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The design of gain-scheduled strictly positive real (SPR) control-
lers using numerical optimization is considered. Our motivation is
robust, yet accurate motion control of flexible robotic systems via
the passivity theorem. It is proven that a family of very strictly
passive compensators scheduled via time- or state-dependent
scheduling signals is also very strictly passive. Two optimization
problems are posed; we first present a simple method to optimize
the linear SPR controllers, which compose the gain-scheduled
controller. Second, we formulate the optimization problem associ-
ated with the gain-scheduled controller itself. Restricting our in-
vestigation to time-dependent scheduling signals, the signals are
parameterized, and the optimization objective function seeks to
find the form of the scheduling signals, which minimizes a combi-
nation of the manipulator tip tracking error and the control effort.
A numerical example employing a two-link flexible manipulator is
used to demonstrate the effectiveness of the optimal gain-
scheduling algorithm. The closed-loop system performance is im-
proved, and it is shown that the optimal scheduling signals are not
necessarily linear. [DOI: 10.1115/1.4001335]

1 Introduction

In the past 2 decades, the stability of nonlinear controllers has
been investigated in many contexts. The stability of gain-
scheduled controllers or linear parameter-varying (LPV) systems
employed as controllers was investigated in, for example, Refs.
[1,2]. There are generally restrictions on LPV controllers, for ex-
ample, the scheduling signals should vary slowly, capture the
plant’s nonlinearities, and any reference trajectory that the plant
must follow must not excite unmodeled dynamics. The stability of
systems controlled via LPV controllers generally rely on the small
gain theorem. Other authors, such as in Ref. [3], have investigated
the stability of gain-scheduled H., controllers, again employing
the small gain theorem, as well as linear matrix inequality (LMI)
techniques.

Although the small gain theorem is a very powerful result in the
input-output stability theory, the passivity theorem is an equiva-
lently important result. The passivity theorem states that a passive
system connected in negative feedback with a very strictly passive
system (also referred to as an input strictly passive system with
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finite gain) is L,-stable [4]. The passive system to be controlled
may be time-varying or nonlinear, as may the very strictly passive
system representing the compensator. Unlike the small gain theo-
rem, which inherently restricts the gain of the controller, the pas-
sivity theorem permits the controller to have very large gain, re-
sulting in better closed-loop performance.

Nonlinear flexible systems, such as flexible robotic manipula-
tors, are an interesting class of passive systems. The mapping
between joint torques and joint rates is known to be passive due to
the collocation of the input and output. Passivity of the manipu-
lator is independent of the mass and stiffness characteristics, as
well as the mode shapes and vibration frequencies. Therefore,
spillover instabilities are avoided when the system is controlled
via a very strictly passive compensator. Usually, the control ob-
jective of flexible manipulators is end-effector velocity tracking
(as well as position tracking), for which a passive input-output
mapping is possible by defining a modified input-output map, as
presented in Ref. [5].

The purpose of this paper is to employ numerical optimization
techniques to optimally design a gain-scheduled controller com-
posed of a family of linear SPR controllers. We will present meth-
ods to independently optimize the linear SPR controllers, and op-
timize the scheduling signals of the overall gain-scheduled
controller. We will also show that a gain-scheduled controller
composed of linear SPR controllers scheduled with finite energy,
bounded scheduling signals is very strictly passive, hence, stabil-
ity of the closed-loop is guaranteed by the passivity theorem. Our
main objective is to decrease the end-effector tracking error while
executing a complicated spatial maneuver. Simulation results will
be presented.

2 Input-Output Properties and Dynamics of Flexible
Robotic Systems

For simplicity, we will restrict ourselves to the control of a
planar, two-link robotic manipulator possessing flexible links, as
shown in Fig. 1. In general, the algorithms to be presented in
future sections may be applied to a flexible manipulator with more
than two links, however, a two-link system is sufficient to dem-
onstrate the effectiveness of the algorithm developed.

