa ðx; tÞ

(15a)

pbk ðtÞwbk ðy; tÞ ¼ p>
b ðtÞWb ðy; tÞ

(15b)

k¼1

dx
y¼0

(13a)
#
ð "
i
_h
L_ L
2
_E B;a;v ¼  EIL w2
þ
dx
Pa;x w;x
;xx
2
2 0þ
ð0;0Þ
y¼0
#
ðL "
Dw
þ
dx
N
ðw;y  w;x Þ
Dt
0þ

6.1 Quasi-Modal Expansion. The quasi-modal approach
with time-varying mode shapes used in Refs. [3], [17], and [27],
among others, is adopted, where the well-known eigenfunctions
of beams, but using time-varying length, were employed. The following quasi-modal expansions are introduced for the out-ofplane deflections of boom (a), boom (b), and the membrane, in
that order
ua ðx; tÞ ¼

where E_ M;v and E_ B;a;v are the rates of change of vibration energy
of the membrane and boom (a), respectively. A similar expression
to Eq. (12b), but with x and y swapped, is applicable to E_ B;b;v of
boom (b).
As described in more detail in Appendix B, using the governing
equations in Eq. (10), the natural and geometric BCs stated in Eq.
(11) and its subsequent paragraph, and the fields in Eqs. (1) and
(4) can ultimately simplify Eq. (12) to

(13b)

y¼0

Upon adding the results, it is observed that the last term in Eq.
(13b) and that of the analogous expression for boom (b) cancel
out the second and third terms in Eq. (13a). Lastly, after substitutr A=L0 based on Eq. (5), we have
ing Pa;x ¼ Pb;y ¼ 
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y¼Lx

(12a)


Dw
@
q
w;tt þ ðvx w;x Þ
Dt
@t

Since all the terms inside the brackets are non-negative, the conclusion is that for constant-rate deployment of a coupled boommembrane system with the velocity and stress fields assumed in
this paper, E_ v  0 for L_ > 0 (extension), implying “vibration
stability” associated with ever-decreasing vibration energy;
whereas E_ v  0 for L_ < 0 (retraction), suggesting “vibration
instability.” This result collapses down to one consistent with Ref.
[17] for a beam-only deployment problem. It is noted, however,
that boundedness of vibration energy does not necessarily imply
that of displacements [45]. The deployment stability of a complete
sail from a displacement viewpoint and using the system’s eigenvalues is examined in Ref. [47].

ub ðy; tÞ ¼

1
X
k¼1

wðx; y; tÞ ¼ ua ðx; tÞ þ ub ðy; tÞ þ

1
X

qk ðtÞ/k ðx; y; tÞ

k¼1

¼ ua þ ub þ q> ðtÞUðx; y; tÞ

(15c)

It is noted that the membrane deflections are taken to consist of
the superimposition of that of a membrane clamped at the edges
on those of the support booms. The basis functions used in the
expansions are taken to be the eigenfunctions of a cantilevered
beam and a (rectangular) clamped membrane








x
x
x
x
 cosh bk
 jk sin bk
 sinh bk
wk ¼ cos bk
L
L
L
L
(16a)


 
x
y
(16b)
/k ¼ sin ip sin jp
L
L
pﬃﬃﬃﬃﬃﬃ
where fi; jg 2 f1; 2; …; nM g are ordered pairs of coefficients
corresponding to the kth mode out of a total of nM membrane
modes. The variables bk are solutions of cosðbk Þcoshðbk Þ þ1 ¼ 0,
a list of which can be found in Ref. [64]. The constant coefficients
in Eq. (16a) are given by jk ¢ðcosðbk Þ þ coshðbk ÞÞ=ðsinðbk Þ
þsinhðbk ÞÞ. The time dependence of the mode shapes arises from
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the fact that L(t) varies as the boom extends and the membrane is
deployed. As an aside, the reader should note that, even though
the basis functions in Eq. (16b) correspond to the eigenfunctions
of a rectangular membrane, they are still complete and compatible
with the boundary conditions, and hence sufficient for the purposes of the Ritz-type discretization used in this section [65].
6.2 System Matrices. Finite numbers of modes, nB and nM
for the booms and the membrane, respectively, are considered.
Upon substituting the truncated forms of the expansion in Eq.
(15a) into Eq. (9), the Lagrangian of boom (a) takes the form
1
1
1 >
2
MB p_ a þ p_ >
LB;a ¼ qLL_ þ p_ >
a GB pa þ pa ðKB;T  KB;U Þpa
2
2 a
2
(17)
where the matrices are defined as
ðL
MB ¢


