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The accurate numerical prediction of soot formation in practical combustion devices
remains an open challenge. A recently proposed and computationally efficient quadrature-
based moment closure based on fractional-order moments of soot particle volume, which
is also capable of both capturing the polydispersity and key structural features of soot
aggregates, is used here to explore the influence of the choice of polycyclic aromatic hydro-
carbons (PAH)-based soot precursors on the formation, evolution, and oxidation of soot
in ethylene-air laminar diffusion flames at atmospheric pressures. In particular, a seven-
moment Conditional Quadrature Method of Moments (CQMOM) with a fixed quadrature
point at the soot particle inception size, resulting in a so-called CQMOM-Radau closure, is
used to explore the influence of the choice of soot precusors on soot formation prediction in
laminar diffusion flames at atmospheric pressures. The CQMOM-Radau closure of interest
involves the solution of a relatively small system of seven moment equations describing
the soot transport but yet allows for a bivariate treatment and detailed modelling of the
gas-phase chemistry along with treatments for soot particle nucleation, condensation, sur-
face growth, oxidation, coagulation, sintering, obliteration, and fragmentation. The soot
formation predictions of the seven-moment closure obtained using several PAH-based soot
precursor models are investigated and compared to predictions obtained using a standard
acetylene-based two-equation model, as well as available experimental data, for several
atmospheric pressure laminar co-flow diffusion flames with ethylene as the fuel. The rel-
ative performances of the various PAH-based precursors for predicting the observed soot
concentrations, particles sizes, and structure are discussed.

I. Introduction

I.A. Motivation

The inception and formation of soot particles in chemically reactive flows is known to depend on the presence
of various chemical species referred to as precusors. These precursors may depend on the components of the
fuel as well as flow conditions and various gaseous species have been suggested as possible choices for the
precursors in the numerical modelling of soot formation in non-premixed laminar diffusion flames. In many
early studies of soot formation, acetylene was taken to be the sole precusor for soot inception.1–3 These
early studies generally adopted simplified, semi-empirical, two-equation models for soot formation and the
use of acetelyne-based inception models permitted significant simplifications in the associated models for
the gas-phase chemical kinetics and soot chemistry. Unfortunately, acetelyne-based inception models cannot
accurately represent the polydisperse and aggregrate nature of the soot particles and are well known to
significantly underpredict soot volume fraction along the centerline of laminar co-flow diffusion flames.4
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More recent studies have established an interplay between soot formation and the presence of polycyclic
aromatic hydrocarbons (PAH) and PAH-based inception models have been shown to provide significant
improvements in the prediction of soot concentrations. However, while four-ring pyrene (A4) molecules have
been widely used as a precursor in soot models,5–7 there is however yet no strong consensus of which PAH
species should be used as precursors for the accurate prediction of soot formation in laminar flames. For
example, a five-ring PAH model, considering of BAPYR (benzo(a)pyrene), BAPYR*S (benzo(a) pyrenyl),
and BGHIF (benzo(ghi)fluoranthene), was proposed and used by Eaves et al.8 PAH precursors ranging up
to 5-ring species were also recently examined by Jerez et al.,4 and Wang et al.9 considered a multi-PAH
inception models with PAH species ranging from pyrene up to the seven-ring coronene (A7).

The uncertainties and complexities related to the modelling of soot precusors and chemistry is made
further difficult by the polydisperse nature of the soot aggregates. In particulary, the evolution of soot particle
size distribution is governed by a high-dimensional integro-differential population balance equation (PBE).
In the PAH-based precursor studies described above, sectional methods10–12 are very often used to solve the
PBE. Unfortunately, a rather high number of sections is generally required to ensure reasonable accuracy for
engineering accuracy and such techniques may not be feasible for practical simulations. Alternatively, the
method of moments13–18 requires the solution of only a small number of transport equations for moments of
the soot particle distribution function and represents a good comprise between accuracy and computational
cost. It is therefore potentially better suited to practical flame simulations for engineering applications.

Notably, Quadrature Method of Moments (QMOM) represent the distribution function as a sum of Dirac
delta functions or a sum of products of Dirac detla functions and can be used for both univariate15,19–21

or bivariate22 descriptions. The source terms of the moment transport equations can then be closed rather
efficiently by direct quadrature. For the univariate case, the weights and abscissa of the Dirac functions of the
basic QMOM approach are computed from the know moments by a set of non-linear equations that can be
solved by the product-difference algorithm (PDA)23 or the Wheeler24 algorithm. However, the basic QMOM
approach is difficult to extend to multivariate problems because of the complexity of the inversion problem
requiring advanced computational methods such as conjugate-gradient minimization algorithm.22 A variant
of the QMOM approach which consists of directly solving for the weights and the abscissa of the Dirac
functions is referred to as Direct Quadrature Method of Moments (DQMOM)25,26 and has the advantage
that it can be readily extended to multivariate problems.26–29 While DQMOM30–36 has been used for soot
modelling, the approach is not fully conservative without a specific treatment of the convective fluxes in
multi-dimensional problems.37 In addition, the approach requires the inversion of an ill-conditionned matrix
and becomes unstable when the quadrature abscissa are not distinct. However, the inversion problem for
multivariate QMOM description can also be simplified by the Conditional Quadrature Method of Moments
(CQMOM),29,37–40 which represents the multivariate density distribution as a product of conditional density
functions.

