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The control problem for flexible-multilink robots carrying large payloads is revisited.
A set of nonlinear approximate equations describing the payload-dominated dynamics
of the flexible plant is used in conjunction with the passivity property satisfied by a
suitably defined modified input]output pair for the system, to derive a globally
asymptotically stable controller together with its adaptive counterpart. Experimental
results involving a specially designed 3-degree-of-freedom planar arm with two
flexible links, demonstrate their ability to combine end-point tracking with simultane-
ous active suppression of the vibrations. Q 2000 John Wiley & Sons, Inc.

1. INTRODUCTION

Robots have been successfully employed in space
operations to improve productivity and reduce the
cost and risk involved by enhancing astronaut capa-
bilities and performing tasks that would otherwise
have to be undertaken by humans.1 They are capa-
ble of performing a variety of tasks such as deploy-

*To whom all correspondence should be addressed.

ment and retrieval of objects from the Shuttle’s
cargo bay, the assembly of large space assets, cap-
ture and despinning of satellites, and performing
various scientific experiments. The simultaneous re-
quirements of minimizing launch mass and a large
work space yield robots with long lightweight links
which are inherently flexible.

A different philosophy prevails in the design of
industrial robots, which have traditionally been very
heavy and bulky structures so that undesirable flex-
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ibility effects are not encountered. Consequently, for
a typical, manipulator operating in an industrial
environment, the ability to perform rapid maneu-
vers is fairly limited, high capacity actuators are
required, the cost is high, and the operation is
energy inefficient. Lightweight flexible models ex-
hibit many desirable features and have the potential
to replace conventional designs in many terrestrial-
based applications.

Control of flexible manipulators constitutes an
engineering challenge due to the highly nonlinear
nature of the problem, which combines the multi-
body and structural dynamics together with a diffi-
cult controller design problem. It belongs to the
class of problems with less control inputs than num-

Ž .ber of degrees-of-freedom DOF , and also exhibits
noncollocation of control inputs and outputs. Flexi-
ble-link robots should be seen from the perspective
of a more general trend in modern engineering
practice: the desire to accomplish demanding per-
formance, economic or other objectives, often results
in solutions which are inherently more difficult to
control, and control becomes the critical factor for
their success. The case of a high performance air-
craft identified by Vidyasagar2 provides a familiar
example of this trend. Its stability often has to be
achieved by exclusively active means to enjoy higher
speed and better maneuverability at certain flying
conditions.

Control for rigid robots has traditionally been
joint-based: given a desired task-space trajectory the
control objective translates to having the joint DOF
follow the corresponding joint-space one, which can
be obtained through inverse kinematics as a purely
geometric solution. In the flexible-link case, it is
obvious that such strategies are in general not suit-
able and something more sophisticated is required
which takes into consideration the elastic nature of
the plant.

The vast majority of published work on the
control of flexible manipulators has concentrated on
the one-link case which is adequately modeled as a

Ž .linear time-invariant LTI system. Although most
work on flexible arms has been supported by simu-
lation studies, there have been relatively few con-
vincing experimental results, especially in the multi-
link case. Our attention in the following survey is
restricted to those works presenting experimental
results.

The pioneering work of Cannon and Schmitz3

demonstrated that a model using unconstrained
Ž .pinned-free modes and a well-designed LTI con-

Žtroller based on this model they used the Linear

Ž . .Quadratic Gaussian LQG technique could be quite
successful. Oakley and Cannon4 experimentally
demonstrated that a Linear Quadratic Regulator
Ž .LQR feedback design coupled with the use of an

Ž .extended Kalman filter for nonlinear state estima-
tion could be used to accurately control a two-link
arm with one flexible link. Carusone, Buchan, and
D’Eleuterio5 used gain-scheduled LQR state-feed-
back designs to successfully control a two-link ma-
nipulator with very flexible links. The work of De-
meo et al.6 was concerned with the design of active
vibration suppression for the Space Shuttle remote
manipulator system. They identified multi-input

Ž .multi-output MIMO LTI models using the Ob-
Ž .server]Kalman filter identification OKID tech-

nique which also provided an estimator gain matrix.
State feedback was designed by LQR. Of relevance
to our work is the outcome of the human-in-the-loop
trials wherein all of the astronauts expressed con-
cern about heavy payloads. Robust control methods
were used in the follow-up work7 to evaluate the
active damping achieved for heavy and light pay-
loads.

The nonminimum phase nature of the mapping
from joint torques to end-effector motion for flexi-
ble-link robots leads to noncausal solutions for the
inverse dynamics problem and complication of the
feedback design problem. Bayo et al.8 developed a
procedure for solving the inverse dynamics problem
and experimentally demonstrated its efficacy in the
multilink case. The work of Paden et al.9 developed
causal approximations of this feedforward signal
and exploited the passivity property of the torque to
joint rate map for joint-based feedback design. This
approach was used to control the tip motion of a
two-link flexible arm without tip measurements.

Adaptive control has been very successful in
controlling rigid robots where the passivity prop-
erty associated with the joint motion has been heav-
ily exploited. The absence of this property with
respect to the end-effector motion in the flexible
case may explain why little work has been done on
the adaptive control of structurally flexible-multi-
link robots. In the single-link case, most approaches

Ž .have identified LTI models transfer functions and
used this model for controller design.10

The seeds for the passivity-based approach used
in this article were sown by Wang and
Vidyasagar11, 12 who introduced the reflected tip
position in the single-link case. Their motivation
stemmed from the ill-defined nature of the relative
degree of the transfer function involving the true tip
position. In the case of the reflected tip position, a
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transfer function of relative degree 2 exists indepen-
dent of the number of modeled modes11 and the use
of a filtered derivative feedback provided good
tracking of step-like commands.12 The passivity
property associated with the reflected tip rate was
further studied by Pota and Vidyasagar.13

The approach employed here for the case of a
flexible-link robot carrying a large payload, effec-
tively exploits an approximate form of the payload-
dominated dynamics in conjunction with a modi-
fied input and output. The input is created by
multiplying the joint torques by the inverse trans-
pose of the rigid Jacobian matrix. The output is a
multilink generalization of the reflected tip rate and

Ž .gives rise to a passive input]output I]O map. A
nonlinear control strategy is developed together with
its adaptive companion, which is capable of dealing
with parameter uncertainty associated with the robot
and payload. Both controllers are supported by
proofs that the tracking of the prescribed end-effec-
tor motion exhibits global asymptotic stability. Their
ability to achieve task-space tracking with simulta-
neous active vibration suppression is demonstrated
with a set of experimental results involving a planar
3-DOF robot with two flexible links.