ðL
GB ¢

qWa W>
a dx

0þ

q vx 

0þ


L_
x Wa W>
a;x dx
L


2
L_
q vx  x Wa;x W>
a;x dx
L
0þ

(18a)

(18b)

ðL
KB;T ¢
ðL
KB;U ¢

0þ

>
ðPa Wa;x W>
a;x þ EIWa;xx Wa;xx Þ dx

(18c)

(18d)

where vx ¼ L_ in this case, Wa ðx; tÞ is the column matrix of beam
eigenfunctions defined in Eq. (16a), and Wa;x ðx; tÞ and Wa;xx ðx; tÞ
are its first- and second-order spatial derivatives, respectively. The
same expressions, but with x replaced by y, hold for boom (b), but
the resulting matrices will be the same for identical booms if equal
deployment rates are assumed. Lastly, it should be noted that all
of these matrices can be evaluated analytically. For example, Eq.
(18a) and the second part of Eq. (18d) yield MB ¼ diagfqLg and
KB;U;2 ¼ diagfEIðb4k =L3 Þg for k 2 f1; …; nB g [64].
Similarly, shifting the focus to the membrane, upon substituting
the truncated form of Eq. (15c) into Eq. (8), the Lagrangian of the
membrane is obtained in discretized form
ð ð

l L Lx  2
1 >~ _
>
~ M q~
~ þ q~_ G
vx þ v2y dy dx þ q~_ M
LM ¼
Mq
2 0þ 0þ
2

1 ~
~
~
þ q~> K
(19)
M;T  K M;U q
2
where the tilde sign over the matrices indicates “augmented” variables of size n  1 or n  n, with n ¼ nM þ 2nB being the total
> > >
number of system modes. For example, q~¢½ p>
a pb q  consists
of all of the system’s generalized coordinates. The augmented
matrices are defined as
~ M¢
M

ð L ð Lx
0

~ M¢
G

þ

ð L ð Lx

~ M;T ¢
K

0þ

~ M;U ¢
K

0þ

0þ

þ

(20a)

>

~B
~ dy dx
lA

(20b)

0þ

ð L ð Lx
0

ð L ð Lx

0

>

~A
~ dy dx
lA

þ

0

for which the following matrices, consisting of both boom and
membrane eigenfunctions and their derivatives, are used:
2
3
2
3
2
3
0
Wa;x
Wa
7 ~ 6
7
7 ~ 6
~ 6
A¢
4 0 5 ; D¢
4 Wb;y 5 ;
4 Wb 5 ; C¢
U;y
U;x
U