The nonlinear dynamic equations of motion for a two-link flex-
ible robotic manipulator (and in general any flexible robotic ma-
nipulator with more than two links) can be written as

M(0,q,)d + Kq=B(r+w)) +f,,,(0,q,.0.4,)

where M and K are the mass and stiffness matrices, l§=[1 077,
and fnonz[fz;on, o fgon,e]T capture the nonlinear inertia forces stem-
ming from centrifugal and Coriolis accelerations. The generalized
coordinates, joint torques, and disturbance torques are q
=[0" q']", =[7, 7,]", and w, for the two-link model being con-
sidered, where @=[6, 6,]” are the columnized joint angles, and
q, are the columnized elastic coordinates associated with discreti-
zation of flexible links [6].

We will be concerned with the control of the robot tip velocity

p=1=[v, v,]", where

p,=J,/0.q,)0+ 1, (0.q,)4,

Here, J, is the rigid Jacobian mapping joint rates to spatial ve-
locities, as if the manipulator were rigid, and J, is the elastic
Jacobian, which maps the elastic rates to the tip rate, as if the
joints were locked. The mapping between the joint torques and the
actual tip rate is not passive; in Ref. [5], it was shown that for
manipulators carrying large payloads, the modified input-output
mapping between U=J‘;TT and the u-tip rate
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Fig. 1 Planer two-link flexible manipulator

p,=340.q,)0+ 1, (0.q,)4,=up, +(1-1)J0.q,)0
(1)

is passive when 0= u<1. This modified input-output mapping is
necessary in order to implement the passivity theorem. The true-
tip position is captured by w=1, which, as previously mentioned,
when combined with u, does not represent a passive map. In
general, u should be picked to be as close to 1 as possible, thus
having p,, closely resemble the true-tip velocity. The numerical
simulation to be presented in Sec. 7 will use ©=0.8.

In the future, we not only implement rate control, but also po-
sition control in the form of proportional control. From the defi-
nition of p,, in Eq. (1), by assuming J4(0,q,)=J4(6.0), we can
approximate p, as p,=up,_;+(1-u)F.(0). F.(0) is the rigid
forward kinematics map, as defined in Ref. [6].

3 Desired Trajectory and General Control Form

Our control objective is to have the two-link manipulator pre-
viously discussed follow a prespecified tip trajectory p;. We can
define p,; and p, based on an equivalent rigid robot joint trajec-
tory, mapped through the forward kinematics p,=F,(6,). In future
sections, we will employ the following desired joint trajectory in
order to calculate p,; and p,:

0,1, 1H=t<n
0,3, HL=t<H
0,=1 * .
Oin-ins I =ST=Ty
where
0 [10( 1=k )3 15( datl )4 6( o ﬂ(a
di i+1 = - + i+1
' Liy1— 1 Liy1 =1 Liy1— 1 '
-0)+6 (2)

for i=1,2...N-1, @, are various set point positions, #; are the
times at which the manipulator is to pass through the set points,
and N are the number of set point. The manipulator comes to a
complete stop at each set point before continuing onto the next set
point. It is important to realize that Eq. (2) is only used to provide
a smooth desired tip trajectory p, [7]. It is not expected that the
joint angles will follow the desired joint trajectory.

In most practical applications, control would be a combination
of feedforward and feedback control, 7=74+ 7, Feedforward
control is essentially a method by which a portion of the nonlinear
dynamics present in a system are canceled out. In the case of a
two-link flexible manipulator carrying a massive payload, an ef-
fective feedforward is simply the rigid inverse dynamics of the
system

7= Myy(6,,0) 0, - 1,

non, Bd

where fnonygd is the joint angle partition of f,,, evaluated at the
desired trajectory. Our feedback control will be a combination of
position and rate control
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Ty = — Jg[Kp(pp. - pd) + G(p# - pd)]
where K, represents proportional control (which will not be in-
cluded in the gain-scheduling algorithm to be presented, but re-
main constant) and G is a system operator representing a linear or
nonlinear rate controller. The focus of this paper is designing G to
be an optimal gain-scheduled very strictly passive controller.