Given suitable implementation assumptions, the
controllers presented here do not require measure-
ment of the elastic coordinates; however, end-effec-
tor measurements are required. The solution of the
complex inverse dynamics problem for flexible arms
is avoided in generating the feedforward. Given
their basis in passivity theory they exhibit strong
robustness properties assuming the large payload
assumption is honored. This is in strong contrast to
methods employing LQR state-feedback design.

2. SYSTEM MODELING

The manipulator is modeled as a chain of N flexible
� 4andror rigid bodies B , B , . . . , B and a reference0 1 N

frame F is rigidly attached to each one to describen
its position and orientation. B is taken to be rigid0
and fixed, whereas body B is a rigid payloadNq 1
attached to the tip of the robot in a cantilevered
fashion. Its body frame F locates the end-effectorNq 1
within the operational space. Since our main moti-
vation stems from space applications, gravity effects
are not taken into account, and single-DOF rota-
tional joints between bodies are considered.

The assumed-modes method was selected for
the discretization of the link deflections and can-
tilevered shape functions were found to be a suit-

able choice. The elastic deformation in B is repre-n
Ž . Ž . Ž .sented as u r , t sC r q t with C the rown n n n n, e n

matrix of shape functions, q the column of then, e
elastic coordinates for B , and the vector r denotesn n
position relative to F . Using this method, a finite-n
dimensional model for the system can be obtained,
which retains a sufficiently large number of vibra-
tion modes and truncates the rest. This approach is
well suited to a Lagrangian formulation for deter-
mining the equations of motion, which are of the
following standard form,

TŽ . Ž . w x Ž .M q qqDqqKqqC q, q qs 1 O t t¨ ˙ ˙ ˙
� 4 Ž .qJcol u , q 1e

where u is the column of joint rotations and q se
� 4col q . The mass matrix M, the structural damp-n, e

ing matrix D, and the stiffness matrix K can be
partitioned consistent with the definition of q as

M Muu u e O O
Ms KsT O K eeM Mu e ee

O O Ž .Ds 2O Dee

with MsM T )O, K sK T )O, and D sDT )ee ee ee ee
O. The vector t is the control input and C is the
matrix with the nonlinear centrifugal and Coriolis
terms. A symbolic mathematics computer package
was found to be a powerful tool in deriving these
equations in a closed form, suitable for the simula-
tion of the dynamic behavior of the system and the
software implementation of the controllers.

The generalized position of the end effector is
described by a vector r, whose upper part consists
of the position coordinates and at the bottom are
three Euler angles parametrizing its orientation with
respect to the base frame. The velocity of the end
effector is related to the generalized coordinate rates
by

˙Ž . Ž . Ž .rsJ u , q uqJ u , q q 3˙ ˙u e e e e

where J is the rigid Jacobian and J the elasticu e
one.14

3. THE PASSIVITY PROPERTY AND
PAYLOAD-DOMINATED DYNAMICS

The concept of passivity, which was originally used
in network theory, has become a fundamental con-
cept in feedback control. A network is defined as



v Journal of Robotic Systems—2000258

passive if it contains no sources of energy, i.e., it
consists of passive R]L]C elements which only
dissipate or store energy but no active elements like
voltage or current generators. The importance of
passivity in control engineering resides in its close
relation with stability as expressed by the passivity
theorem, which states that the feedback interconnec-
tion of a passive system and a strictly passive sys-
tem with finite gain is L -stable, meaning that finite2
energy inputs yield finite energy outputs.

It is interesting to note that controllers origi-
nally derived using more conventional techniques
based on Lyapunov’s method, were later inter-
preted in terms of the passivity theory. A classic
example is provided by Ortega and Spong15 where
the term passivity-based-control was coined. A com-
plete treatment of this elegant approach can be
found in Ortega et al.,16 where various control sys-
tem design approaches for Euler]Lagrange systems
are examined. Some basic definitions from passivity
theory17 necessary for the development to follow
are presented here.

A system H with input ugL and output2 e
ysHugL is strictly passive if there exists e)02 e
such that:

T TT Tu y dtGe u u dtH H
0 0

Ž .;ugL ;T)0 42 e

If the above is satisfied with es0, the system is
passive.

In the case of rigid robots, it is well known that
the mapping from torques to joint rates is passive.
This result relies on the collocation of control inputs
and outputs and explains why most of the tradi-
tional robotic control schemes actually work. In the
context of flexible-link robots this property persists
but is less strategic for controller design purposes
than it is for the rigid case, since the actual objective
is the tracking of a prescribed task-space trajectory.

An important case involving flexible robots
arises when a large payload is manipulated by the
robot, because the deformations are greater and the
vibration frequencies of the system drop. Such cases
commonly occur in space manipulation scenarios
where robots are required to manipulate objects
whose mass is much larger than their own. It is
sufficient to mention that robots which assist in
building the International Space Station are also
required to perform the docking of the Space Shut-
tle to the station.