_
L_
~ þ vy  L y D
~
~
B¢
vx  x C
L
L
where Wa ðx; tÞ; Wb ðy; tÞ, and Uðx; y; tÞ are the column matrices of
the beam and membrane basis functions defined in Eqs.
(15a)–(15c), respectively; and Wa;x ; Wb;y ; U;x , and U;y are their
first-order spatial derivatives.
6.3 Transformed System Matrices. The matrices obtained
in Sec. 6.2 to express the system Lagrangian can be converted to a
form involving time-independent matrices by transforming the
problem from that of spatially fixed points within time-varying
boundaries, namely x and y that satisfy 0 < x < L(t) and
0 < y < L(t), to that of moving points within fixed boundaries,
namely x^¢x=LðtÞ and y^¢y=LðtÞ that satisfy 0 < x^ðtÞ < 1 and
0 < y^ðtÞ < 1. The use of this transformation in the context of axially translating media and spinning deployment can be traced
back to Refs. [10] and [26], respectively, and is also seen in Refs.
[20], [30], and [50]. Very significant computational cost-saving
results from this approach. For example, a MATLAB simulation run
that would originally last about 24 h using two 3.40 GHz CPUs
was reduced to only about 6 min thanks to this transformation.
To adopt such a transformation, the space- and time-derivatives
of all variables should be modified as follows:
@
1@
@2
1 @2
@2
1 @2
ðÞ ¼
ðÞ;
ðÞ ¼ 2 2 ðÞ;
ðÞ ¼ 2
ðÞ;
2
@x
L @^
x
L @^
L @^
@x
@x@y
x @^
y
x
@
@
x^L_ @
y^L_ @
ðÞjðx;yÞ ¼ ðÞjðx^;^y Þ 
ðÞjðx^;^y Þ 
ðÞj
@t
@t
L @^
x
L @^
y ðx^;^y Þ
(21)
with expressions analogous to the first two for @=@yðÞ and
@ 2 =@y2 ðÞ. The right-hand side of the last expression in Eq. (21)
accounts for both local time variations and the convective terms
owing to the motion of the x^ and y^ coordinates. The velocity and
stress distributions in Secs. (3.1) and (3.2) are rewritten in terms
 hL=L0 ð^
x þ y^Þ; so are the derivaof x^ and y^, for example, Nxx ¼ r
tives of the eigenfunction matrices, for example, Wa;x ðxÞ ¼
x Þ=L (based on Eq. (21)). With these transformations and
Wa;^x ð^
upon extracting L and L_ out of the integrals in Eqs. (18) and (20),
their integrands become x^- and/or Ðy^ dependent but time1
x . As a result,
independent, for example, M B ¼ qL 0þ Wa W>
a d^
numerical integration (in the absence of analytic expressions) is
only required to be performed once, and not at each time-step.
6.4 Euler–Lagrange Equations. Having determined the
Lagrangian of boom (a) in Eq. (17) and that of the membrane in
Eq. (19), the total system Lagrangian for the membrane quadrant
of interest is obtained by their addition (together with that of
boom (b)). Upon using the classical Euler–Lagrange formulation,
the following discretized equations of motion are arrived at:
~M  G
~ > Þ þ ðG
~B  G
~ > Þq~_
~_ M þ M
~_ B Þ þ ðG
~ B  q€~ þ ½ðM
~MþM
½M
M
B

>

~B
~ dy dx
lB

(20c)

þ

~_ M þ G
~_ B Þ þ ðK
~ M;U  K
~ M;T Þ þ ðK
~ B;U  K
~ B;T Þ~
þ ½ðG
q¼0
(22)

~D
~ > ÞÞ dy dx
~C
~ > þ Nyy D
~> þ D
~C
~D
~ > þ Nxy ðC
ðNxx C
(20d)
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€~ q~_ ,
where the combined matrices acting as the coefficients of q;
and q~ could be viewed as the system’s equivalent mass, gyricity,
and stiffness matrices, respectively. Note that the boom matrices
are also placed in the augmented form of the same size as the
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Table 1 Comparison of the results of Ref. [47] (using an extension of the present approach) and Ref. [67] (using FEM) to estimate the first 4 distinct modal frequencies of a fully deployed
four-quadrant sail
Frequency
FEM [67] (rad/s)
From Ref. [47] (rad/s)

x1

x2

x4

x5

0.0518
0.0533

0.2085
0.2095

0.3052
0.3100

0.3678
0.3709

membrane ones by combining the two booms’ matrices (together
with a 0 partition corresponding to the membrane’s generalized
coordinates, q) in block-diagonal form. For example,
~ B ¢blockdiagfMB ; MB ; 0nM nM g, where MB is given by Eq.
M
(18a) (transformed as described in Sec. 6.3), and so on for the
other matrices. The general form of the matrices in Eq. (22)
resembles that in Ref. [11] for their finite element formulation of
beam-only deployment.
Lastly, highlighting another advantage of the transformed for~_ can be readily
~_ and G
mulation is in order: the rate matrices M
obtained by applying the chain rule to the external coefficients
_ of the transformed matrices in Sec. 6.3. In
(functions of L and L)
contrast, the use of Leibniz’s integral rule (and evaluation of extra
integrals) would have been necessary if the time-dependent integrands in Sec. 6.2 were to be used. As part of future work, when
time-varying deployment rate is permitted, Eq. (22) should still
hold, but the matrices in Eqs. (18d) and (20d) should be modified
to account for acceleration-induced strain energies, and care must
~_ .
_
~_ and G
be taken not to omit dðLÞ=dt
when evaluating M