4 Local Optimization—The Optimal Design of SPR
Controllers

Our objective is to optimally design a very strictly passive gain-
scheduled controller for a flexible robotic system, guaranteeing
stability via the passivity theorem. Before we can fully realize this
objective, we must investigate a similar preliminary objective, that
being the local design of the N linear SPR controllers (i.e., the
family members, or the basis), which compose the gain-scheduled
controller [8—12]. As discussed in Ref. [13], G(s)+ 451 is very
strictly passive where the transfer matrix G(s) is SPR.

4.1 Local Optimization Problem Statement. The two-link
manipulator we wish to control is a nonlinear system. Our pre-
liminary or local optimization objective is to optimally design
various linear SPR controllers, which are optimal in the vicinity of
a specific joint configuration. Therefore, we will linearize the two-
link manipulator about a particular joint configuration, ¢y,
=[6" 0]”, which can be described by a state-space model

Xx=Ax+B;w+B,u
z=Cx+Du

y=Cxx+Dyw

where x € R'? are the system states (composed of the number of
joint angles, the elastic coordinates, and both their rates), u e R%is
the control input, y € R? are the noisy system measurements (that
being p,+Ww»), z € R* is the regulated output (that being the actual
tip position and rate, p,; and p,_), and w'=[w] wj], weR*
represents system disturbances/noise. We will assume that:

1. (A,B)) is controllable and (C;,A) is observable,
2. (A,B,) is controllable and (C,,A) is observable,
3. D,,C,=0 and D',D|,>0, and

4. D, B'=0 and D,, D}, >0.

Consider a general SPR controller u(f)=—Gy(¢) in state-space
form

X.=AX.+B.y

u=-Cx,

Combining the linearized plant and controller yields the closed-
loop system dynamics

X A — B2CC X B 1
= ek w
Xc B(CZ AL‘ X _BCDZI
—_— —_——

AZ". Xow Bz\v
X
z=[C; -D,C.]
—_— X,
C

w

Our preliminary or local optimization objective function will be
minimization of the closed-loop H,-norm of the linearized system
while varying design variables associated with the parameteriza-
tion of a SPR controller. The closed-loop H,-norm can be calcu-
lated via
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J>=\tr Bl PB

w

The matrix P=P7>0 is found by solving the Lyapunov equation

PA_ +AlP=-ClC,
A family of locally optimized SPR controllers will make up the
optimal gain-scheduled controller basis.

4.2 Parameterization of the SPR Controllers. To ensure
SPRness of the basis controllers, we will employ the parameter-
ization proposed by Marquez and Damaren [14]. Consider the
following diagonal controller:

1
G(s)=C.(s1-A) ' B,.=——F——
(s) o )7 B sS+as+bs+c
n2’1132+n1,11S+n0,11 0

) } (3)
0 N9 208 + 1 208 + 1 2

The above transfer matrix will be SPR if the two transfer func-
tions within G(s) are SPR independently. The SPRness of each is
guaranteed if the denominator polynomial is Hurwitz and the nu-
merator polynomial coefficients satisfy

bCk],ii + CkQ,ii + aklii
B 5

i = abc - ¢

czklyi,- +acky ; + a2k3’[,-

abe - ¢? ’ e

ks i

nyii=

where i=1,2 and the parameters k ;, k, ;;, and kj ;; satisfy

ki i=0, ky;>- Z\Ekl,iik&ii» k3 ;>0

Thus, the local optimization design variables are the denominator
polynomial coefficients, a, b and c, as well as the parameters k; j;,
ka1 k311 k122, ko 20, and k3 .

To summarize, given the controller parameterization above, the
local optimization problem is posed as follows.

Design variables:

X= [a b c ki ko ksi ki ko k3,22]

Constraints: Re{\(A.)}<0 for j=1,....3, k;;=0, ky;>
~2\ky jika gis k3> 0 for i=1,2.

Objective function: Closed-loop H,-norm, J,= Vir BZWPBZW.