Given the desirability of the passivity property,
Damaren14 examined the payload-dominated multi-
link flexible case and defined the following modi-
fied I]O pair:

Ž . yTt t JJ tˆ u
Ž .5

˙ Ž . Ž .r JJ uqm J q sry 1ym J u , q q˙ ˙ ˙ ˙m u e e e e e

For the duration of the article, it is assumed that
kinematically singular configurations are not en-
countered. The modified output r is called the˙m

m-tip rate, where m is a real parameter. The true tip
rates are captured by ms1 while ms0 considers
only joint-induced motion. It was shown that the
mapping from t to r is passive for m-1 whenˆ ˙m

large payloads are involved. For ms1 the mapping
remains passive but the vibration modes become
unobservable from the tip rates. It is important to
note that r provides an effective way to introduce˙m

the elastic motion into the control input of a suitable
feedback controller and add damping to the vibra-
tion modes. For msy1, r defines the multilink˙m

generalization of the reflected tip rate.
Ž .A derivation of an approximate nonlinear form

of the dynamics governing a structurally flexible
manipulator carrying a massive payload was pre-
sented by Damaren.18 The equations were derived
using a Lagrangian approach under the assumption
that the kinetic energy of the system can be approxi-
mated by that portion residing within the large
payload. These equations were effectively combined
with the modified I]O notion to derive a control
strategy suitable for this class of manipulators. An
adaptive version of the scheme was also
developed.19 These works employed a feedforward
based on the payload alone, which subsequent ex-
perimental and theoretical work has shown can be
improved. For example, the rotor inertias corre-
sponding to highly geared actuators make a contri-
bution to the dynamics which cannot be ignored.

A detailed study 20 of the vibration modes of
flexible robots provided us with necessary and suf-
ficient conditions for all modes to exhibit a node at
the manipulator’s end point: M Jy1J sM . It wasuu u e u e
shown that this property can be closely achieved for
large tip]link mass ratio and sufficiently small rotor
inertias. The localized nature of the vibration modes
can be intuitively understood if we consider the
limiting case of an infinitely big payload, which can
be effectively interpreted as a clamping boundary
condition at the end point. A Lagrangian approach
was then employed to derive the dynamic equations
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of motion and demonstrate that an effective separa-
tion of the task-space dynamics from the elastic
ones is possible when massive payloads were in-
volved. The nonlinear torques to end-effector dy-
namics were shown to become essentially equiva-
lent to the corresponding rigid case,

yT Ž . Ž .M rqC rsJ u , q t 6¨ ˙rr r u e

where

M JJyT M Jy1
rr u uu u

Ž .7
1 T˙Ž .C r , r rJM ry  r M r rr˙ ˙ ˙ ˙ ˙ž /r rr rr2

The matrix M is evaluated at the configurationrr
y1Ž . Ž .usF r and q s0, where F ? is the rigid for-r e r

ward kinematics map. The matrix C can be con-r
˙Ž .structed so that 2C yM is skew-symmetric.r rr

The elastic coordinates were shown to obey

ˆ T yT Ž .M q qD q qK q syJ J tqf 8¨ ˙ee e ee e ee e e u non, e

where

ˆ T y1 Ž .M JM yM M M 9ee ee u e uu u e

1 T˙̂f Jy M q y  r M r r q˙ ˙ ˙ž /non, e ee e rr e2ž
1 T ˆ Ž .y  q M q r q 10˙ ˙ž /e ee e e2 /

Suppressing the elastic dependence in M leads torr

neglecting the second term in f , and the local-non, e
ized nature of the vibration modes advocates form-

˙̂ing M subject to rs0. The nonlinear terms can˙ee
Ž .then be written as f syC q, q q , and the˙ ˙non, e e e e ˙̂Ž .matrix C can be constructed so that 2C yM ise e ee

skew-symmetric.
It might be useful to repeat a comment made in

the original source of the equations20 and point out
an analogy with the results of Sicilano and Book.21

In that work, a singular perturbation approach was
used and a slow and a fast subsystem were identi-
fied for the flexible plant. The slow subsystem
turned out to be the joint-space dynamics of the
corresponding rigid case, whereas here it is the
task-space version which plays the equivalent role.

Ž .The elastic equations in Eq. 8 which are formed
subject to rs0 are analogous to the fast dynamics.˙

4. PAYLOAD]DOMINATED INVERSE
DYNAMICS AND PASSIVE FEEDBACK
CONTROLLER

The scheme effectively exploits the above approxi-
mate description of the payload-dominated dynam-
ics to extend the ideas presented in previous related
work.18 For the problem of tracking a time-varying
trajectory, r , the applied torque can be dividedd
into a feedforward, t , and a feedback part, t.˜d

Ž .Equation 6 suggests the following choice for the
feedforward:

tst q t̃d
Ž .11

T Ž . Ž . Ž .t sJ u , q M r r qC r , r r¨ ˙ ˙d u e rr d r d

Ž .Equation 8 can then be used to define an estimate
of the elastic coordinates, q , produced by theed
application of t :d

ˆ Ž .M q qD q qK q qC q, q q¨ ˙ ˙ ˙ee ed ee ed ee ed e e ed

T yT Ž .syJ J t 12e u d

Ž .Given q and the expression for r in Eq. 5 , the˙ed m

desired trajectory r is defined as˙md

Ž . Ž . Ž .r sr y 1ym J u , q q 13˙ ˙ ˙md d e e ed

and the error trajectory for r becomes˙m

˙ ˙ ˙Ž . Ž .r sr yr sry 1ym J q 14˜ ˙ ˙ ˜ ˜m m m d e e

where rJryr and q Jq yq . It is important˜ ˜d e e ed
to emphasize18 that r '0 and q '0 result in r'0.˜ ˜ ˜m e

Ž . Ž .Substituting Eq. 11 into 6 and subtracting
Ž . Ž .12 from 8 , the following description of the track-
ing error dynamics is obtained

¨ ˙ yTŽ . Ž . Ž .M r rqC r , r rsJ t 15˜ ˙ ˜ ˜rr r u

ˆ T yT¨ ˙ ˙Ž .M q qD q qK q qC q, q q syJ J t˜ ˜ ˜ ˙ ˜ ˜ee e ee e ee e e e e e u

Ž .16

˙ yTŽ .Theorem 1: The mapping r sG J t is passive for˜ ˜m u

m-1.