7

Numerical Simulations

This section presents some simulation results obtained for
numerical examples. Section 7.1 attempts to validate the foundations of the formulation and its implementation in two ways: first,
by discussing a comparison against the results in the literature for
the modal analysis of a constant-length sail; and then, via dynamic
simulations that minimize the membrane’s effects and reproduce
some of the past literature results on deploying beams. Section 7.2
uses a sample set of parameters that more closely resemble those
appropriate for solar sails to simulate the system’s deployment
dynamics via numerical integration of the equations of motion in
Sec. 6. Lastly, the vibration stability results of Sec. 5 are verified by
comparing the results of the analytic derivation and numerical finite
difference differentiation of the rate of change of energy. For all simulations, the number of modes used are nB ¼ 4 for the booms and
nM ¼ 16 for the membrane, and the Newmark-Beta algorithm of Ref.
[66] with b ¼ 1/2 and a step-size of Dt ¼ 0.0001 s is employed.
7.1 Model Validation. Before proceeding to deployment
simulations with varying boom lengths, it is appropriate to assess

Fig. 3 Boom
L_ 5 0:1 m/s

tip

deflections

during

deployment

with

the suitability of the presented formulation (such as the discretization in Eq. (15)) by considering the simpler problem of a constantlength sail. This was done in Ref. [47], which placed more emphasis on the dynamics of a complete sail and compared its constantlength results (using an extension of the formulation of this manuscript) against those obtained in Ref. [67] using FEM. Table 1 is
reproduced from Ref. [47], and it compares the first four distinct
eigenfrequencies obtained by both
using nB ¼ 4 and
pﬃﬃapproaches,
ﬃ
 ¼ 100 kPa, and other
nM ¼ 16 modes, LðtÞ ¼ L0 ¼ 50 2 m; r
physical parameters based on Ref. [68] (that will be revisited in
Sec. 7.2). For a comparison of the mode shapes, the reader is
referred to Refs. [47] and [67].
Next, based on the example considered in Refs. [16] and [69],
the booms’ parameters are then set to q ¼ 1 kg/m and
EI ¼ 1.58  108 Nm2, and to minimize the effects of the membrane’s motion on the booms’ while still incorporating it in the
simulation, its parameters are set to l ¼ 1  10–3 kg/m2 (negligibly
 ¼ 0 (because of
small compared to the booms’ density) and r
which the membrane’s thickness and the booms’ cross-sectional
area are irrelevant). The initial conditions of boom (a) are set to
pﬃﬃﬃﬃﬃ
pa ð0:5Þ ¼ ½1 0 0 0> = L0 and p_ a ð0:5Þ ¼ 041 , while those of
pﬃﬃﬃﬃﬃ
boom (b) are set to pb ð0:5Þ ¼ 041 and p_ b ð0:5Þ ¼ ½1 0 0 0> = L0 ,
consistent with the two simulation cases of Refs. [16] and [69].
The membrane’s deflection (along with its rate) relative to the
_
booms’ is set to zero via qð0:5Þ ¼ qð0:5Þ
¼ 0161 .
Shown in Fig. 2 are the tip deflection histories obtained via
backward and forward integration from t0 ¼ 0.5 s (both with profile L ¼ 108 t). As evident from the figures, despite the presence
(however insignificant) of the membrane and the differences in
the number of modes and numerical integration schemes used,

Fig. 2 Comparison of present deployment results (with negligible membrane effects) against
beam-only deployment simulations of Refs. [16] and [69]: (a) backward and (b) forward simulation from t0 5 0.5 s

Journal of Applied Mechanics

MARCH 2019, Vol. 86 / 031003-7

Fig. 4 Membrane deflections during deployment L_ 5 0:1 m/s at times (a) 0 s, (b) 1 s, (c) 2 s, (d) 3 s, (e) 4 s,
and (f) 5 s

Fig. 5 Rate of change of vibration energy, E_ v , during (a) L_ 5 0:1 m/s and (b) retraction with
L_ 5 20:1 m/s