Recently, Xing et al.41 have proposed both univariate Quadrature Method of Moments (QMOM) and
bivariate Conditional Quadrature Method of Moments in terms of fractional-order soot particle size moments
with fixed quadrature points at the soot particle inception size, so-called QMOM-Radau and CQMOM-Radau
moment closures, and have shown that such closures can significantly improve the accuracy of the predic-
tion of number density and volume fraction. These recently proposed quadrature-based moment closures
involve the solution of just a small system of moment equations (5 and 7 equations for the QMOM-Radau
and CQMOM-Radau closures, respectively) while also readily allowing for the incorporation of detailed
and consistent models of the soot physical and chemical kinetics, including PAH-based nucleation, PAH
condensation, surface growth, oxidation, aggregation, obliteration, sintering, and fragmentation.

I.B. Scope of Present Study

The objective of this study is to examine the effects of the choice of PAH precursors on the prediction of
soot formation in laminar ethylene diffusion flames by using the seven-moment fractional-order CQMOM-
Radau closure of Xing et al.41 For these purposes, both the Santoro burner42 and the Smooke-Long (or
Yale) burner10 are considered in this study. However, the choice of PAH species that can be considered
in the numerical simulations of soot formation depends highly on the choice of the chemical mechanism.
Accordingly, the mechanism of Slavinskaya et al.,43 which considers molecular growth up to 5-ring aromatics,
is used in this study. This mechanism has been used in several previous numerical studies of the Santoro
burner.7,44,45 In the present study, a range of PAH species from the two-ring napthalene to five-ring PAHs
will be considered. Additionally, the PAH-based inception results obtained with the CQMOM-Radau model
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are compared to results obtained using the semi-empirical two-equation model of Liu et al.3

II. Soot Modelling

II.A. Soot Aerosol Modelling

II.A.1. Semi-Empirical Two-Equation Models

Standard semi-empirical two-equation models1–3,46–51 solve transport equations for the soot number density
per unit mass, Ns, and the soot mass fraction, Ys,

∂

∂t
(ρNs) +

∂

∂xj

[
ρNs(uj + VT,j)

]
= SNs , (1)

∂

∂t
(ρYs) +

∂

∂xj

[
ρYs(uj + VT,j)

]
= SYs

, (2)

where ρ is the mixture density, uj is the flow velocity, and VT,j is the thermophoretic velocity. The number
density source term, SNs , and the mass fraction source term, SYs , are respectively evaluated using

SNs =
2

Cmin
NAR̄nuc − 2Ccoag

(
6kBT

ρs

)1/2

d1/2p (ρNs)
2 (3)

and
SYs

= 2Ms(R̄nuc + R̄sg) −MsR̄ox, (4)

where Ms is the molar mass of the soot, taken to be the molar mass of carbon, NA is the Avogadro number,
kB is the Boltzmann constant, T is the gas temperature, ρs is the soot particle density, Cmin is the number
of carbon atoms of the incipient soot particles, Ccoag is an empirical coefficient for the coagulation rate, and
dp is the diameter of the soot particles. The molar nucleation rate, R̄nuc [kmol/m3/s], the molar surface
growth rate, R̄sg [kmol/m3/s], and the molar oxidation rate, R̄ox [kmol/m3/s], are given by

R̄nuc = knuc[C2H2], (5)

R̄sg = ksgA
ns
s [C2H2], (6)

R̄ox = (2kox,O2
[O2] + kox,OH[OH] + kox,O[O])As, (7)

respectively, while the primary particle diameter, dp, and total surface area, As, are given respectively by

dp =

(
6Ms

πρs

)1/3

[C(s)]1/3(ρNs)
−1/3, (8)

and

As = π

(
6Ms

πρs

)2/3

[C(s)]2/3(ρNs)
1/3, (9)

where [C(s)], [C2H2], [O2], [OH], and [O] are respectively the soot, C2H2, O2, OH, and O molar concentrations
while knuc, ksg, kox,O2 , kox,OH, and kox,O are respectively reaction rate coefficients for nucleation, surface
growth, oxidation by O2, oxidation by OH, and oxidation by O. Finally, ns is an empirical surface exponent
for surface growth.

II.A.2. Seven-Moment Fractional-Order CQMOM-Radau Moment Closures

In the Hybrid Method of Moments (HMOM), Mueller et al.14 introduced a quadrature point or abscissa,
V0, that was held fixed to represent the volume associated with newly created soot particles at inception.
More recently, for the QMOM, Salenbauch et al.17 similarly suggested fixing one abscissa, V0, at specific
size related to inception and thereby only requiring the solution for the corresponding weight N0. Applying
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the same approach with CQMOM, a so-called CQMOM-Radau moment closure is obtained. In the bivariate
quadrature-based moment closure descriptions for soot transport as proposed by Xing et al.,41 the soot
aerosols are represented as polydisperse fractal-like aggregates consisting of linked chain-like structures of
primary particles. As such, the proposed bivariate description uses the aggregate volume, V , and the number
of primary particles, np, making up the soot aggregates (the latter are assumed to consist of multiple primary
particles). The form of the approximate distribution function in the quadrature-based moment closure with
a fixed quadrature at the inception size is then given by

n(V, np) = N0δ(V − V0)δ(np − 1) +

NV −1∑
i=1

Nnp∑
j=1

Ni,jδ(V − Vi)δ(np − npi,j ) , (10)

where Ni,j represents the quadrature density number, Vi are the aggregate volume quadrature points, and
npi,j are the conditional primary particle number quadrature points. Additionally, NV is the number of
volume Dirac functions used in the quadrature-based description and Nnp is the number of Dirac functions
for primary particle number. The bivariate moments, Mk,l are then given by