Proof: Define the nonnegative function S :m

1 1T T Tˆ˙ ˙ ˙ ˙Ž .S s r M rq 1ym q M q qq K q˜ ˜ ˜ ˜ ˜ ˜m rr e ee e e ee e2 2

Ž .m-1 17
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Differentiating with respect to time and using Eqs.
Ž . Ž .15 , 16 , and the skew-symmetry property of the

˙˙ ˆŽ . Ž .matrices 2C yM and 2C yM givesr rr e ee

1T˙ ˙˙ ¨ ˙ Ž .S sr M rq M r q 1ym˜ ˜ ˜m rr rr2

1T ˙ˆ ˆ˙ ¨ ˙=q M q q M q qK q˜ ˜ ˜ ˜e ee e ee e ee e2

T yT T˙ ˙ ˙ ˙Ž . Ž .s rq 1ym J q J ty 1ym q D q˜ ˜ ˜ ˜ ˜e e u e ee e

˙T yT ˙T ˙Ž . Ž .sr J t y 1ym q D q 18˜ ˜ ˜ ˜Ž .m u e ee e

Ž .Integrating the above and setting S 0 s0 estab-m

lishes the result for m-1:

T T yT T˙ ˙ ˙Ž . Ž . Ž .r J t dtsS T yS 0 q 1ym q D q˜ ˜ ˜ ˜Ž .H m u m m e ee e
0

Ž . Ž .GS T 19m

B

4.1. Feedback Design

Since the modified I]O plant preserves the passivity
property in the error dynamics using the indicated
feedforward, the passivity theorem guarantees that
any strictly passive feedback compensator stabilizes
the system. The very simple proportional-derivative
Ž .PD controller provides a suitable choice,

T ˙Ž . Ž .tsyJ u , q K r qK r 20˜ ˜ ˜u e p m d m

where K , K are symmetric positive-definite ma-p d
trices.

Global asymptotic stability of the closed-loop
system can be proved by employing the following
Lyapunov function:

1 T Ž .VsS q r K r G0 m-1 21˜ ˜m m p m2

˙ T˙ ˙ ŽUsing the previous theorem, Vsyr K r y 1y˜ ˜m d m
˙T ˙.m q D q F0 and applying the same arguments as˜ ˜e ee e

used in the predecessor of the scheme18 yields the
result. The combined feedforward]feedback con-
troller becomes

TŽ . Ž . Ž . Ž .t t sJ u , q M r r qC r , r r¨ ˙ ˙u e rr d r d

T ˙Ž . Ž .yJ u , q K r qK r 22˜ ˜u e d m p m

4.2. Joint-Based Implementation
of the Feedforward

Implementing the feedforward part of the scheme
requires the calculation of the task-space dynamic
equations, which can be a nontrivial task in the
multilink case. As an alternative, we propose the
use of a set of ‘‘fictitious’’ joint quantities to be used
in conjunction with the corresponding joint-based
dynamic equations which are easier to construct.

It is known that for a rigid robot the task-space
dynamic equations are related to the equivalent
joint-space ones as22

Ž . yT Ž . Ž . y1 Ž . Ž .M r sJ u , 0 M u J u , 0 23rr u t uu t u t

yT y1 y1˙ ˙Ž . Ž .C r , r sJ C u , u yM J J J 24˙ Ž .r u u t t uu u u u

Ž .where M only joint angle dependence here anduu

C are the corresponding joint-space mass and non-u

linear terms matrices, respectively. All matrix quan-
Ž .tities on the right-hand side RHS of the above

equations are evaluated at the rigid inverse kine-
y1 ˙ y1Ž . Ž .matics configuration u sF r , u sJ u , 0 r.˙t r t u t

We assume that singular configurations are
avoided and define the fictitious desired joint trajec-

˙Ž . Ž .tories, u t , using the relation r sJ u , 0 u so˙d d u t d
that

˙ y1 Ž . Ž .u JJ u , 0 r 25˙d u t d

y1¨ ˙ ˙Ž . Ž . Ž .u JJ u , 0 r yJ u , 0 u 26¨d u t d u t d

The feedforward part of the controller becomes

T yT ¨ ˙ ˙Ž . Ž . Ž .t sJ u , q J u , 0 M u u qC u , u uŽ .d u e u t uu t d u t t d

Ž .27

Ž .which is equivalent to that in Eq. 11 . The joint-
space implementation will be especially useful in
the adaptive context.

5. ADAPTIVE CONTROLLER

One very common problem in robotic control is
uncertainty involving the mass properties of the
arm or the grasped object. Adaptive techniques pro-
vide an attractive option for consistent performance
in the presence of unknown or poorly defined pa-
rameters. Many globally stable adaptive control
techniques have been proposed for the rigid robot
case. Ortega and Spong15 provide a collection of
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some of the most significant ones in a unified tuto-
rial form. Important properties for the development
of such schemes are the linear dependence of a
model-based feedforward law on a set of suitably
defined parameters, and the passivity of the torque
to joint-rates map.

In the context of flexible-link robots, Damaren19

created a framework suitable for adaptive controller
design by effectively exploiting the payload-
dominated equations of motion in conjunction with
their passivity property. The scheme permitted only
the properties of the payload to be estimated on-line.
An important extension is presented here, con-

Ž . Ž .structed upon Eqs. 6 and 8 , which includes the
mass properties of the robot itself in the set of
adaptively updated parameters. The controller ar-
chitecture consists of a control law coupled with a
parameter update law which extracts parameter in-
formation from the tracking errors so that perfor-
mance improves with time.