excellent agreement is obtained (other than with the second simulation case in Ref. [16] in the 0.5–3 s run, but as pointed out by
Jankovic [69], their result appears to have been rescaled by a factor of 10 for that case).
7.2 Simulation of Dynamics. Based on the parameters used
in Ref. [68] (halved when needed to account for the quadrant
nature of the problem) which more closely resemble those to be
expected for an actual sail, the booms’ parameters are set to
q ¼ 2.32  10–2 kg/m, EI ¼ 2.31  104 Nm2 (an order of magnitude
higher than [68] to allow for shorter simulations), A ¼ 1.61  10–5
m2, and L0 ¼ 10 m; and the membrane’s parameters are set to
 ¼ 2  103 Pa, and h ¼ 1  10– 5 m. The
l ¼ 1.39  10–2 kg/m2, r
pﬃﬃﬃﬃﬃ
initial conditions of boom (a) are set to pa ð0Þ ¼ ½1 0 0 0> = L0 and
p_ a ð0Þ ¼ 041 , while those of boom (b) and the membrane are set to
_
¼ 0161 . In other words,
pb ð0Þ ¼ p_ b ð0Þ ¼ 041 and qð0Þ ¼ qð0Þ
only boom (a) is initially moved away from its neutral position and
of interest are its vibrations during deployment and its motion’s
influence on the other two structural elements.
Shown in Fig. 3 are the tip deflection histories obtained from
t0 ¼ 0 to tf ¼ 5 s with L_ ¼ 0:1 m=s, and presented in Fig. 4 are
snapshots of the membrane’s simulated motion in one-second
intervals. As expected, because of the coupling provided by a
now-significant membrane (that now has non-negligible mass and
tension), boom (b) starts to vibrate during deployment as well,
despite its initially neutral shape. Also noteworthy is the reduction
in the amplitude of vibration of boom (a) during uniform
031003-8 / Vol. 86, MARCH 2019

extension: a different result from that in past literature on uniform
deployment of a single beam (such as in Refs. [16] and [17]).
7.3 Dynamic Vibration Stability. Lastly, using the same sail
quadrant parameters and initial conditions as those in Sec. 7.2,
this section aims to numerically validate the analytic expression
obtained in Sec. 5. To this end, the system’s rates of change of
vibration energy during extension (L_ ¼ 0:1 m=s) and retraction
(L_ ¼ 0:1 m=s), plotted over time in Figs. 5(a) and 5(b), are
obtained using the simulation results of Sec. 7.2 in two ways:
via finite difference differentiation (dashed blue), E_ v ðtÞ 
½Ev ðt þ DtÞ Ev ðtÞ=Dt; and using the analytic expression
obtained in Eq. (14) (solid black). The agreement is excellent considering that the analytic procedure presented in this paper
(detailed in Appendix B) uses the governing PDEs that are meant
to exactly describe the motion subject to infinitely many modes,
whereas the numerical simulation results in Sec. 7.2 are obtained
using the discretized system in Eq. (22) with a finite number of
modes. As expected, the energy rate remains negative for L_ > 0
during extrusion, and positive for L_ < 0 during retraction.

8

Conclusions

The uniform (constant-rate) deployment dynamics and stability
of a coupled system consisting of two flexible Euler–Bernoulli
booms and a thin membrane are studied, with the ultimate goal of
facilitating the design and deployment of solar sails. Upon making
Transactions of the ASME

some simplifying assumptions and obtaining mathematical models that describe feasible stress and velocity distributions within
the system, the equations of motion are obtained in both continuum and discretized forms. To this end, the applicability of Hamilton’s principle is justified, and the variational approach of
minimizing the time integral of the system’s Lagrangian is used to
obtain the coupled system of PDEs that describe the motion, along
with their associated boundary conditions. Then, using timevarying basis functions based on the cantilevered beam and
clamped membrane eigenfunctions, the deflections of the booms
and the membrane are expanded in (hyperbolic) trigonometric
series, while ensuring compatibility of the components’ displacements along their connected edges by superimposing the clamped
membrane deflections on those of the booms. The system matrices
are obtained using the Euler–Lagrange equations, and subsequently transformed into forms with time-invariant integrals using
a normalized coordinate system with fixed boundaries.
The stability of the coupled system of interest during its
two-dimensional deployment is also studied from an energetics
perspective. To this end, starting from the system’s transverse
vibration energy, analytic expressions are obtained for its rate of
change. Upon evoking the stress and velocity fields considered for
this problem, the total energy rate expression collapses down to
an elegant form that is linear in deployment rate, allowing one to
conclude vibration stability and instability (in the sense of boundedness of energy) during uniform extrusion and retraction, respectively. Lastly, numerical simulation results are provided to
illustrate and validate the formulation of the model and the vibration stability analysis. Future work includes completion of current
efforts on accounting for in-plane deflections, which would automatically refurbish the stress field hence eliminating the need for
an Airy stress function; as well as allowing for time-varying
deployment rate, which would require accounting for
acceleration-induced strain energies and possibly a curved membrane free edge.
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Greek Symbols
l ¼ membrane mass density
m ¼ mass element total velocity
!
q ¼ boom mass density
r ¼ normal stress
 ¼ maximum initial boundary stress
r
s ¼ shear stress
/ ¼ membrane basis function
U ¼ airy stress function
w ¼ boom basis function
Superscripts and Subscripts
ð^_Þ ¼ transformed (normalized) variable, or density
ð~_Þ ¼ augmented (system-level) variable
ðÞc ¼ closed
ðÞB;a ; ðÞB;b ¼ related to boom (a) or (b)
ðÞM ¼ related to membrane
ðÞo ¼ open
ðÞ;t ¼ temporal derivative with respect to t
ðÞt ¼ related to in-plane translation
ðÞT ¼ related to kinetic energy
ðÞU ¼ related to potential energy
ðÞv ¼ related to out-of-plane vibration
ðÞ;x ; ðÞ;y ¼ spatial derivative with respect to x or y
ðÞx ; ðÞy ¼ x- or y-component of a vector
ðÞxx ; ðÞyy ¼ normal component along x or y
ðÞyx ; ðÞxy ¼ shear component along x or y
½ðÞðx;yÞ ¼ evaluated at point (x, y)
ðÞ0 ¼ initial value
ðÞin ¼ inside hub
ðÞex ¼ exterior to hub
Operators
ð^_Þ ¼
DðÞ=Dt ¼
D2 ðÞ=Dt2 ¼
$
 ðÞ ¼
!
dðÞ ¼