Mk,l = N0V
k
0 +

NV −1∑
i=1

Nnp∑
j=1

Ni,jV
k
i n

l
pi,j

. (11)

Transport equations are then solved for a total of 2NV − 1 + (NV − 1)(2Nnp − 1) bivariate moments

∂

∂t
(Mk,l) +

∂

∂xj

[
Mk,l(uj + VT,j)

]
= Ṁk,l, (12)

with Ṁk,l = Ṁk,l,nuc + Ṁk,l,sg + Ṁk,l,ox + Ṁk,l,coag + Ṁk,l.cond + Ṁk,l,sint + Ṁk,l,frag, where Ṁk,l,nuc, Ṁk,l,sg,

Ṁk,l,ox, Ṁk,l,coag, Ṁk,l,cond, Ṁk,l,sint, and Ṁk,l,frag are source terms associated with nucleation, surface
growth, oxidation, coagulation, condensation, sintering, and fragmentation, respectively. Those source terms
are computed via direct numerical quadratures from the quadrature weights, Ni,j , and the quadrature
abscissa, Vi and npi,j

, obtained from the inversion of the transported moment sets, Mk,l.
While originally developed for integer-order moments, the CQMOM-Radau closure can be extended to

fractional-order moments by introducing a variable change and expressing the moments as

Mk,l = Mx/kV ,y/lnp
= N0V

x/kV

0 n
y/lnp
p0 +

NV −1∑
i=1

Nnp∑
j=1

Ni,jV
x/kV

i n
y/lnp
pi,j

= N0Ṽ
x
0 ñ

y
p0

+

NV −1∑
i=1

Nnp∑
j=1

Ni,j Ṽ
x
i ñ

y
pi,j

,

(13)

where x and y are integer-order moments while kV and lnp
are the fraction denominators. The fractional-order

formulation of Eqs. (13) reduces to integer order for kV = 1 and lnp
= 1. Xing et al.41 have demonstrated

via comparisons with results from a sectional method that 1/3-fractional-order volume moments (kV = 3)
can significantly improves the prediction of soot volume fraction and density number. Thus, a seven-moment
CQMOM-Radau closure is considered here where the moment set includes the following moments: M0/3,0,
M1/3,0, M2/3,0, M1,0, M4/3,0, M0,1, and M1/3,1. Those moments can then be related to several physical
quantities such as density number, N , soot volume fraction, fV , primary particle density number, Np, mean
aggregate volume, V̄ , mean primary particle per aggregate, np, and mean volume-equivalent diameter, d̄v,

N = M0,0 , fV = M1,0 = NV̄ , Np = M0,1 = Nn̄p , V̄ =
M1,0

M0,0
, n̄p =

M0,1

M0,0
, d̄V =

(
6

π

)1/3M1/3,0

M0,0
,

(14)
while other moments can be related to the standard deviation, σdV

, skewness, sdV
, and kurtosis, κdV

, of the
volume-equivalent diameter(

6

π

)2/3

M2/3,0 = Nd̄2V +Nσ2
dV
,

(
6

π

)
M1,0 = Nd̄3V + 3NV̄ σ2

dV
+NsdV

, (15)

(
6

π

)4/3

M4/3,0 = Nd̄4V + 6NV̄ 2σ2
dV

+ 4Nd̄V sdV
+NκdV

. (16)
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Table 1. PAH precursors used with the mechanism of Slavinskaya et al.43

4-ring5–7,17,52–56 Pyrene (A4)

4-ring (Zhang et al., 2019)57 Naphthalene (A2), Acenaphthylene (A2R5),

Phenanthrylacetylen (A3C2H), Pyrene (A4)

Benzo[ghi]fluoranthene (BGHIF)

5-ring (Eaves et al., 2015)44 Benzo[ghi]fluoranthene (BGHIF)

Benzo[a]pyrene, Benzo[a]pyrenyl

5-ring (Eaves et al., 2017)45 Naphthalene (A2), Acenaphthylene (A2R5),

Biphenyl (P2), Phenanthrene (A3),

Pyrene (A4), Ethynyl pyrene (A4C2H),

Benzo[ghi]fluoranthene (BGHIF), Benzo[a]pyrene

II.B. Soot Chemistry Modelling

The semi-empirical two-equation model of Liu et al.3 considers acetylene-based nucleation with Cmin = 700
and surface growth with an empirical surface exponent ns = 0.5. An oxidation efficiency of 0.2 is used
for oxidation by OH and O while oxidation by O2 is modelled by the Nagle/Strickland-Constable (NSC)
multi-step reaction rate. In order to predict the evolution of primary particles, the coagulation term has
been neglected (Ccoag = 0). Consequently, the model of Liu et al.3 is only able to track the evolution
of the primary particle density number and primary particle size. Hence, the aggregate density number is
not determined with such an approach. Additional details about this specific version of the semi-empirical
two-equation model can be found in the original work of Liu et al.3

For the seven-moment CQMOM-Radau closure, the PAH species or species combinations that are con-
sidered herein are summarized in Table 1. Among the possible models, the 4-ring pyrene has been the
most common choice in previous numerical studies on soot formation in laminar diffusion flames.5–7,17,52–56