5.1. Fixed Parameter Control Law

As a first step in developing the adaptive scheme,
Ž .Eq. 6 suggests the following feedforward law for

the known parameter case,

t sJ T W r , r , r , r a¨ ˙ ˙Ž .d u d d
Ž .28

Ž . Ž .W r , r , r , r asM r r qC r , r r¨ ˙ ˙ ¨ ˙ ˙Ž .d d rr d r d

which can be expressed as a linear function of
suitably defined parameters. W is called the regres-
sor matrix and a is the vector of parameters to be
adaptively updated.

An estimate for the elastic displacements was
Ž .given earlier in 12 , and the reference trajectory for

r , r , together with the corresponding trackingm m d
˙ Ž . Ž .errors r and r were defined by Eqs. 13 and 14 ,˜ ˜m m

respectively. The filtered position rates, r , and the˙r
Žfiltered errors, s , which can be thought of as am

.measure of tracking accuracy are defined as

˙ Ž .r Jr yL r s Jr qL r 29˙ ˙ ˜ ˜ ˜r d m m m m

with LsLT )O being a weighting matrix. The
filtered output idea was borrowed from the adap-
tive scheme of Slotine and Li23, 24 for rigid robots. It
was introduced to guarantee the convergence of the
tracking errors to zero. It is important to emphasize19

˙Ž . Ž .that s gL implies that r t gL lL , r t gL ,˜ ˜m 2 m 2 ` m 2
Ž . Ž .and r t ª0 as tª`. Furthermore, if s t ª0 as˜m m

˙ Ž .tª`, then r t ª0.˜m

The errors for the filtered rates and filtered
positions are defined by

r Jryr˜r r
Ž .30

˙ ˙r Jryr srqL r˜ ˙ ˙ ˜ ˜r r m

Replacing r with r in the fixed parameter feed-d r
forward gives

t sJ T W r , r , r , r a¨ ˙ ˙Ž .d u r r

T Ž . Ž . Ž .sJ M r r qC r , r r 31¨ ˙ ˙u rr r r r

and a description of the tracking error dynamics is
Ž . Ž . Ž .obtained by subtracting Eq. 31 from 6 , and 12

Ž .from 8 ,

¨ ˙ yTŽ . Ž . Ž .M r r qC r , r r sJ t tJtyt 32˜ ˙ ˜ ˜ ˜rr r r r u d

ˆ T yT¨ ˙ ˙Ž .M q qD q qK q syJ J tyC q, q q˜ ˜ ˜ ˜ ˙ ˜ee e ee e ee e e u e e e

Ž .33q Jq yq˜ e e ed

Here, it will be convenient to consider the sys-
tem as being a mapping from JyT t to s . Ortega et˜u m

al.,16 indicate that the use of filtered error effectively
reduces the relative degree of the output of the
system to one and opens the door to a passivity-
based adaptive control approach.

Ž yT .Theorem 2: The mapping s sG J t is passive for˜m u

m-1.

Proof: Define the nonnegative function

1 1T T Tˆ˙ ˙ ˙ ˙Ž .S s r M r q 1ym q M q qq K q˜ ˜ ˜ ˜ ˜ ˜m r rr r e ee e e ee e2 2

Ž .m-1 34

Differentiating with respect to time and using Eqs.
Ž . Ž .32 , 33 , and the skew-symmetry property of the

˙ ˆŽ . Ž .matrices 2C yM and 2C yM givesr rr e ee

1T˙ ˙˙ ¨ ˙ Ž .S sr M r q M r q 1ym˜ ˜ ˜m r rr r rr r2

1T ˙ˆ ˆ˙ ¨ ˙=q M q q M q qK q˜ ˜ ˜ ˜e ee e ee e ee e2

T yT T˙ ˙ ˙ ˙Ž . Ž .s r y 1ym J q J ty 1ym q D q˜ ˜ ˜ ˜ ˜r e e u e ee e

T yT ˙T ˙Ž . Ž .ss J t y 1ym q D q 35˜ ˜ ˜Ž .m u e ee e
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T T Ž T . Ž .Integrating the above gives H s J t dtGS T y˜0 m u m

Ž . Ž .S 0 and setting S 0 s0 establishes the resultm m

upon noting that S G0 when m-1. Bm

5.2. Adaptive Version

The feedback part of the controller is selected so
that the passivity theorem is satisfied

T Ž .tsyJ u , q Hs˜ u e m

T TT Ts Hs dtGe s s dtH Hm m m m
0 0

Ž .36

;T)0

for some constant e)0, i.e., H is a strictly passive
operator. A controller suitable for trajectory follow-
ing often consists of a feedforward and a feedback

Ž .part, t t . Since the parameters a are unknown, the
applied torque is taken to be

T Ž . Ž .tsJ W r , r , r , r aqt t 37¨ ˙ ˙ ˆŽ .u r r

Ž .with a t the vector of parameter estimates.ˆ
Ž . Ž .Subtracting Eq. 31 from 37 yields

Ttstyt sJ Waqt˜ ˜d u Ž .38
Ž . Ž .a t Ja t ya˜ ˆ

and hence,

T TT T TyT T T yTJ t s dts a W s dtq J t s dt˜ ˜Ž . Ž .H H Hu m m u m
0 0 0

Ž .39

T Ž .If a is chosen to be a passive function of yW s t˜ m
yTand the map from ys to J t is strictly passive,m u

Ž .then H in Eq. 36 will be a strictly passive operator.
These observations suggest the following control
and parameter update laws,

Ž . T Ž . Ž . T Ž .t t sJ u ,q W r ,r ,r ,r a t yJ u ,q K s¨ ˙ ˙ ˆŽ .u e r r u e d m