The numerical optimization algorithm employed to solve the
preliminary optimization problem stated above is a sequential
quadratic programming (SQP) algorithm. Constraints are enforced
via Lagrange multipliers, while gradient information is approxi-
mated using a finite difference scheme [15].

5 Passivity Properties of a Gain-Scheduled Controller
Composed of SPR Controllers

Before discussing how we will optimize the scheduling signals,
s;, of a gain-scheduled SPR controller, we will investigate the
passivity properties of such a controller. Consider the gain-
scheduled feedback control system in Fig. 2. The plant G, is the
two-link manipulator we wish to control, and it is prewrapped
with proportional control (which remains constant at all times).
There are N linear SPR controllers G,G,,...,Gy of the form
yi()=Gpu(r), i=1,2,...,N. Each controller is a rate controller
and satisfies the definition of a very strictly passive system [4]:
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Go
G

sn(x,1) —y4q+ W
o b

Fig. 2 Gain-scheduled feedback control system

T
J u/(nNGuy(n)dt

0

T T T
= f u/ (1)y(dt = &, f u/ (Nuy(n)dt + € f y (0y()dt

0 0 0
= 8lul3,+ €llyliy Yu e Ly, YT=0, §>0, >0 (4)

Being very strictly passive, the basis controllers possess finite
gain, that is the H.-norm of the transfer matrix is finite, v,
=||G|l.. <oc. The controller input-output map can be written as

u(?) = G(p (1) = py(1)) = y (1) = Gu,(1)

but can also be written in terms of the individual controller out-
puts and scheduling signals

N

yo() = 2, six(0),0)y:(0),  yi()) = Guy(r), u o) =s,(x(0),1)u (1)

i=1

Here we have stated that the scheduling signals may be a function
of the states of the plant x and time 7. The scheduling signals may
also be a function of just the states s;(x(r)), or just time s,(r). In
general, we will assume the signals satisfy

N

2 s2x(1),)) = a>0, s;€ Ly, N Ly,
i=1

which ensures that at least one scheduling signal is active at all
times, each signal is square-integrable on a finite time interval,
and each signal is bounded.

In order to guarantee stability via the passivity theorem, we
must prove that the proposed gain-scheduled controller is very
strictly passive. We will start by showing that the gain-scheduled
controller is input strictly passive, as presented in Ref. [16], then
show that the gain-scheduled controller possesses finite gain. In
the following proofs, we will neglect writing function arguments
to be concise.

THEOREM 5.1. A gain-scheduled controller G composed of a
family of very strictly passive (VSP) controllers G; is input strictly
passive (ISP).

Proof.
T T T N N T
J uCTGqut = f uCTyCdt = f uCT E sy; |dt= E s[uCTy,-dt
0 0 0 i=1 i=1 Jo
N T N T
= 2 ulydt= 2 &f uludr
i=1 Jo i=1 0
N T T
= E @f sl-zucTuL.dt = 5J vwudt, 8=amin 6
i=1 0 0
Thus
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T T
f v Gudr= 6 f u’u dt
0 0

We would now like to extend the above result and show that G
is very strictly passive by showing that G has finite gain.

THEOREM 5.2. A gain-scheduled controller G composed of a
family of very strictly passive controllers possesses finite gain.

Proof. Consider an arbitrary time-dependent signal b
e L,,, Vt=0 similar to the output of any one SPR controller G;

T T
f s?bdet = sup|s,-|zf bTbdt
t

0 0
Taking the square-root of both sides, it follows that
lsibllor = lsillbllor

Consider now the output of the gain-scheduled controller

N N N

Ye= 2 SiYi= 2 siGu; = E 5:Gi(su,)

i=1 i=1 i=1
The L,7-norm of y, is

N

2 5:Gi(su,)

i=1

”yc”ZT:

o7
N
= D [l5:G(su.)|»r (via the triangle inequality)

i=1

N N
= E sll-|lG (s )llor = 2 sl vills |
i=1

i=1

N
=2 IsiEvllulr
=1

Assuming u, € L,, u.# 0, and letting 7T— % gives

N
Iyds 5 oj < o
”ucH2 i=1

that is to say, the gain-scheduled controller has finite gain.