Alternatively, the PAH-based model of Zhang et al.57 considers several PAHs smaller than pyrene while the
model of Eaves et al. (2015)44 is based on 5-ring PAHs. Finally, the model of Eaves et al. (2017)45 considers
both PAHs smaller than pyrene and 5-ring PAHs. The rate of inception is computed from the free-molecular
collision kernel along with the nucleation efficiency model of Raj et al.9,58 and an empirical factor C0 = 0.05.
The condensation rate is computed from the free-molecular kernel with a constant efficiency of 0.359–61 while
the aggregation rate is computed from the kernel of Rogak and Flagan.62 The relationships of Rogak and
Flagan62 are used to determine soot mobility diameters while the collision and the absorbing sphere diame-
ters are computed from the approach of Zurita-Gotor and Rosner.63 The outer diameter is computed from
Naumann64 with a filing factor f = 1.43 and a constant fractal dimension Df = 1.8. The Cunningham
slip factor is determine from the relationship of Phillips.65 Surface growth is evaluated using the HACA
mechanism of Blanquart and Pitsch33 with a constant steric factor. The rate of oxidation by O2 is modelled
from Appel, Bockhorn and Frenklach66,67 while an oxidation efficiency of 0.10 is assumed for oxidation by
OH and O. In addition, obliteration due to surface growth and condensation is modelled from Rogak and
Park.68 Finally, the sintering rate is modelled by the approach of Veshkini et al.69 while fragmentation rate
is modelled by the approach of Mueller et al.70

III. Numerical Solution Method for Laminar Flames

III.A. Parallel Implicit Finite-Volume Scheme

Charest et al.71 previously developed a computational framework for the prediction of soot formation in
laminar diffusion flames. In this framework, the Navier-Stokes equations for two-dimensional, planar and
axisymmetric, laminar flows of a multi-component gaseous mixture with detailed chemistry are discretized
by a finite-volume method using a second-order piecewise limited reconstruction for the evaluation of inviscid
fluxes and a diamond path is used for the evaluation of the viscous fluxes. Low-Mach preconditioning is
introduced in order to reduce excessive numerical dissiptation and numerical stiffness. Steady-state solutions
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Table 2. Summary of the Santoro ethylene laminar diffusion burner.

Fuel tube extension 4.0 mm

Fuel tube diameter 11.1 mm

Coflow diameter 101.6 mm

Fuel mass flow 4.388 mg/s

Air mass flow 0.836 g/s

Pressure 1 atm

Fuel C2H4

of the discrete solutions are obtained by an inexact Newton-Krylov-Schwarz (NKS) algorithm while radiative
heat transfer is solved with discrete-ordinate-method (DOM) for a non-gray media. The computational
framework of Charest et al.71 has been used in a number of previous studies to predict soot formation in
elevated pressure laminar diffusion flames for a variety of gaseous fuels ranging from ethylene,72 methane,73

and biogas.74 The computational framework of Charest et al. was recently extended by Xing et al.41 to
allow for the treatment and solution of fractional-order quadrature-based moment closures for describing
the soot aerosol dynamics. In order to preserve moment-realizability, the soot moment transport equations
are discretized by using a first-order upwind finite-volume scheme for the convection. In addition, a Strang
splitting is applied to the treatent of the source terms in the soot moment equations.

III.B. Numerical Setup for Laminar Co-Flow Flames

Numerical results for the sooting ethylene-fueled laminar flames associated with the Santoro42 and Smooke-
Long (or Yale) burners10 are both considered in present study. The experimental data sets for both sets of
flames are part of the laminar flames section of the International Sooting Flame (ISF) Workshop.75

III.B.1. Santoro Burner

The characteristics of the Santoro burner42 are summarized in Table 2. The fuel tube has an inner diameter
of 11.1 mm and extends 4.0 mm beyond the exit plane of the coflow tube. The latter has an inner diameter of
101.6 mm. Ethylene flows throught the fuel tube at a rate of 4.388 mg/s while the coflow air flows at a rate of
0.836 g/s. This configuration has been widely studied experimentally76–83 and numerically.6,8, 44,45,52,69,84–86

Notably, a wide range of experimental data in terms of soot volume fraction, primary particle diameter,
primary particle number, and aggregate number density is available in the literature. In this respect, the
Santoro burner represents a good validation case for a bivariate soot model such as the proposed fractional-
order CQMOM-Radau approach.

The pre-heating of the fuel stream can have an important impact on flame structure and soot formation.
In this respect, various approaches have been proposed to take into consideration the pre-heating of the fuel
stream. For example, Dworkin et al.52 assumed an inlet temperature of 400 K while Veshkini et al.69,86

assumed a much higher inlet temperature of 650 K based on the tip tube temperature measurements of
Boedeker et al.87 Alternatively, Eaves et al.44,45 used conjugate heat transfer (CHT) to more accurately
model the fuel pre-heating. However, in this study a different approach is used. Instead of assuming an
uniform inlet temperature profile of 650 K for the fuel stream as in Veshkini et al.,69,86 the 4.0 mm tube
extension of the Santoro burner is modelled and a temperature of 650 K is only imposed on the tip of the
tube. The fuel and coflow temperatures are respectively assumed to be 400 K and 300 K as recommended
by the ISF Workshop.75 In addition, consistent with the experimental data of Boedeker et al.,87 a linear
temperature profile is imposed along the tube wall from the coflow exit plane to the tip of the tube. A
parabolic and an uniform velocity profiles are respectively assumed for the fuel stream and the coflow
stream. Finally, a reflection boundary condition is applied on the centerline while the far-field boundary is
treated using a free-slip condition. The various boundary conditions used have been summarized on Figure
1(a).