T Ž .K sK )O 40d d

˙ ˙ T T Ž .asasyGW s GsG )O 41ˆ ˜ m

Our adaptive algorithm yields global asymp-
˙totic stability for the tracking errors r and r for˜ ˜

m-1. To prove the above statement, the following
Lyapunov function can be used in conjunction with
the same arguments expressed in the earliest ver-

sion19 of the scheme,

1 T y1Ž . Ž .V t sS q a G aG0 42˜ ˜m 2

T yT T˙ ˙ ˙Ž . Ž .V t ss J tyWa y 1ym q D q˜ ˜ ˜ ˜m u e ee e

T ˙T ˙Ž . Ž .sys K s y 1ym q D q F0 43˜ ˜m d m e ee e

Based on the previous work, it is clear that the
stability and the convergence of the tracking errors
to zero is independent of the convergence of the
parameter estimates to their exact values. As is very
common for many adaptive schemes, such conver-
gence requires that the trajectories are persistently

Ž .exciting PE . Of course such parametric conver-
gence hinges on the requirement that the regressor
matrix is constructed using an exact model for the
plant. The PE property, although not a necessary
condition, is in general desirable. For the case of
non-PE trajectories, the parameters evolve in such a
way that the control objectives are achieved.

Our scheme is an example of adaptive algo-
rithms which effectively exploit the known struc-
ture of the system dynamics. By constructing the
regressor matrix, we effectively focus upon a family
of candidate models that describe the plant. Then,
the adaptation is responsible for selecting the partic-
ular member of the family which best represents the
plant. Another interesting remark to be made is that
for a value of ms0, the scheme reduces to the
task-space version of the adaptive algorithm for
rigid robots of Slotine and Li.23

5.3. Joint-Based Parametrization of the Regressor

Constructing the regressor matrix using param-
etrization in task-space coordinates can be a very
difficult exercise, and this problem can be overcome
in a similar fashion to the nonadaptive case by
using a suitable transformation. The fictitious joint

˙Ž . Ž .quantities, u t , are defined by r sJ u , 0 u so˙r r u t r
that

˙ y1 Ž . Ž .u JJ u , 0 r 44˙r u t r

y1¨ ˙ ˙Ž . Ž . Ž .u sJ u , 0 r yJ u , 0 u 45¨r u t r u t r

Given the above definitions,

Ž . Ž .M r r qC r , r r¨ ˙ ˙rr r r r

yT ¨ ˙ ˙Ž . Ž . Ž .sJ u , 0 M u u qC u , u u 46Ž .u t uu t r u t t r



vChristoforou and Damaren: Control Problem for Flexible-Link Robots 263

or

yT ¨ ˙ ˙Ž . Ž .W r , r , r , r asJ u , 0 Y u , u , u , u a 47¨ ˙ ˙Ž . ž /r r u t r r t t

with Y the corresponding joint-based rigid version
of the regressor matrix. Then, the applied torque
and the adaptation law become

T yT ¨ ˙ ˙Ž . Ž . Ž . Ž .t t sJ u , q J u , 0 Y u , u , u , u a tˆž /u e u t r r t t

T Ž . Ž .yJ u , q K s 48u e d m

˙ T y1Ž . Ž .asyGY J u , 0 s 49ˆ u t m

The transformation introduced here allows
parametrizing the regressor matrix in joint coordi-
nates, which is much easier to construct since the
Jacobian matrix relating the joint coordinates to
the task-space one is effectively eliminated from the
formulation. In the case of a rigid robot, it reduces
to the transformation suggested for the Cartesian-
space implementation of Slotine and Li’s23 algo-
rithm. In a rigid context, it is similar to the one
Fossen25 proposed for the adaptive control of a
spacecraft, to achieve a parametrization of the re-
gressor in terms of the body frame rather than the
inertial frame coordinates.

6. ASSUMPTIONS AND IMPLEMENTATION
ISSUES

When implementing the above class of controllers,
direct measurements of the elastic coordinates q e
are required for the construction of the m-tip posi-

Ž .tion and rate and the Jacobian matrix J u, q asu e
well. To avoid these problems, the following sim-
plifications18 will be incorporated in our implemen-
tation examples,

Ž . Ž .J u , q sJ u , 0˙u e u
Ž .50

r sr r sr˙ ˙ ˙ ˙md d m d d

˙˙ Ž . w Ž . Ž . Ž . Ž .x Ž .so that r t s mr t q 1ym J u, 0 u t yr t˜ ˙ ˙ ˙m u d
Ž . w Ž . Ž . Ž .x Ž .and r t s mr t q 1 y m F u y r t . Using˜ ˙m r d

the above, we have also removed the need to calcu-
late the trajectories for the elastic coordinates q ed

Ž .and q as defined earlier in Eq. 12 . On the basis of˙ ed
our numerical simulations and experimental experi-
ence, an appropriate value for m is very close to 1,
which supports the validity of the above simplifica-
tions.

7. EXPERIMENTAL RESULTS

7.1. The Experimental Facility

Experimental results involving flexible-link robots
are of great value since flimsy-link space robots can
undergo limited testing prior to launch. Unlike most
of the experimental work carried out in the field,
which has focused on the one-link setup or with
two links of which only one is flexible, our experi-
ments involve the more realistic three-link configu-
ration with two flexible links. This is an important
excursion from single-link results since the multi-
body nonlinearities are significant.

Our facility, which is shown in Figure 1, was
designed and built in the Department of Mechanical
Engineering at the University of Canterbury and
consists of two robotic arms possessing three rota-
tional DOF and two flexible links each. The arms
are constrained to move in the horizontal plane so
that gravity effects are not considered. The modular
design of the facility allows a variety of experiments
to be performed using different geometries and
combinations of rigid andror flexible links. Each
arm is supported on air-pads floating on a glass-
topped table in an almost frictionless fashion.