temporal derivative with respect to t
first-order total (material) derivative
second-order total (material) derivative
divergence of a vector field
variation

Appendix A: Derivation of Governing Equations
Nomenclature
A¼
B¼
E¼
EI ¼
h¼
L¼
L¼
^ ¼
L
m
^¼
n¼
N¼
^¼
n
!
p¼
P¼
q¼
q~ ¼
r¼
!
S¼
t¼
T¼
u¼
U¼
v¼
!
V
¼
!
w¼

boom cross-sectional area
surface area of control volume
vibration energy
boom bending stiffness
membrane thickness
boom length
Lagrangian
Lagrangian areal density
mass density (generic)
number of discretized modes
force per unit length
outward unit normal to control volume’s boundary
boom generalized coordinates
axial boom load
membrane generalized coordinates
augmented boom-membrane generalized
coordinates
mass element position
integration region on neutral plane
time
kinetic energy
boom out-of-plane deflection
potential energy
mass element in-plane velocity
control volume velocity
membrane (or boom) out-of-plane deflection
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Leibniz’s integral rule and its two-dimensional analogue imply
d
dt

ðL

d
dt

þ

f ð x; y; tÞ dx ¼

0

0

ð L ð Lx
0þ

ðL

0þ

þ

@
f ð x; y; tÞ dx þ L_ f ð x; y; tÞ
@t

f ð x; y; tÞ dy dx ¼

ð L ð Lx
0þ

þ L_

0þ
ðL
0þ

y¼L

(A1a)

@
f ð x; y; tÞ dy dx
@t
f ð x; y; tÞy¼Lx dx

(A1b)

where f ðx; y; tÞ is a generic scalar function. Noticing the Lagrangian
^ that form the integrands of Eqs. (8) and (9), depend
densities, L’s
only on the deflections’ spatial and temporal derivatives, and following a procedure similar to Ref. [16] and using integration by
parts, we have the following for the membrane-related constituents
of the Lagrangian density variation:
ð t2 ð L ð Lx
t1

0þ 0þ

@ L^M
dw;x dydxdt ¼
@w;x

ð t2 ð L "

#x¼Ly
@ L^M
dw
dy dt
t1 0þ @w;x
x¼0
ð t2 ð L ð Lx
^M
@ @L
dwdy dxdt

t1 0þ 0þ @x @w;x
(A2a)
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ð t2 ð L ð Lx
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ð t2 ð L ð Lx
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0þ

0

þ

þ

0

@ L^M
dw;y dy dx dt ¼
@w;y

@ L^M
dw;t dy dx dt ¼
@w;t

ð t2 ð L "
0þ

t1

@ L^M
dw
@w;t

ð t2 ð L "
t1

þ

0

@ L^M
dw
@w;y

#
dx dt 

dx dt 

ð t2 ð L ð Lx
t1

y¼0

ð t2 ð L ð Lx
t1

y¼Lx

#y¼Lx

0þ

0þ

0

þ

þ

0

^M
@ @L
dw dy dx dt
@y @w;y

(A2b)