The two-dimensional axisymmetric computational domain used for the numerical calculations has a
downstream length of 120 mm as suggested by the ISF Workshop75 with a radius equals to 50.8 mm. The
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(a) Schematic diagram (b) Computational grid

Figure 1. Schematic diagram and two-dimensional axisymmetric computation grid for the Santoro laminar diffusion
flame.

Table 3. Summary of the Smooke-Long coflow laminar diffusion flame.

Fuel tube inner diameter 4.0 mm

Fuel tube thickness 0.38 mm

Coflow inner diameter 50.0 mm

Fuel mass flow 5.003 mg/s

Air mass flow 0.804 g/s

Pressure 1 atm

Fuel 32%, 40%, 60%, and 80% C2H4

computational domain shown on Figure 1(b) is divided in 192 cells in the radial direction and in 320 cells
in the axial direction for a total of 61 440 cells. Solutions are obtained with the NKS with low-Mach
preconditioning while radiative heat transfer is modelled with DOM and the T3

88 quadrature rule along with
statistical narrow band correlated-k (SNBCK)89 using Nb = 9 bands with Ng = 4 Gauss-quadrature points.
Finally, an efficiency of 0.20 is used here to model soot aggregation as in many previous numerical studies
of the Santoro burner.8,69,85,86 In addition, an unity steric factor for the HACA surface growth is assumed
here.

III.B.2. Smooke-Long Burner

The Smooke-Long burner10 has been used to generate atmospheric pressure ethylene coflow diffusion flames at
various dilution levels and has been the subject of many experimental10,90–105 and numerical10,90–93,103,105,106

studies. The characteristics of the Smooke-Long burner are summarized in Table 3. The fuel tube has an
inner diameter of 4.0 mm with a wall thickness of 0.38 mm while the coflow tube has an inner diameter of
50.0 mm. Ethylene with nitrogen dilution flows throught the fuel tube at a combined rate of 5.003 mg/s
while the coflow air flows at a rate of 0.804 g/s. The various levels of dilution that have been considered
correspond to ethylene concentration of 32%, 40%, 60%, and 80%.
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Figure 2. Inlet temperature profiles for the Smooke laminar diffusion flame for each ethylene concentration (32%, 40%,
60%, and 80%). Experimental data from Kempema et al.100

A parabolic and an uniform velocity profiles are respectively assumed here for the fuel and coflow streams
as in McEnally et al.90 In contrast to the Santoro burner case, the experimental temperature profiles of
Kempema et al.100 are imposed as boundary condition at the inlet. Figure 2 shows the inlet temperature
profile for each dilution level. Again, a reflection boundary condition is applied along the centerline while the
far-field boundary is treated using a free-slip condition. The various boundary conditions are summarized
on Figure 3(a).

As recommended by the ISF Workshop,75 the two-dimensional axisymmetric computational domain
extends 70, 80, 100, and 120 mm downstream the inlet respectively for the cases with 32%, 40%, 60%, and
80% ethlyene while the domain radius is set equal to 75.0 mm. An example of the computational grid for
the case with 80% ethlyene is shown on Figure 3(b). For all ethylene concentration levels, the computational
domain is divided in 192 cells in the radial direction and in 320 cells in the axial direction for a total of 61
440 cells. The governing equations are solved with the NKS with low-Mach preconditioning. The radiative
heat transfer is modelled with DOM and T3

88 quadrature rule along with SNBCK89 using Nb = 9 bands
with Ng = 4 Gauss-quadrature points. As reduced soot reactivity with dilution levels has been previously
observed and reported by Veshkini et al.7 and by Khosousi and Dworkin,107 different values of steric factor,
αs, are used for each dilution level. Hence, in this study steric factors of 0.2, 0.5, 0.8, and 1.0 are respectively
used for the case with 32%, 40%, 60%, 80% ethylene. Finally, an unity aggregation efficiency is assumed
here.

IV. Numerical Results

The numerical simulation results and predictions of soot formation for the laminar co-flow diffusion flames
of both the Santoro and Smooke-Long burners are now discussed.

IV.A. Santoro Burner Laminar Co-Flow Diffusion Flames

IV.A.1. Validation of Flame Structure

The ability of the choices of chemical mechanism and boundary conditions used in the numerical simulations
to properly predict the flame temperature and structure is first verified here. Comparisons of radial and
centerline temperature profiles with the experimental data of Santoro et al.76 and of the ISF Workshop75

are shown on Figure 4. The results indicate that overall the radial temperature profiles are well reproduced
by all precursor models with some underprediction near the centerline at lower axial positions. However, the
centerline temperature profile appears to be slightly shifted downstream which explains the underprediction
of centerline temperature at lower axial locations. While the results indicate that some improvements
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(a) Schematic diagram (b) Computational grid

Figure 3. Schematic diagram and two-dimensional axisymmetric computation grid for the Smooke laminar diffusion
flame.

Figure 4. Radial and centerline temperature profiles for the Santoro laminar diffusion flame. Experimental data from
Santoro et al.76 and the ISF Workshop.75

could still be obtained by considering CHT, this is left for future studies as the results obtained here are
deemed to be sufficiently accurate. It can also be seen that there are differences in the predicted centerline
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Figure 5. Radial and centerline velocity profiles for the Santoro laminar diffusion flame. Experimental data from
Santoro et al.76

Figure 6. Radial profiles of C2H2 mass fraction for the Santoro laminar diffusion flame. Experimental data from
Kennedy et al.80

temperature profiles between the various precursor models. Those discrepancies are explained by differences
in the predicted soot volume fraction which subsequently affects the radiative heat loss.