A specially designed payload can be rigidly
attached to the tip of each arm, and both its mass
and moment of inertia can be varied. Multiple con-
nections on the payload allow both arms to be
connected to it simultaneously, and experiments
performed with closed-loop configurations as well.
Geared actuation is used and each motor is equipped
with incremental encoders which provide accurate
rotation measurements. No direct velocity informa-
tion is available and when needed is obtained by
simple differencing of the position signals. Conse-
quently, the available velocity signals were contam-
inated with noise, and filtering using low-order
Butterworth techniques was employed to consider-
ably improve their quality.

Tip measurements are also required for the im-
plementation of our schemes. Although such infor-
mation can be provided by any suitable vision sys-
tem, a method based on strain-gauges is preferable
due to its simplicity, low cost, and compactness.
This method was successfully utilized for imple-
menting our controllers. A set of k strain-gauges
were attached on each flexible link at discrete posi-
tions along its length and static loading was used
for calibrating them to provide strain measure-
ments. An nth order polynomial was assumed to
describe the deflected shape of each flexible link
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Figure 1. The experimental facility.

and therefore capture an equal number of vibration
modes. Given the success of cantilevered shape
functions when used in conjunction with the as-
sumed modes method in modeling our system,
polynomials satisfying clamped boundary condi-
tions at the base were selected,

Ž . 2 3 nU x , t sq x qq x q ??? qq xe e , 1 e , 2 e , ny1

Ž .nFkq1 51

with U the deflection and x the distance along thee
undeflected axis of the link.

Mechanics of materials theory provides the
Ž .strain-curvature relation for a flexible beam: « x, t

Ž . 2 Ž . 2sy br2  U x, t r x , where b is its thickness.e
Evaluating « at each of the k measurement sites
gives a linear system of simultaneous equations, the
solution of which provides a set of elastic DOF for
the arm. When n-kq1 the problem is overdeter-
mined and a pseudoinverse least-squares solution
for the system can be used. Forward kinematics can
then be applied to give the position of the end
point, and tip velocity measurements become avail-
able by differencing the position signals. It is noted
that such a method is suited to implementing con-
trollers requiring full state feedback.

In the present case, three sets of strain-gauges
were evenly distributed along the length of each

Ž .flexible link, ks3 , and third-order polynomials
Ž .were considered, n s 3 . The accuracy of the

method was assessed using a two-dimensional
Ž .charge coupled device CCD camera located above

the table. The measurements obtained were also
found to be in good agreement with the simulated
behavior of the controlled motion. Experimental re-
sults involving such a method were reported by
Hastings and Book,26 and investigations of a similar
approach were made by Miller and Piedboeuf.27

For the arm under examination, the two flexible
links are aluminum beams of cross-section 6=30
mm. Due to the design geometry of the arm, me-
chanical offsets exist between the connection of flex-
ible links and actuators. These offsets correspond to
extra rigid links that have to be modeled as part of
the chain. Consequently, our arm consists of seven
interconnected bodies, two of which are flexible,
and a large payload attached to the end of the chain.
Their mass properties were calculated using solid
models produced with computer-aided design
Ž .CAD software. They are collected in Table I, where
l is the length, m is the mass, c is the first momentx
of inertia measured along its length, and I is the
second moment of inertia about the vertical axis. All
properties refer to a frame rigidly attached to the
inboard end of the body. The rotor inertias as ‘‘seen’’
at the output shaft of each gearbox are 127.8, 306.9,
and 16.1 g my2 , respectively.
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Table I. Mass properties of the arm.

2 y1Ž . Ž . Ž . Ž .Body l mm m kg I g m c g mx

1 37 2.53 0.12 1.61
2 392 0.19 9.79 37.48
3 77 2.23 14.93 161.77
4 112 2.10 4.60 29.52
5 327 0.16 5.69 26.08
6 66.7 0.93 4.15 54.61
7 70 0.97 1.67 9.36

Payload — 8.66 480.36 971.03

The control of the system is based on a personal
Ž .computer PC and a high-speed digital signal pro-

Ž .cessor DSP connected to the PC bus, allowing for
the execution of complex control algorithms at fast
sampling rates as required by real-time applica-
tions. For our experiments, the sampling frequency
was selected to be 200 Hz.

7.2. Desired Trajectories

For our nonadaptive example, the desired end-effec-
tor trajectory, r , was taken to be such that all threed
end-effector DOF follow a quintic polynomial be-
tween an initial position, r , and a final position, r ,i f
in a certain length of time, t . Such trajectories aref
smooth both in velocities and accelerations and are
commonly used in rigid robot trajectory planning:

3 4 5
t t t

Ž . Ž .r t s 10 y15 q6 r yr qrd f i iž / ž / ž /t t tf f f

Ž .52

The initial position is taken to be the one that
corresponds to the rigid joint configuration

Tp p
u s y 0 radi 8 4

and the final one to

Tp 7p p
u s radf 8 16 3

The duration of the motion is taken to be t s3 s.f
For our adaptive example, the desired task-space

trajectory is the one the corresponding rigid robot
would follow if all the joints were tracing a fifth-
order polynomial between an initial joint configura-
tion, u , and a final joint configuration, u , in ai f

certain length of time, t ,f

Ž . Ž .r t sF u 53Ž .d r d

3 4 5
t t t

Ž . Ž .u t s 10 y15 q6 u yu qud f i iž / ž / ž /t t tf f f

Ž .54

with
Tp p

u s 0 radi 4 4
T7p 7p p

u s radf 16 16 3

and t s3 s. The maneuver was used in a periodicf
fashion to allow enough time for learning and better
demonstrate the merits of adaptation. Between each
reversal a 3 s resting time was considered.