"ð ð
#t2
L
Lx
^M
@ @L
@ L^M
dw dy dx dt þ
dw dy dx
(A2c)
@t @w;t
@w;t
0þ 0þ
t1

where Eq. (A1b) is used to arrive at Eq. (A2c). Analogous expressions corresponding to the booms’ Lagrangians are available in the
Appendix of Ref. [16]. Adding Eqs.(A2a) through (A2c) and the corresponding beam terms, and evoking Eq. (6) yields:
#
ð t2 ð L ð Lx "
^ M @ @L
^ M @ @L
^M
@ @L
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(A3)

t¼t1

Requiring that dw ¼ 0 at t ¼ t1 and t ¼ t2 eliminates the last term, namely line 9. Setting ½dw ¼ dw;x ¼ dw;y 0ð0;0Þ owing to the cantilevered nature of the booms eliminates lines 7 and 8. Requiring Eq. (A3) to hold for all admissible dw, dw;x and dw;y , and hence setting
their coefficients to zero yields: the booms’ tip BCs from lines 5 and 6, the booms’ governing equations from lines 3 and 4 (which could
also be viewed as the membrane’s attached edge BCs), the membrane’s free edge BC from line 2, and the membrane’s governing equa^ based on the integrands of Eqs. (8) and (9) into the equations that result from vanishing of the coeffition from line 1. Substituting L’s
cients in Eq. (A3) eventually yields the governing equations in Eq. (10) and the natural BCs in Eq. (11) of Sec. 4.3.

Appendix B: Derivation of Vibration Energy Rate
The membrane’s governing equation in Eqs. (10a) is rearranged as follows:




@
@
@ Dw
@ Dw
Dw
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@x Dt
@y Dt
Dt
@
@
þ ðNxx w;x þ Nxy w;y Þ þ ðNyy w;y þ Nxy w;x Þ
@x
@y

(B1)

which is substituted back into Eq. (12a). Upon recognizing that Dw=Dt  @ðDw=DtÞ=@x ¼ 1=2  @ðDw=DtÞ2 =@x (and similarly for y)
and using the fundamental theorem of calculus and integration by parts, the first integral in Eq. (12a) can be rewritten in a form that cancels out the second integral in the same equation. Upon further manipulations involving the free edge BC of Eq. (11a) and using
½vx x¼0 ¼ ½vy y¼0 ¼ 0 and Nxx ¼ Nyy ¼ Nxy ¼ N from Eqs. (1) and (4), we arrive at
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(B2)
_ vx;x þ vy;y ¼ L=ðx
_

 h=L0 ¼ N=ðx
þ yÞ, and N ;x ¼ N ;y ¼ r
þ yÞ are used. What remains of Eq. (B2) after these simwhere vx þ vy ¼ L;
plifications is given in Eq. (13a). Similarly, boom (a)’s governing equation in Eq. (10b) is rearranged as follows:




_ ;xt ¼ q Lw
_ ;xt þ L_ 2 w;xx  EIw;xxxx þ @ ðPa w;x Þ þ ðNyy w;y þ Nxy w;x Þ
q w;tt þ Lw
@x

(B3)
y¼0

which is substituted back into Eq. (12b). Upon expanding and performing integration by parts on the result, recognizing that w;x w;xx ¼
1=2  @ðw;x Þ2 =@x and Pa w;xx w;xxx ¼ Pa =2  @ðw;xx Þ2 =@x, using integration by parts again and the fundamental theorem of calculus, and
finally, using Nyy ¼ Nxy ¼ N and evoking the tip and root BCs in Eq. (11) and its subsequent paragraph, we arrive at the following
simplified form of Eq. (12b):

(B4)

where, once again, the tip and root BCs in Eq. (11) and its subsequent paragraph are used. What remains of Eq. (B4) after these simplifications is given in Eq. (13b). Boom (b) will have similar expressions, but with x and y swapped.
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[69] Janković, M. S., 1976, “Lateral Vibrations of an Extending Rod,” University of
Toronto Institute for Aerospace Studies, Toronto, ON, Technical Report No.
202.

Transactions of the ASME