Radial and centerline velocity profiles are well predicted comparatively to the experimental data of
Santoro et al.76 for all precursors considered as shown on Figure 5. Notably, the magnitude and the
location of the maximum velocity are well captured for all axial locations and the choice of precursors has
a minimal impact on velocity profiles. Next, the predicted C2H2 and OH mass fractions are compared to
the experimental data of Kennedy et al.80 Regarding the C2H2 mass fraction, Figure 6 shows a moderate
overprediction at z = 7 mm with an excellent prediction at z = 20 mm. Accurate predictions of C2H2 mass
fraction is of great importance since it is one of the main source of soot particles growth. Results also show
some sensitivity to the precursor models which is expected since the formation of soot particles, and hence
the consumption of C2H2, is affected by the choice of inception and/or condensation models. Finally, Figure
7 indicates that the OH mass fraction is well predicted at both z = 7 mm and z = 70 mm in terms of both
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Figure 7. Radial profiles of OH mass fraction for the Santoro laminar diffusion flame. Experimental data from Kennedy
et al.80

the location and the magnitude of the peak concentration.

IV.A.2. Effects of PAH Precursors on Soot Formation

Figure 8 compares the radial and the radially integrated soot volume fraction with the experimental data
of McEnally et al.81 and of Kennedy et al.80 Results indicate that the two-equation model of Liu et al.3

significantly underpredicts the soot volume fraction along the centerline and overpredicts the peak soot
volume fraction along the wings at lower axial distances. Similarly, the pure pyrene model also results in an
underprediction of soot soot volume fraction along the centerline. However, noticeable improvements can be
observed when additional PAHs are considered in the inception and condensation models. In addition, results
indicate that the radially integrated soot volume fraction is well predicted by the CQMOM-Radau models
with excellent results obtained from the 5-ring model of Eaves et al. (2015)44 and a moderate underprediction
with the pure pyrene model. In comparison, the two-equation model of Liu et al.3 overpredicts the integrated
soot volume fraction and predicts an early peak.

Figure 9 shows the soot volume fraction, mean primary particle diameter, mean primary particle number,
aggregate number density, and primary particle number density along the line of maximum soot volume
fraction. Results indicate that while the radially integrated soot volume fraction is well predicted by PAH-
based models, the peak soot concentration is underpredicted comparatively to the experimental data of
Megaridis and Dobbins78 and of McEnally et al.81 In particular, the pure pyrene model shows significant
underprediction of peak soot volume fraction. Consequently, the contribution to the total soot volume
fraction from other PAH molecules can be non-negligible. On the other hand, the two-equation model of Liu
et al.3 better predicts the peak soot volume fraction although with a premature peak location. Nevertheless,
the good performances of this model can be explained because it has been specially calibrated for ethylene
flames.

Figure 9 also indicates that the mean primary particle diameter is well predicted by all PAH precursor
models despite the fact that the numerical results are slightly shifted downstream comparatively to the
experimental data of Megaridis and Dobbins78 and of Iyer et al.83 Good prediction of mean primary particle
diameter is also obtained with the two-equation model of Liu et al.3 On the other hand, Figure 9 shows
that considering smaller PAHs (models of Zhang et al.57 and of Eaves et al. (2017)45) results in an early
inception of soot particles as indicated by the additional peak of mean primary particle number. Figure 9
shows as well that the aggregate number density is relatively well predicted by all PAH models comparatively
to the experimental data of Santoro et al.76 Additionally, it should be noted that the increase of aggregate
number density from a distance of about 8.0 cm above the burner is due to oxidation-induced fragmentation.
However, the absence of experimental data prevents the validation of the fragmentation model. Regarding
the two-equation model of Liu et al.,3 neither the mean primary particle number nor the aggregate number
density can be predicted since the model only tracks the primary particle number density by neglecting
aggregation. Finally, all approaches, including the two-equation model of Liu et al.,3 are able to predict the
order of magnitude of the primary particle number density.

Figure 10 shows the soot volume fraction, mean primary particle diameter, mean primary particle number,
and aggregate number density on the flame centerline along with the experimental data of Santoro et al.42 and
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Figure 8. Radial and radially integrated soot volume fraction profiles for the Santoro laminar diffusion flame. Experi-
mental data from McEnally et al.81 and Kennedy et al.80

of Koylu et al.82 Results indicate that the 5-ring model of Eaves et al. (2015)44 predicts well the centerline soot
volume fraction while the pyrene model presents an underprediction of more than a factor 2. The centerline
mean primary particle diameter is relatively well predicted by all PAH-based approaches except for the
pyrene model. However, all PAH models show a downstream shift of the primary particle diameter profile
comparatively to experimental data. In comparison, while the two-equation model of Liu et al.3 predicts
well the primary particle diameter, the centerline soot volume fraction is significantly underpredicted. Figure
10 indicates a significant underprediction of the mean primary particle number for all PAH models. This
underprediction can be due to uncertainity of the soot sintering rate and coagulation efficiency. Notably,
the introduction of size-dependent coagulation efficiency108–112 could improve numerical results. However,
the exploration of size-dependent coagulation efficiency will be left for future work. Additionally, Figure 10
indicates that the plateau of aggregate number density is well predicted with all PAH models except for
pyrene. Additionally, results indicate that all PAH models present a downstream shift of about 2.0 cm of the
aggregate number density profile. Again, the two-equation model of Liu et al.3 does not consider aggregation
and predicts neither the evolution of the mean primary particle number nor the aggregate number density.
Finally, some of the discrepancies observed on the centerline could be reduced by using CHT. However, such
work is left for future studies.