By combining the input strictly passive and finite gain charac-
teristics of Theorems 5.1 and 5.2, the gain-scheduled controller is
very strictly passive. Therefore, we may utilize this controller in a
negative feedback interconnection with a passive system, and are
guaranteed stability via the passivity theorem.

6 The Gain-Scheduling Optimization Problem

Our objective is to design some sort of optimal SPR gain-
scheduled controller to control a two-link flexible manipulator as
it moves between various set points in time 7. The manipulator tip
is to follow a desired trajectory p,, based on desired joint angles
6,, mapped through the manipulator forward kinematics. Previ-
ously in Sec. 4, a method for designing optimal SPR controllers to
be used as the basis for the gain-scheduled controller was pre-
sented. The basis controllers are coupled to linearization of the
plant about a set point. We now seek to utilize a family of these
controllers within a gain-scheduling algorithm, each separately
optimized about different operating points. Our main optimization
objective is to attain better end-effector tracking given a desired
tip position and tip velocity, p; and p,.

In particular, we will choose three linearization points to design
three SPR controllers, G;, G,, and G3. Thus, we require three
scheduling signals, sy, s,, and s3. We will specify that the sched-
uling signals will only be a function of time: y.(r)=2>_,s:(1)y; (1),

034503-4 / Vol. 132, MAY 2010

s;€ Ly,N L. The three linearization points are coupled to three
joint angles, @, 6,, and 6#;, which the manipulator is to pass
through at times #;, #,, and 7.

6.1 Scheduling Signal Parameterization and the Optimiza-
tion Design Variables, Constraints, and Objective Function.
Historically, gain-scheduling algorithms employ linear scheduling
signals. Rather than having linear scheduling signals interpolate
between the basis controllers (i.e., the family of optimal SPR con-
trollers), we will have a numerical optimizer determine optimal
time-dependent scheduling signals, which may or may not be lin-
ear. We will elect to use the following polynomial as a candidate
for optimization and gain scheduling:

s{t) = ap+ apt +apt® +apt +att, =123 (5)
An explicit fourth-degree time-dependent polynomial has been
chosen because it has sufficient richness to create nonlinear sched-
uling signals. Each scheduling signal will be “on” or “off” at
specific times during the robot trajectory

1 t=t

Sl([)z alo+a11t+a|2t2+a|3t3+a14t4 tl <t<t2 (6a)
0 t=t
0 t=t
2 3 4

Aro+ Ayt + Applt™ + anst” +anyt” 1 <t <13

$5(1) = (6b)
1 l=lz
0 t=1
0 1=t

s3(1) = asg+azit + ant® +ayt +ayt® H<t1<t;  (6¢)

1 =t

We have constrained all of the scheduling signals to be 1 when the
robot is exactly at the corresponding set point, and zero when time
has passed the neighboring set points set time #;. This will ensure
that when the robot is between two set points, only the two con-
trollers designed between the current positions are controlling the
motion, rather than all the controllers in the family. For example,
when r, <t<t3, it makes much more sense for just controllers G,
and Gj to control the robot motion, and then less and less of
controller G, and more and more of G5 control the motion as ¢
— t3. Also, although we have specified that s, 55, and s3 should
exactly equal 1 when time equals 7, 7,, and 3, respectively, we
could let the scheduling signals take on different values, or let the
optimization process choose optimal values. Doing so would in
fact simplify the optimization process (because there would be
less constraints), but it is more intuitive to constrain s, s,, and s3
to be exactly equal to 1 at times ;, #,, and 3, respectively.

Note that 73 # T, where T is the total robot simulation time. We
will be concerned with any remaining vibrations in the robot
structure after motion has stopped at set point 3, between 73 and 7.
However, after 73 has passed, controller G3 will be the only con-
troller active. Thus, s3=1 and s;=0 for i #3 for t;=r=T. Also
note that all the above scheduling signals defined over 7 € [0, 7]
and are in L,, and L., as required.