7.3. Rigid Inverse Dynamics Feedforward
and Passive Feedback Scheme

A suitable choice for the feedback gains is a diago-
nal matrix with positive entries. For this example,

�we used K sdiag 420 Nrm, 560 Nrm, 16.8 Nyp
4 � y1 y1mrrad and K sdiag 12 Nrm s , 16 Nrm s ,d

y140.48 Nymrrad s . In Figure 2, the three graphs
at the top show the tip position tracking corre-
sponding to each one of the three controlled task-
space DOF, for a value of ms0.92. The continuous
line represents the actual task-space trajectory and
the dashed line is the desired one. Very good track-
ing is evident, without any residual vibrations after
the completion of the useful motion. The corre-
sponding tracking errors are shown in Figure 3.

The three graphs at the bottom of Figure 2 show
the corresponding joint-space tracking with the solid
line being the actual joint motion, and the dashed
one is the trajectory that the corresponding rigid
robot would have to follow to yield the same de-
sired task-space one. It is not surprising that the two
trajectories are different, as the end-point position
depends not only on the joint rotations, but on the
link deflections as well. This fact clearly explains
why the schemes traditionally used in controlling
rigid robots are not suitable for the flexible-link
case.

In Figure 4, one can see the velocity tracking for
both the task and the joint-space degrees of free-
dom, which provide us with additional information
about the tracking and vibration damping capabili-
ties of the controller. Furthermore, the velocity
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ŽFigure 2. Tracking for the rigid inverse dynamics and passive feedback scheme dashed
.line, desired]rigid, solid line, actual .

graphs convey important information about the sta-
bility of the system, since any instabilities manifest
themselves first at the rates. Once again, we see that
the desired task-space trajectories were well traced
and that such action translates to joint trajectories
different from the corresponding rigid ones. Lack of
residual oscillations after the completion of the use-
ful motion at both the task and the joint-level im-
plies good damping of the elastic modes.

Figure 5 shows the deflections at the outboard
end of each one of the two flexible links. It is
obvious that the strain energy residing within the

flexible members is almost completely dissipated by
the time the arm reaches its target position. For our
adaptive demonstration, the maximum tip deflec-
tions occurring during the motion will be approxi-
mately 20 mm for the first and 8 mm for the second
flexible link.

7.4. Adaptive Scheme

For our adaptive example, 10 parameters with con-
tributions from both the robot and the manipulated

wpayload were updated on-line, i.e., as m , m ,2 3

Figure 3. Tracking errors for the rigid inverse dynamics and passive feedback scheme.
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Figure 4. Rate tracking for the rigid inverse dynamics and passive feedback scheme
Ž .dashed line, desired]rigid, solid line, actual .

Figure 5. Deflections at the outboard end of each flexible link.
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ŽFigure 6. Task-space tracking for the adaptive scheme dashed line, desired, solid line,
.actual .

xTI , I , I , c , c , I , I , I where m is the mass,1 2 3 x 2 x3 r1 r 2 r 3 i
c is the first moment of inertia along the length,x i
and I is the second moment of inertia about thei
vertical axis of the ith link of the corresponding

three-link rigid robot. Parameter I is the inertia ofr i
rotor i, which is lumped with the corresponding
joint DOF. In a realistic manipulation situation, it is
more likely that the uncertainty is only with respect

Figure 7. Tracking errors for the adaptive scheme.
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to the parameters of the manipulated payload and
only a few of the above parameters need to be
updated on-line.

The feedback gain matrix was selected to be
� y1 y1diagonal K sdiag 22.7 Nrm s , 35.2 Nrm s ,d

y140.97 Nymrrad s , and the weighting matrix L
sI sy1. The adaptation gains matrix was taken to

� 4be diagonal, Gsdiag 14, 10, 8, 0.7, 0.05, 15, 1, 8, 7, 2 ,
and the size of each element was manually tuned.
Their relative size is related to the PE condition for
the desired trajectory, which means that parameters
difficult to identify require that the corresponding
element in the adaptation gains matrix is large.

Figure 6 shows the task-space tracking for the
three controlled task-space DOF and a value of
ms0.92. The corresponding tracking errors are
given in Figure 7. Comparing each subsequent cy-
cle, it becomes evident how performance improves
with time due to adaptation. All parameters in a
were considered to be completely unknown and
their initial estimates were set to zero. Figure 8
shows the time histories for the updated parame-
ters, all of which are convergent. When the con-
verged values from a previous experiment were
used as initial estimates for the adaptation, the
performance was much improved at the initial stages

Figure 8. Parameter estimates for the adaptive scheme.
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Figure 9. Adaptively updated feedforward part of the torques.

of the maneuver and the parameter estimates re-
mained close to their initial values. Increasing the
adaptation gains was found to significantly reduce
the learning time and improve the tracking perfor-
mance.

Figure 9 shows the adaptively updated feedfor-
ward part of the torques. At the beginning their
values are zero given that we considered zero initial
parameter estimates. During the learning time they
increase in magnitude until they reach their steady-
state values and the feedforward torques dominate
the feedback ones.

8. DISCUSSION AND CONCLUSIONS

A control scheme and its adaptive version were
presented which are suitable for controlling
flexible-link robots carrying large payloads. Their
tracking and vibration-suppression capabilities were
demonstrated by experimental results. Both schemes
belong to the family of passivity-based controllers
which in general are claimed to exhibit good robust-
ness characteristics. Contrary to the class of linear-
izing schemes they do not rely on the exact cancella-
tion of the nonlinear effects, and the passivity
theorem underlying their design yields a ‘‘strong’’
form of stability. Their robust nature was verified

by numerous tests which were not presented here
due to space limitations. The tests have shown that
both controllers are able to maintain stability and a
good level of performance for a whole range of
different payloads and maneuvers. The adaptive
version was found to be effective in maintaining
consistent performance in the presence of payload
parameter uncertainty.

Future work will involve further study of vari-
ous theoretical and implementation issues. The ex-
tension to the closed-loop configuration which rep-
resents the case of two cooperating flexible arms
manipulating the same large payload will be re-
ported elsewhere.28
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