IV.A.3. Effects of Sintering Rate on Soot Formation

Uncertainities of the sintering rate was suggested to explain some of the discrepancies observed in the
numerical results presented above. Notably, the application of sintering to soot prediction is still relatively
new and the rate of sintering is not well understood. In this respect, results obtained without sintering,
with the sintering model of Veshkini et al.,69 with the sintering model of Chen et al.,113 and with a pure
coalescence model are compared below on Figure 11 for the maximum sootline and on Figure 12 for the
centerline. All simulations here are obtained with the 5-ring PAH model of Eaves et al. (2015).44 Overall,
results show some improvements of the prediction of the primary number density with the sintering model of
Chen et al.113 However, the same model also lead to an important underprediction of mean primary particle
diameter. On the other hand, results without sintering show an important overprediction of mean primary
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Figure 9. Comparison of soot volume fraction, mean primary particle diameter, mean primary particle number,
aggregate number density, and primary particle number density along the maximum sootline for the Santoro laminar
diffusion flame. Experimental data from Santoro et al.,76 Megaridis and Dobbins,78 McEnally et al.,81 and from Iyer et
al.83

particle number on both the maximum sootline and the centerline with a significant underprediction of the
mean primary particle diameter. Additionally, neglecting sintering results in an overestimation of primary
particle density number on the line of maximum soot concentration. Results hence indicate that sintering
play an important role in the prediction of the evolution of the morphology of soot particles. Finally,
results with pure coalescence, which corresponds to an univariate model since all particles are assumed to
be spherical, show poor predictions of aggregate number density and/or primary particle density number on
both the centerline and the line of maximum soot concentration. In addition, the pure coalescence model
results in an underprediction of soot volume fraction on the line of maximum soot concentration. Hence,
the results above show the importance of a finite rate coalescence (or sintering) in the accurate prediction of

13 of 24

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 C

lin
to

n 
G

ro
th

 o
n 

Ja
nu

ar
y 

1,
 2

02
2 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

2-
22

53
 



Figure 10. Comparison of soot volume fraction, mean primary particle diameter, mean primary particle number, and
aggregate number density along the centerline for the Santoro laminar diffusion flame. Experimental data from Santoro
et al.42 and from Koylu et al.82

soot morphology. However, no clear superiority of one sintering model can be demonstrated. Consequently,
additional study of the sintering rate is necessary in order to improve the prediction of soot morphology.
Alternatively, a multi-regime coagulation model as suggested by Mueller et al.14 can also be considered.
However, the further study of coagulation, coalescence, and/or sintering of soot particles will be left for
future work.

IV.A.4. Effects of Coagulation Efficiency on Soot Formation

In order to study the effects of coagulation efficiency on soot morphology, coagulation efficiencies of 0.2,
0.5, 0.8, and 1 are considered herein along with the 5-ring PAH model of Eaves et al. (2015).44 Figure 13
shows that soot volume fraction is not sensitive to the coagulation efficiency. However, the mean number of
primary particle per aggregate and the aggregate number density are significantly impacted by an increase
of the coagulation efficiency. Results indicate that increasing the coagulation efficiency above 0.2 leads to a
premature growth of primary particle number and to an underprediction of the aggregate number density.
Consequently, results obtained here confirm previous numerical studies that a coagulation efficiency of 0.2
reproduces well the morphology of soot particles in the Santoro burner.8,69,85,86

IV.A.5. Effects of Fragmentation Rate on Soot Formation

Oxidation-induced fragmentation can also affect the soot morphology. In this respect, in order to investigate
the sensitivity of the fragmentation rate on the prediction of soot morphology, numerical simulations are
also realized with the fragmentation model of Sirignano et al.114 and without fragmentation. All simulations
here are obtained with the 5-ring PAH model of Eaves et al. (2015).44 Results on Figure 14 indicate that,
as expected, fragmentation does not affect the prediction of soot volume fraction. On the other hand, it
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Figure 11. Comparison of soot volume fraction, mean primary particle diameter, mean primary particle number,
aggregate number density, and primary particle number density along the maximum sootline for the Santoro laminar
diffusion flame for different sintering models. Experimental data from Santoro et al.,76 Megaridis and Dobbins,78

McEnally et al.,81 and from Iyer et al.83

can be seen that around ∼ 7 cm above the burner, when oxidation dominate over condensation and surface
growth, the size of aggregates in terms of number of primary particles starts to decrease. This reduction of
mean primary particles number per aggregate is due to the fragmentation of larger aggregates into smaller
ones, a process that preserve both the total volume and the total number of primary particles, but results
in an increase of aggregate density number. In addition, results indicate that the fragmentation models of
Sirignano et al.114 and of Mueller et al.70 give very similar predictions of the rate of fragmentation for this
flame. Notably, both models lead to a similar increase of aggregate number density at the downstream end of
the flame. However, the lack of experimental data above ∼ 8 cm the burner prevents the further validation
of fragmentation models in laminar coflow diffusion flames.
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Figure 12. Comparison of soot volume fraction, mean primary particle diameter, mean primary particle number, and
aggregate number density along the centerline for the Santoro laminar diffusion flame for different sintering models.
Experimental data from Santoro et al.42 and from Koylu et al.82