We will have the optimizer determine the exact shape of the
scheduling signals given a particular objective function. Thus, the
design variables for the optimization problem will be the coeffi-
cients of the scheduling signal polynomials
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x=[a10 aypp app a3 Ay 4y dp) dpp Ay dyy d3p d3zp d3p d3j a34:|

The optimization objective will be to minimize the weighted end-effector tracking error, rate, and joint torque

T = mllelar + mlléllr+ il

where

e=p,1— Po

€= Pyt~ P

and 7,>0, 7,>0, and 7;>0 are weights. From the optimal control theory, the need to penalize the position error, rate error, and
control effort is well known, else infeasible results will ensue (such as infinite control effort).
Given the above gain-scheduled controller form and parameterization, the numerical optimization problem is posed as follows.

Design variables:

X=[“10 app app a3 Ay 4y dp) dyp dpz dyy d3p d3zp dzp d3j a34:|

Constraints:

() ] t=t|
r) =
. 0 t=1t,

O tztl

$55(1) =
0 t=1

0
s5(1) = 1
Objective function:

T= mllelar + mllélr+ sl e
A SQP algorithm utilizing finite differencing for gradient cal-
culation will be used to solve the above optimization problem.
Note that the optimal basis controllers G, G,, and G3, and the
scheduling signals sy, s, and s3 are designed offline, given a
desired trajectory.

t=1

7 Gain-Scheduling Optimization Results

The three set points used to design the three SPR controllers to
be scheduled are 6,=[22.5 deg,45 deg]”, 6,=[0 deg,
67.5 deg]”, and 6;=[22.5 deg,—22.5 deg]”. The set point times
will be ;=0 s, 1,=1 s, and #3=3 s. The first motion set between
6, and 0, is to be completed in 1 s (;,—£;=1 s), and the second
motion set between 6, and 65 is to be completed in 2 s (131,
=2 s). Past 13, the desired joint angle will be constant and equal to
6, and the simulation will run for 6 s total (7=6 s). The two-link
manipulator properties are described in Table 1.

The gradient based, numerical optimization procedure was suc-
cessful; the objective function was minimized to a value of J
=1.4019 when the weights within the objective function were set
to 7 =71,=10 and 7;=1. The convergence tolerance was set to
1X 1073, The optimized scheduling signals are shown in Fig. 3.

Table 1 Two-link manipulator physical properties
Length L, L, 0.5 m
Link mass my, m, 0.3375 kg
Modulus of elasticity E\, E, 70% 10° Pa
Link height hy, hy 50 mm
Link base width Wi, Wy 4 mm
Link second moment of area Li=h=5hw?  5.2083% 1070 m?
Link 1 payload mass (motor 2) My | 0.5 kg
Link 1 payload inertia Jiip.1 5% 107 kg m?
Link 2 payload mass Mijp 2 2.5 kg
Link 2 payload inertia Jiipa 25X 107 kg m?

Journal of Dynamic Systems, Measurement, and Control

Figure 4 shows the simulated system response, along with the
response of the same manipulator controlled via unscheduled con-
trol, i.e., controller G; controlling the manipulator throughout the
entire maneuver. Using the same performance index, the system
was able to attain 7=1.7015 when controlled just by G; (which is
optimal about set point three). Figure 5 shows the tip position and
velocity error e and é, respectively, for both scheduled and un-
scheduled control. The gain-scheduling controller increases the
system performance by 21.37%. Note that the scheduling signals
take on values greater than 1, and therefore increase the overall
gain of the controller they are scheduling.

