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8 Spillover

A typical model of a flexible spacecraft will be of the form

Mrrη̈r = Bru

η̈α + 2ζαωαη̇α + ω2
αηα = bT

αu, α = 1, · · · , Nc, Nc + 1, · · · , Nc + Nu

We have added a structural damping term to the flexible modes parametrized
by the damping ratio ζα. Nc of the vibration modes are the controlled modes
to be used for control system design and Nu of the modes are the residual or
uncontrolled modes. We define

ηe = col{ηα}, α = 1, . . . , Nc

ηu = col{ηα}, α = Nc + 1, . . . , Nc + Nu

We can then form the controlled and uncontrolled state vectors as

xc =


η̇r

ηr

η̇e

ηe

 , xu =

 η̇u

ηu

 (1)

A state-space model will then be of the form

ẋc = Acxc + Bcu

ẋu = Auxc + Buu (2)

The term containing Bu is termed control spillover and reflects the fact that
the control input u will effect not only the modes used for its design but also
the unmodelled modes.

To keep things simple, assume that there are p measurements of the form

y = Crηr +
Nc+Nu∑

α=1
cαηα

= Ccxc + Cuxu (3)

The term containing Cu is called observation spillover and indicates that the
measurements contain contributions from not only the controlled modes.



2

For control, assume an observer-based compensator has been designed based
on the controlled modes. It is of the form

u = Fx̂, ˙̂x = Acx̂ + Bcu + L(Ccx̂− y) (4)

It is also assumed that λ{Ac + BcF} and λ{Ac + LCc} have negative real
parts.

The closed-loop system can be formed by combining (1)-(4):
ẋc

˙̂x
ẋu

 =


Ac BcF O

−LCc Ac + BcF + LCc −LCc

O BuF Au




xc

x̂
xu


We would like to specify the eigenvalues of the system matrix. This is easier
if we work with the estimation error e = x̂ − xc in place of the controller
state x̂. Therefore,

ė = ˙̂x− ẋc

= (Ac + BcF + LCc)x̂− LCcxc − LCuxu

−Acxc −BcFx̂

= Ac(x̂− xc) + LCc(x̂− xc) − LCuxu

= (Ac + LCc)e− LCuxu

Also,

ẋc = Acxc + BcF(e + xc)

= (Ac + BcFc)xc + BcFe

ẋu = Auxu + BuF(e + xc)

= Auxu + BuFe + BuFxc

Combining these equations gives
ẋc

ė
ẋu

 =


Ac + BcF BcF O

O Ac + LCc −LCu

BuF BuF Au


︸ ︷︷ ︸


xc

e
xu


Acl

Recall that

λ


 A1 A2

O A3

 = λ


 A1 O

A2 A3

 = λ{A1} ∪ λ{A3}
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Therefore, if Bu = O and/or Cu = O then

λ{Acl} = λ{Ac + BcF} ∪ λ{Ac + LCc} ∪ λ{Au}

Hence, the spillover is not destabilizing and does not effect the eigenvalues
designed on the basis of the separation theorem. If Bu 6= O and Cu 6= O, then
there is no guarantee that Acl is stable. The following block diagram gives
some insight into the additional feedback loops formed by spillover which are
not taken into account by the controller design.

Note that with collocated sensors and actuators forming a passive plant and
a SPR controller, spillover is not destabilizing because the plant remains
passive in the face of additional modes.