IV.B. Smooke-Long Burner Laminar Co-Flow Diffusion Flames

Consider next the results for the Smooke-Long burner. Figure 15 compares the predicted centerline temper-
ature with the experimental data of Smooke et al.91 and of Satija et al.103 Results indicate reasonably well
predicted centerline temperature profiles. However, it can be noticed that generally the numerical centerline
temperature profiles are further shifted downstream comparatively to experimental data. A similar shift
can be observed in the numerical results of Smooke et al.,91 Veshkini et al.,7 or Botero et al.104 However,
discrepancies in experimental temperature can also be observed between the measurements of Smooke et
al.91 of Satija et al.103 with the latter in better agreement with the current numerical results. Additionally,
numerical results show that the predicted flames are longer than the experimental flames. However, such
behavior has been commonly observed in previous numerical studies.7,91,104

Figure 16 compares the predicted soot volume fraction with the experimental data of Smooke et al.10

Results show notably that PAH-based seven-moment CQMOM-Radau results do not predict well the soot
volume fraction at lower ethylene concentrations (32% and 40%). The experimental data indicate that the
wing structure disappears at lower ethylene concentrations and that the peak location of soot volume fraction
shift to the centerline. In contrast, the numerical results indicate that the wing structure is still present at
lower ethylene concentrations. However, similar behaviors have been reported previously by Smooke et al.,91

Khosousi and Dworkin,107 and Veshkini et al.7 from sectional results. The discrepancies between numerical
simulations and experimental data suggest uncertainities in PAH inception and condensation models at high
dilution level. Neverthless, numerical results here indicate that reasonable prediction of the peak soot volume
fraction can be obtained with the values of the steric factor used herein. Regarding the two-equation model
of Liu et al.,3 numerical results indicate reasonable prediction of peak soot concentration in the wings with
an underprediction on the centerline which results in an overprediction of centerline temperature. Overall,
a better agreement of the peak soot volume fraction could be obtained by a more careful calibration of the
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Figure 13. Comparison of soot volume fraction, mean primary particle diameter, mean primary particle number,
and aggregate number density along the centerline for the Santoro laminar diffusion flame for different aggregation
efficiencies. Experimental data from Santoro et al.42 and from Koylu et al.82

steric factor for each dilution level and for each precursor models. However, such approach is not adopted
here since the primary focus is on the effects of PAHs precursors on soot formation and not on the study of
the steric factor. In this respect, results indicate that the inclusion of smaller PAH species (models of Zhang
et al.57 and of Eaves et al. (2017)45) results in an early and premature inception of soot. Similar behaviors
have been observed by Zhang et al.57 in methane doped flames. Finally, although the pyrene-based model
underpredicts the peak soot concentration, this model seems to better reproduce the soot concentration
qualitatively for the Smooke-Long burner.

Finally, Figure 17 compares the gyration radius obtained with PAH-based models with the experimental
data of Kempema et al.102 for the case with 60% and 80% ethylene. Since the two-equation model of Liu
et al.3 only predicts primary particle diameter, results from this model are not indicated here. Results
indicate a consistent underprediction of the gyration radius for all PAH precursors. The lower gyration
radius obtained numerically can be explained by an under estimation of the diameter of each primary
particle, an underestimation of the number of primary particles per aggregate or a combination of both. The
discrepancies can be explained by uncertainity in the sintering model used in the numerical simulations since
the inclusion of soot sintering in numerical simulations is still relatively new. In addition, the adoption of a
size-dependent aggregation efficiency could also led to improved results. However, such studies will be left
for future work.

V. Conclusions

The present investigation of the effects of various PAH precursors on the predicted soot formation in
the laminar co-flow diffusion flames of the Santoro and Smooke-Long burners using the recently proposed
seven-moment fractional-order CQMOM-Radau moment closure of Xing et al.41 indicate that the seven-

17 of 24

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 C

lin
to

n 
G

ro
th

 o
n 

Ja
nu

ar
y 

1,
 2

02
2 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

2-
22

53
 



Figure 14. Comparison of soot volume fraction, mean primary particle diameter, mean primary particle number,
and aggregate number density along the centerline for the Santoro laminar diffusion flame for different fragmentation
models. Experimental data from Santoro et al.42 and from Koylu et al.82

moment description is capable of representing the fractal structure of the soot aggregrates and allowing a
treatment for PAH-based nucleation. The results of the study also indicate that the predicted levels of soot
formation are sensitive to the choice of PAH species. The simulation results also suggest that the inclusion
of PAH species smaller than the 4-ring pyrene leads to an early and premature formation of soot particles.
Conversely, while the inclusion of larger, 5-ring PAHs, can lead to some improvements of soot predictions,
no absolute advantage of 5-ring PAHs has been shown. Finally, if one is not interested in the morphology of
soot particles, it would seem that a ”well-tuned” semi-empirical two-equation model can predict reasonably
well the soot volume fraction, albeit with an underprediction of the soot concentration along the centerline
of the diffusion flames.
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Figure 15. Centerline temperature profiles for the Smooke laminar diffusion flame. Experimental data from Smooke
et al.91 and Satija et al.103
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(a) 32% ethylene (b) 40% ethylene

(c) 60% ethylene (d) 80% ethylene

Figure 16. Soot volume fraction isopleth for the Smooke laminar diffusion flame. Experimental data from Smooke et
al.10

(a) 60% ethylene (b) 80% ethylene

Figure 17. Gyration radius isopleth for the Smooke laminar diffusion flame. Experimental data from Kempema et
al.102
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