When #,, 7,> 3, a greater emphasis is on the minimization of
the end-effector tracking error rather than the minimization of the
control effort. Consider next the following weights: 7;=7,=173
=1. With these weights, the minimization of the position and rate
tracking error is equally as important as the minimization of the
control effort. The resultant optimal scheduling signals are shown
in Fig. 6, the manipulator system response in Fig. 7, and tip po-
sition and velocity errors in Fig. 8. The optimizer converged to an
objective function value of J=1.4501, which is still a 14.78%
increase in performance as compared with unscheduled control. It
is very interesting to see that scheduling signals s, and s, in Fig.
6 are, for all intents and purposes, linear. Historically, scheduling
signals have arbitrarily been chosen to be linear. These results
show that for a particular objective function, linear scheduling
signals are indeed optimal.

As previously mentioned, the optimal scheduling signals pre-
sented in Fig. 3 are greater than 1, and increase the gain of the
controller. Recall that the passivity theorem permits high gain
very strictly passive controllers. It is well known that high gain
feedback generally outperforms gain limited feedback. Therefore,
it is not surprising that the system, as controlled by the scheduling
signals of Fig. 3, has less tracking error as compared with the
system as controlled by the scheduling signals of Fig. 6 because
the gain of the gain-scheduled very strictly passive controller is
greater in the first case.

8 Concluding Remarks

In this paper, the optimization of SPR controllers and a time-
varying gain-scheduled controller composed of SPR controllers
was investigated. The gain-scheduled controller composed of SPR
controllers was shown to be very strictly passive. While control-
ling a two-link flexible manipulator with the gain-scheduled SPR
controller, the closed-loop tracking performance was improved as
compared with control via a single linear (yet optimal in the re-
gion of the final set point) SPR controller. Stability is guaranteed
via the passivity theorem.

We first investigated how to optimize a set of linear SPR con-
trollers to be used as the basis for the gain-scheduled controller. In
prescribing the objective function to be the minimization of the
closed-loop H,-norm, and by parameterizing the controller in a
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Fig. 3 Optimal scheduling

simple way, we were able to optimize each basis controller about
a specific set point. Next, considering the optimization of a gain-
scheduled controller, we parameterized the scheduling signals as
polynomials in time, yielding a set of simple design variables.
Having no analytical tools available to interpret system perfor-
mance for a nonlinear system controlled via a time-varying con-
troller, the optimization objective function was specified to be the
weighted sum of the squared L,-norms of the position error, rate
error, and joint torque. The optimization of a gain-scheduled SPR
controller was successful.

An interesting result is that depending on the weighting of the
optimization objective function, very different scheduling signals
may be considered optimal. High performance tracking requires
scheduling signals that are highly nonlinear. However, for equal
weighting of the tracking error and control torque, linear schedul-
ing signals are close to optimal, as traditionally would be as-
sumed.
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signals with 7,=17,=10, ;=1

It should be noted that the scheduling signals are not con-
strained to be less than 1 at all times. In fact, with the weights 7,
7, and 73 biased toward minimization of the tracking error, the
optimal scheduling signals produced by the optimizer were greater
than 1 for the majority of their active scheduling time. This leads
to an increase in individual controller gain. Originally, the SPR
controllers G, G,, and G were individually optimized using the
method presented in Sec. 4 with no knowledge possible gain in-
crease in the control input and output, u. and y.. Therefore, the
basis SPR controllers may not be considered “optimal,” given the
original objective function used to optimize the controllers about
their unique operating points. Future work may be to incorporate
both the optimization of the controllers and the scheduling signals
together, rather than first optimizing the individual controllers,
and then optimizing the scheduling signals in a sequential manner.

Unlike the work in Refs. [1,2], we have not specified (a priori)
that the scheduling signals should vary slowly and capture the
plant’s nonlinearities. We have simply constrained points that the
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Fig. 6 Optimal scheduling signals with 7;=7,=7;=1

. scheduling signal must pass through at some time during the robot
0.3 o motion. From our results in Sec. 7, we can see that the optimal
02 f' scheduling signals do vary slowly with time, but it is the opti-
0.1 i

\ mizer, which determines their shape with respect to time. Our

\ formulation is much less restrictive in that the optimizer is free to

U a determine what scheduling signal is best, rather than heuristically
imposing conservative constraints on the scheduling signals.
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